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Extending Mersenne’s construction

Pierce (1918) A construction for finding large prime numbers.

P(x) € Z[x] monic, H
P =1]x—q)
Ap=]Jlef-1) ez
Px)=x—-2=A,=2"-1
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-
What are the best polynomials?

D. H. Lehmer (1933) : To improve the chances of finding a large prime
among the factors of A,, one needs A, that grows slowly.

A
lim [Bn 1]

1, but close to 1.
W A,

Jim, 1]

[Pl 1 | i > 1,
11 il <1
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Mahler measure

For

P(x) = a[J(x - )

M(P)=la| T] leyl,  m(P)=loglal + ) loglayl.

|oyj|>1 |aj[>1

Thus, we want,

M(P) > 1 but close, or m(P) > 0 but close.
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Kronecker's Lemma

Kronecker (1857)
PeZx], P#0,
m(P) = 0 <= P(x) = x* H b, (x),

where @, are cyclotomic polynomials.
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Lehmer's Question

Lehmer (1933)

Given € > 0, can we find a polynomial P(x) € Z[x] such that
0<m(P)<e?

Conjecture: No.

m(x?® 4+ x% = x" = x® — x> —x* = x>+ x +1) =0.162357612. ..
Conjecture: This polynomial is the best possible.

Reid (1933) The above polynomial is the Alexander polynomial of the
(=2, 3, 7)-pretzel knot.
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Lehmer’'s Question - particular families

P € C[x] reciprocal iff
P(x) = +x9&Pp (X_1> .
Breusch (1951), Smyth (1971)

P € Z[x] nonreciprocal,

m(P) > m(x® — x — 1) = 0.2811995743 . . ...
A1p7 = 3,233,514,251,032, 733
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Lehmer's Question - degree dependent bounds

Dobrowolski (1979)

If P € Z[x] is monic, irreducible and noncyclotomic of degree d, then
M(P) > 1+ c [ o8led ’
- log d ’

where c is an absolute positive constant.
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Mahler measure of multivariable rational functions

P e C(xi,...,xn)*, the (logarithmic) Mahler measure is:

1 n
m(P) = /TnlogP(xl,...,x,,)Cb(l...dX

(27I‘i)n X1 Xn
1 1 . .

_ // log | P(e2™% ., €2™1%7)|df; . .. db),,
0 0

where T" = {(x1,...,xp) € C": |x;| = 1},

Jensen’s formula gives

m(P) =logla| + Y _ loglaj| if P(x)=a]J(x— )

‘Ozj‘>l J

M(’D) = exp(m(P)). Universite (th
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-
Boyd—Lawton Theorem

Boyd (1981), Lawton (1983)
For P € C(x1,...,xn)%,

lim ... lim m(P(x,x*, ... xk)) = m(P(xs,...,xn))
ko —00 kn—ro0

The Mahler measure of several variable polynomials does not say much
new about Lehmer’s Question.
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Special values of L-functions — Smyth's results

> Smyth (1981)

3V3
m(l+x+y) = FL(X—&z)
L(x-3s ZX ) Refs) > 1
1 if n=1 (mod 3)
x-3(n)=< -1 ifn=-1 (mod 3)

0 if n=0 (mod 2)
7
m(l—i—x—&—y—l—z):ﬁ(&)

()= nl Re(s) > 1

n=1 Université fu\
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Special values of L-functions - families

L. (2006)

7¢(3)

62¢(5) + H47°¢(3)

x) 381¢(7) + 6272¢(5) + %67 ¢(3)

X 2L(X*4a2)

1+y3) x) 24L(x_4,4) +72L(x_4,2)

4
%L(X—% 2)

160L(x—4,6) + 20m2L(x_4,4) +
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Special values of L-functions - families

Rogers & Zudilin (2014)
1 1 15
- “4+1) = -SL(Es,2) = L'(Es,0
m<x+x+y+y+) 471'2(15’) (Eis,0)

1 (y =) +xy)
Xy 2x2y2
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Why do we get special values of L-functions?

» Deninger (1997) (aided by numerical computations of Boyd) : When
P has coefficients in Q and {P = 0} N T" = &, the Mahler measure
of P can be interpreted as a Deligne period in a mixed motive.

» In favorable cases, this motive is integral and the motivic version of
Beilinson conjectures predicts that

Lx(0) ~gx reg(¢)

» Even if {P =0} NT" # &, the above can be adapted by using
Jensen’s formula.
Formulas involving ¢(n), L(x, n), etc, are expected to come from
Borel's theorem.
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An algebraic integration for Mahler measure

P(x,y)=y+x—1 X ={P(x,y) =0}

1

By Jensen's formula:

1 dx 1 dx 1
i Jpo 8 1 =x 27ri/7 oglyl-, o A”(X’Y)

where

e dy
Xy

v=Xn{xl =1y =1}

d
n(x,y) = log|x|diargy — log|y|diarg x dargx =Im <X>
b%
> n(x,y) = =y, x) o
Université
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n(x,1 — x) = diD(x).
Bloch—-Wigner dilogarithm

D(z);:Inl(Lb(z)+ﬂog(14—z)bg|zo

— z" Z log(1 —
Lis(2) = Z:_/ Mdt
0

2
= n t
1 1
)= = ——D(®
mly +x —1) = —-— V77(><,y) 5-D(07)
1 ; 3v3
— —(D(e™/3 D —iT/3Y)_ L(v_ 2.2
(D(e™) = D(e™ )= 21 (x5,2)
&6
y(v
] Universitéru\
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General exact case

P(x,y) € Q[x,y]

We need
xNy=>rizA(l-z) in ACX))®Q
J
({x,y} =0in K3(C(X)) ® Q).

/n(x,y) = rD(z)lay-
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When does it work? 2-variables

> 1n(x,y) is exact, 0y # @& ~~ Evaluation of Borel's regulator

[ txeyy~0(2)

~

!

» v cycle, other conditions ~» Deligne period in a mixed motive,
Beilinson’s conjectures

/ n(x, y)~L'(E,0)
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|
A connection with hyperbolic volumes
Cassaigne & Maillot (2000)
a,b,c € C*, a+ bx+ cy € C[x, y]
D (‘%} e"w) + aclog|a| + Blog|b| + vlog|c| A,
mm(a+ bx + cy) =
7 log max{|al, | b|, |c|} not A.

|al
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The areal Mahler measure

Pritsker (2008) P € C(xi, ..., xn)*, the (logarithmic) areal Mahler
measure is:

1
mp(P) :/ log |P(x1,...,xn)|dA(x1) ... dA(xs)
/ / log |[P(p1e®™, ..., pne®™"")|py --
. dppdby ... db,,

where D" = {(Xl,...,x,,) eC": |xil,..., |xal <1}
The natural measure in the A Bergman space.
Pritsker (2008)

1
mp(P) =logla| + 3 loglayl +5 3 (loyf> 1)

|aj[>1 laj|<1

Université fu\

|f P(X) = a 7:1(X - CEJ) de Montréal

Matilde Lalin*, Subham Roy (UdeM) Areal Mahler measure and polylogs Polylogs, Algebras, Amplitudes 20 /34



Lehmer's Question

Pritsker (2008)

2
n++vn%—4 n n—+/n2—4 /"
2 T\l )

mp(x*" + nx" + 1) = log (

—0 as n— oo
Lehmer’'s Question has a negative answer!
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.
The linear binomials

Pritsker (2008)

1
L. & Roy (2024)
1 1
mD(Xl"'Xm+Y):2m+1_§'
For m,n > 2,
1 m+n—2 1
mD(Xl"'Xm+y1"'y"):4+< m-—1 >2m+n
1 < /m+n-3—r , 1 3 /m+n—3—r .
e (M s (M)
r=0 r=0
n—1 m—1
m m+4+n—1—r n m+n—1—r
© omtn+l Z ( m >2r - om+n+l Z ( n >2r.
r=0 r=0
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The linear trinomials

L. & Roy (2024)

3v3 1 113
mp(1+x+y) =732+~ e

Smith (1981)
3v3

m(1+x+y):?

L(x-3,2).
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Ideas in the proof

1
w1+ x+y) =5 [ (11 + xP? — 1)dA(x)
T Jpn{1+x|<1}
1
+ — / log |1 + x|dA(x).
T Jpn{1+x|>1}
If x = pe'®
1

21 Jon{ji+xl<1)

1 T rl 1 %’T —2cos 6
== / / (p* +2pcos)pdpdf + = / / (p® + 2pcos ) pdpdh
T 2Tﬂ' 0 s % 0

3V3
167T ' Université fu\
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(|1 4 x|2 — 1)dA(x)



Ideas in the proof

y =1+ x and set y = pe'®

1
/ log |1 + x|dA(x)
DA{[Lx21)

2cosf
= / / (log p)pdpdb

1
:/ <4cos 6 log(2 cos #) — 2 cos? 0+2> do.
0

s

3 1 ; VK]
20 log(2 = D(e™3) 4 — — —.
/0 cos” 6 log(2 cos 0)df 2 (e"°) + 2 16
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The linear trinomials

L. & Roy (2024)

L(X*412) 3 3
mp(V2+x+y)= =22 4 Cat g = o
where (3)2 ()2
_ G 1133.15 5. r(z 3355377.
Cro=asibs (33033001 — s (33575 6 51)

o (a1)n--(3p)n 2"
Fo(ai,...,ap b1,... bgz) =Y xn 2%/ 2_
P ° 2= 2 () (bg)a 11

(a)o =1, (a)h=ala+1)(a+2)---(a+n—1).

Cassaigne & Maillot (2000)

L(x—4,2 log 2
(x-4,2) g .
4 Universitéru\

de Montréal

Matilde Lalin*, Subham Roy (UdeM) Areal Mahler measure and polylogs Polylogs, Algebras, Amplitudes 26 /34

m(V2+x+y) =




Another example

L. & Roy (2024)

1-— 6 1 1
mp <Y+< X)) L(X—4>2)—|0g2—§—;

™
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Higher Mahler measure

P e C(x1,...,xn)*, the higher Mahler measure is

dxq dxp,

mp(P) :_(2711i)”/ﬂ-,,|0gh‘P(X1"“’Xn)“' .

X1 Xn

The higher areal Mahler measure is

1
o (P) =y [ 108 [P(sa, . xn)|dA) . Ay
Dn
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Higher Mahler measure

Sasaki (2015)

1—x\ ]Eh|7rh B
mp, (1 +x> = on h even, and =0 hodd.

where E, denotes the nth Euler number,

> S > 5
DI

n=0 n=0

(_1)n+1 an(zﬂ_)Zn
2(2n)!

(_1)n E2n7T2n+1
22n+2(2n)!

¢(2n) = and  L(x_4,2n+1) =
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Higher Mahler measure

L. & Roy (2024) For h € Z~q even

1—x who1  En(md)h Ep_o(wi)h2h(h —1)
mp_p <1+X> :—2(h—1)Bh(7Tl)h 1+ oh — oh—2 log 2
h—1 .
4h! _ Ej_ _1(7Tl)h—m—1
o 1— 21 m m
2h m§:2:( )C(m) (h —m— 1)!
" h
— (i h—1 1— 21—/77 1— 21—h+m BmB e
(il 3 () a2 )BB,
For h odd, my (1) = 0.
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The transformation x — x"

Let A€ M(n x n,Z), det(A) # 0.

P(A)(x) = Z Cmx ™.

m

Then
m(P) =m <P(A)) .

Particular case: x — x".
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The transformation x — x" and a limiting result

L. & Roy (2023++) r,s € Zo,

el la| > 1, rs
m]D)(Xr +ys) = —m

mp(x" —a) = 8 2
£ (|a|? - 1) la < 1.

L. & Roy (2023++) Let P(xq,...,x,) € C(x1,...,x,)" and let
P(0,x2,...,xn) € C(xa,...,x,)" be the rational function resulting from P
by setting x; = 0. Let r € Z~g. Then

lim mp(P(x{,x2,...,x,)) = mp(P(0, x2, ..., Xn)).
r—o0
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-
Looking ahead

» mp (1+ x"+ y®) and mp((1 + x)" + y°) (L. & Roy, in progress)
> A regulator explanation for nice areal Mahler measure formulas.
» Areal Mahler measure for elliptic curve cases.

1 1 15
— —+1)=—%L(Es5,2
In<x+x+y+y+ > 42 (E1s,2)

» Non-trivial examples of generalized areal Mahler measure, higher areal
Mahler measure, zeta Mahler measure.
» Study more general transformations.

» Function field analogue (Roy, in progress).
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Thanks for your attention!
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Generalized Mahler measure

Pi,...,P, € C(x1,...,xn)>, the generalized (logarithmic) Maher measure
is

1
(2mwi)n

dx 1 dx n

X1 Xn

Mmax(P1, ..., Pr) = )

/ max{log |P1],...,log|P/[}
']Tn

The generalized (logarithmic) areal Mahler measure is

1
mpma(PLy - P) = 7Tn/ max{log|P1|, . ... log| Py }dA(x1) . . . dA(xs).
]D)n

L. & Roy (2024)

m]]]),max(xla s 7Xn) = —5.
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Zeta Mahler measure

P e C(x1,...,xn)*, the zeta Mahler measure is

dX1 an

Z(s,P): )T — ,

B e mk(P)s
B Z k!
k=0
The areal zeta Mahler measure is

Zo(s,P) = = /D 1P (1, 0)|* dA(st) . .. dA(x0).

ﬂ-n
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An example of Zeta Mahler measure

L. & Roy (2024)

Zo(s,x +1): / [x + 1%A(x) = exp Z(*.ly(l—zlff)(c(j)—l)sf

= 7
Akatsuka (2009)
1 dx 2 (~1yY 1o\ rp o
Z(s,x+1):= o T[x—|—1]5?:exp j;j(l_2 )CU)s
Zo(s,x+1) = —T 1 (s x+1)
D= T (524127 '
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