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K, OF A FIELD AND THE BLOCH GROUP
A, A. SUSLIN

ABsTrRACT. For an arbitrary field F the author constructs a short exact se-
quence connecting the indecomposable part of the group K,(F) with the Bloch
group B(F) of F. Unique divisibility of B{F} for algebraically closed F is
proved.

Bibliography: 18 titles.

One of the serious difficulties encountered in the higher K-theory of fields
is the deviation between the K-theories of Milnor and Quillen. This difficulty
first appears in dimension three. It is known [3] that the kernel of the canoni-
cal homomorphism K3M (F) — K,(F) is annihilated by multiplication by two,
and there are gerious grounds for expecting that this kernel is always trivial,
At the same time, the group K,(F),, = Coker(K}'(F) — K,(F)) can be very
large, as shown by examples of numerical fields. Bloch [5] determined a con-
nection between K,(F) , and the group describing the nontrivial relations on
the tensors of the form x® (1 — x) (x € F*, x # 1). The latter group is
now called the Bloch group of the field F and denoted by B(F). This group
is encountered also in certain other problems of K-theory, for example, in the
computation of the homology of SL,(F) (see [6]). One of the basic resuits
in the present article (Theorem 5.2) gives a precise relation between X,(F) 4
and the Bloch group: for an arbitrary field F we have the exact sequence
0 — Tor(F", F*)™ — Ky(F),q = B(F) - 0, where Tor(F", F')" is the
unique nontrivial extension of Tor(F", F7) by Z/2.

Most of the results in this paper were obtained in 1982, The purpose of the in-
vestigation was to prove the unique divisibility of B(F) for algebraically closed
F, which is equivalent to the validity of the Quillen-Lichtenbaum conjecture -
for K, . However, the method worked out here turned out to be applicable for
proving the Quillen-Lichtenbaum conjecture in full scope ({17}, [7], [18]), which
diminished the interest in studying B(F), and the results were not published.
During the intervening time a number of papers have appeared containing re-
sults close to ours (see especially [13]) but not covering them. These papers
demonstrate interest in this circle of questions, and that prompted the author
to publish his investigation. - ‘

Some words on the notation. The symbol Z_ denotes the group of permu-
tations of n eclements, which is identified with the corresponding subgroup of
GL, (F), GM,(F) (respectively, B, , T,) denotes the subgroup of monomial
(respectively, upper triangular, diagonal) matrices in GL,(F). Whenever the
coefficients are not indicated in the consideration of the homology of a group,

1980 Aathematics Subject Classification (1985 Revision). Primary 1iR70, 191355, Secondary
15D45.

©1992 American Mathematical Society
00BE-5438/92 $1.00+5.25 perpage

217
Supplied by The British Library - "The world's knowledge"




218 A. A, SUSLIN

we have in mind integral homology. If there is a homomorphism 4 ~ B of
Abelian groups, we sometimes write B/A instead of B/Im A4 and take other
liberties of this kind.
All fields considered in this article are assumed fo be infinite.
§1. The Bloch group

For an arbltrary field F denote by 2 (F) the free Abelian group with basw
[x], where x € F*—1. Consider next the homomorphism ¢: F(F) — F*'®@F*,
given by the formula ¢([x]}) = x®& (1 —x). The following lemma can be proved
by uncomplicated computations.

LemMa LI, If x #ye F' —1, then

¥ 1-x7'  [i1-x 1--x I —x
o (wr-ore B [15m] (153 = e (325) + (1) o
(1. i)
Denote by o the involution of F* @ F* given by the formula o(x ® y)
~(y®x),and by (F'@F" ), the quotient of F*®F" with respect to the act:on
of o. Moreover, denote hy p(F) the factor group of Z(F) by the subgroup
generated by the elements of the form [x]— [y]+[y/x]—[{1 ~—x")/(l ~y"1)] +
(1 = x)/{1 = ). According to Lemma 1.1, the homomorphism ¢ induces a
new homomorphism p(F) — (F* ® F")_, which we denote by the same letter
¢ . The kernel of the latter homomorphism is denoted by B(F) and called the
Bloch group of the field F. Thus, we get the exact sequence

0= B(F) — p(F) — (F* @ F*), — K,(F) = 0. (1.2)

For x€e F'—1 weset (x)= [x}+[x“']; moreover, we set {I) =0

LEMMA 1.2. x = (x} is a homomorphism from F* to the subgroup of ele-
menis of exponent 2 in p(F).

PROOF. Let x £ ye F' ~ 1. In the group p(F) we have the equalities

- . -

[X] = D)+ /3] = [(1 = x 7)1 =y N+ = x)/(1 - )] = 0

1= 07 Byl = 10 = )/ =)+ 10 - XY/ -y =0,
Adding these equalities, we get that {x} — (¥} + (¥/x} = 0. Interchanging the
roles of x and y and taking into account that {y/x) = (x/y}, we see that
2-{y/x} = 0. Since any element z € F* —~ 1 can be represented in the form
y{x (where x #y € F" ~ 1}, we conclude that 2-(z)y = 0 forany z € F*.
We have already verified the relation (x) + (¢/x) = (y) under the condition
x#EyeF -1 . Ifx=1 or X =y, then this relation is trivial. If y = 1, then

it takes the form (x)+ {(x~') = 0. This relation is valid, becausc (x7Y = (x)
and 2. {x} =

LemMA 1.3, The relation [x}+ (1 —x]=[y]+{1 —y] holds for any elements
x,peF* ~1,

ProoF. It can be assumed that x 3 y, and then the following relations hold
in the group p(F):

[x] = W+ /x) = 11 = x7 /(1 =y D]+ [0 = x)/(1 = )] = 0
[ =p] = {1 =X+ [(1=x)/(1 = )] = {1 = ")/ = p "N [y/x] = 0
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K, OF A FIELD AND THE BLOCH GROU?P 219

Subtracting one from the other, we get the desired equality.
The element {x]+{! — x] € B(F), which, as just shown, is independent of
the choice of x € F* — 1, will be denoted by ¢ (or ¢z).

LeMMa 1.4, 3¢ = (-1).

Proor, If x € F* — 1, then 3¢ = fx]+[1 —x]+[x" "+ {1 = x4+
(=214 = (=0 =)+ (1= x) + {1 =27 = (=(1 = %)) = (-1).

LemMaA 1.5, a} 6¢c = 0; b) if the equation x2+1=0 is solvable in F, then
3¢ = 0; ¢) if the equation % —x+1=0 issolvable in F, then 2¢=0;d) if
the equations X*4+1=0, x> ~x+1=0 aresolvable in F, then ¢=0.

ProoF. The parts a) and b) follow from 1.2 and 1.4. Let x* —x+ 1 =0;
then x> =~1 and ¢=[x]+[1 - x]=[x]+Ix"" = (x) = (-xY) = (-1} = 3¢,
ie, 2c¢=0.

We now show, following Sah [13], that in B{R) the element ¢ has order
exactly six. To do this we consider the group p'(R) given by the generators [x]'
{0 < x < 1) and the relations

[x]'—[}f]'+[§]'~[%m}g;]+[—§-—i—ﬂ':0 O<y<x<).

There is an obvious homomorphism p: p'(R) — p(R). As is clear from the
proof of Lemma 1,3, the element ¢’ = [x] + [l — x] € p'(R) does not depend
on the choice of x (0 < x < 1)} and passes into ¢ under the homomorphism
under consideration. In particular, 6¢’ € Kerp.

LeMMA 1.6, The homomorphism p is surjective, and its kernel coincides with
the cyclic subgroup generated by 6c'. '

For the proof we construct the inverse homomorphism p(R) ~ p'(R)/6¢ . To
do this we first define 2 homomorphism w: Z(R) — p'(R)/6¢ by the formula

[x] forO<x<1,
w(lxl) ={ -[x"'Y fori <x,
¢+ (1 =x)"" forx <O.
The element [x]—Dz]-l—D)/x}m[(lmx“I)/(lmy'l)}+[(£-x)/(i-y)] e Z(R) will
be denoted by [x, ¥]. We must show that y([x, y])=0 for x #yeR - 1.

For this we first observe that, by construction, w([x]+ [l —x]) = ¢ for any

xeR" -1, and
0 forx>0,

3¢ forx<O0.

v+ ) = {
Now, since
[x,y]=[1 =y, 1 =x)=(x}+ [t = x]) = (W] +[1~»]),
e,y y = e+ DD = (4 T+ (/) [xvD),

o= (2 1) - ([225]+ [
([=]=)
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220 A. A, SUSLIN

and the right-hand sides of these relations are carried into zero under the action
of y, it follows that in verifying the formula w{lx, y]) = 0 we may replace

[x,y] by [I =y, 1 —x], 7}, y"}}, fy, x]. This enables us to reduce the
general casc to the case 0 < y < 1, y < x. If x < 1, then everything is
obvious. If x > 1, then

=t (- 353) )
(e fe-)7)

S H“‘“ Eit ””}E E “*"]’.

L X =)
Finally, note that 0 < y/x < y < 1, hence the equality

of =[] ey = [22] + [2222] <o

is valid in p'(R).
Below we need the so-called Rogers L-function, Recall that this function is
analytic on the open interval (0, 1), where it is given by the formula L(x) =

n

P I+ 3 In(x)In(1 ~ x). We extend L by continuity to the closed interval

{0, 1], with L(0) = 0 and L(1) = ;'f_’__'} ;‘5 = %2 Note also the following
formula for the derivative: :

L) = ”%’ [ln(f —x) m(x)} ‘

7 X l—-x
Let 0 <y < x < I. Differentiating the expression

L(x)-L(y)+L(£—)mL(i:;j) +LG§§-)

with respect to x and using the formula for L', we see without difficulty that
this expression does not depend on x. Letting x go 1o 1, we get that

L(x)wL(y)+L(y) mL(i~x_:) +L(—i{—j§) =L(l)=%i."

X ._y"

Thus, the correspondence [x] — L(x} - L(1) determines a homomorphism
p'(R) — R, and the image of ¢ under this homomorphism is

7{2
L{0) + L(1) - 2L(1) = - % %0,

This shows that ¢’ € p'(R) is an element of infinite order. Finally, we get the
following proposition. -

ProrosiTioN 1.1. Ifthe field F is formally real, then the order of the element
¢ € B(F} is equal to six. . .
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K, OF A FIELD AND THE BLOCH GROUP yr3

§2. The Bloch group and H,{GL,(F))
Let us consider the complex C, = C,(F) in which C, is the free Abelian

group with basis (xg, ..., xP), where the x; are distinct points of P’(F ), and
the differential is given by the formula

’ .
d(x,, ...,xp)=2(-l)'(x0, U N

i=0
There is a natural augmentation e: Cy(F) — Z 1 e(x;) = 1.

LEMMA 2.1. The augmented complex C, — Z — O Is acyclic.

PrOOF. Let z = 3 n; (x‘;, cers X ) be a p-dimensional cycle of the aug—

mented complex (p 2> —-1) Since F is infinite, we can find a pomt x €P! (F }
different from all the x . Itis now easy tosee that z = d(3 n,(x, Xp, ..., X ))

The natural action of the group G = GL,(F) on P (F) determines an action
of G on C, and turns C, into an acyclic G-complex over Z. According
to the theorem on comparison of resoiuttons, there exists a homomorphism
C(G) - C, of G-complexes over Z, unique up to homotopy, where C,(G) is
the G-free Tesolution of Z. This homomorphlsm induces canonical mappings
H{(G) = H(C,(G)g) — Hi((C,)g) -

LemMa 2.2. Hy((C,)g) = p(F).

Proor. The action of G on the bases of C,, C;, and C, is transitive,

and hence (C); = Z for p = 0,1, and 2. Every orbit of the action of
& on the basxs of C, for p > 3 contains a unique element of the form

0,00,1,x;,..., xp_z), where the X; € F*' — 1 are distinct. Denoting the
corresponding orbit by [x,, ..., x,_,], we see that

(C,)g = H ZIXy, e s Xy g

XEFT -1,
X EX; for iv#j

Finally, it is easy to see that d: (C,); —.(C,_|) Is given by the formula

1—-x l-x 1—x7! P —x"
— 1 il 1 ]
d(lx;, ..., x, )= {1mx2""’1—x} { e gy

. o2 )
X, :
'"i“"[xlv * xi]%«g( I)I‘xl"", i '-sxp'wz}':
According to the forcgoing, we get a canonical homomorphism 8: H, ><‘
(GL,{F)) = p(F}.

Treorem 2.1, 8 determines an isomorphism H{(GL,(F)}/H(GM,(F)) =
B(F).

ProokF. Let us consider the hyperhomology spectral sequence Ep =
H(G,C)=H, (G,Z). The action of G on the basis elements of G, C,,

r+q
and C, iS transitive, and ‘
Stab(0) = 5, , Stab(0, oo} = =F'gF", . §tab(0, oo, 1-)2'1:'
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222 A. A. SUSLIN
Considering that H,(T,) = H,(8,} ([3, §11), we conclude that

E =EL=H(F @F), E,=H(F").

*

LEMMA 2.3. The differential d': H{F* @ F*) = E\, = Ely = H.(F' ® F")
coincides with o — 1, where o is the automorphism of H (F* @ F*) induced by
transposition of terms, and the differential

d2: H*(F*) = Eiz —t E:l - H"’(F* @F*)
coincides with A, where A1 F* — F* @ F* is the diagonal imbedding.
Proor. Theisomorphisms H (T,, Z) = H (GL,(F), C;) and H(T,, Z) >

- H (GL,(F), C,) are induced by the following morphisms in the category of

pairs {group, module)

@os (T, Z) = (GLy(F}, Cp) 1 {1, n) = (1, n-(0)),
00,00t (Ty, B) = (GLy(F), C) (t, n) = (¢, - (0, 0)).

In tumn, d' is the difference between two homomorphisms, of which the first
is induced by the homomorphism C, — C; : (x4, x;} = (x,) and the second
by the homomorphism C;, — G, : (x5, X;)} — {x;). Consequently, the com-
position H (T,,Z) = H*(GLI(F), C)) — H,(GL,(F}, C;) is the difference
between two homomorphisms, of which the first is induced by the morphism
9o (T, ZY — (GLy(F), C)) : (¢, n) v (¢, n-(c0)) and the second by the
morphism ¢;. Denote by 5 the permutation matrix s = (31}, As is known,
inner automorphisms act trivially on homology, and hence (¢ ), = 5,(¢,,), =
(po1), = (94). 7, » Wwhere T is transposition of terms of T, . Finally, we get that

the composition (gao);'l dl(geo, o). coincides with 7, — 1. The second assertion
is proved analogously.

Since A has a left inverse, A, is a monomorphism, and thus Efz = 0.
Further, H(F° @ F')=F" @ F", and ¢ transposes terms. Moreover,

H(FeF)=H(FYoH{Flo{F oF),

o transposes the copies of H,(F"), and ¢ coincides on F* @ F* with the
involution denoted by the same letter in the preceding section. It follows from
these remarks that the terms of interest to us in the spectral sequence have the
following form:

¢H3(T220 * *® *
H(F)Y&(F ®F"), (F*eF"f
F 0 0
Z 0 0 p(F)

There is only one nontrivial differential starting from Eg,s , namely, the differ-
ential d°: p(F) — H,(F )@ (F* o F*), = A*(F )& (F' © F'), .

LEMMA 2.4. d*([xD=xA{l-X)~x@ (1 - x). .

The proof is direct but a very long and tedious calculation, and we omit it.
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K, OF A FIELD AND THE BLOCH GROUP 223

CoroLLARY 2.1. Eg®; = B(F).

The spectral sequence under consideration determines a filtration on the
group H,(GL,(F)), with Hy(GL,{F ))(0} = Im(H,(T,)), there is a canonical
epimorphism H,(7,)" ~ IL(T,)° JA(H(F ) =(F'® F*Y o Hy(GLF)VO,
H(GL,(F ))(2) = Hy(GL(F HW, and the boundary effect (which obviously
coincides with the homomorphism & considered above) induces an isomor-
phism H,(GL,(F))/Hy(GL,(F))® 5 B(F). Thus, it remains to show that
H,(GL,(F)"® = Im(H,(GM,(F))) . To do this we need an explicit description
of the homomorphism Hy(T;)° — Hy(GL(FNW® & H(GLy(F)/Hy(T,).

For an arbitrary group G let C,(G) denote the standard G-free resolution of
the trivial G-module Z so that C,(G) is the free left G-module Z[G'"'] (with
basis the elements (g,,..., &) = (1, &, & &> --«» £,8+8&)). Weuse the
usual device to turn the C,(G} into right G-modules. For any left G-module

M the homology groups H,(G, M) coincide with the homology of the complex
C(GY®sM . Anyelement g € G determines an automorphism of the complex
CG)®g Mt (g, ..., g1 @m — g,,...,%g)® gm. This automorphism
is homotopic to the identity, with the corresponding homotopy given by the
formula

i . .
pg(<gl’ ver s g;’)@"l):Z(;i)J(gla-“ 1 8 8 ggj_l_]:--"s ggj)®1n‘
0

LEMMA 2.5. Suppose that u € Hz(Tz)", h is a representing cycle for u; let
7(h) — h = db, where © is the automorphism of transposition of terms, and
b is some three-dimensional chain of the group T,. Then the image of u in
H,(GL,{F))/Hy(T;) coincides with the homology class of the three-dimensional

eyele b— p(h), where s=(9}).

ProoF. The spectral sequence under consideration coincides with the spec-
tral sequence of the bicomplex C,(G)®4C,(F), where G = GL,(F). The aug-
mentation ¢: C,(F) — Z induces a homology equivalence C(G)®; C (F) N
C,(G)g . The necessary computations are now collected in the diagram

b - p,(h) & b ® (0) ~ p,() ® ()
dG

h® ((c0) ~ (0)) & h & (0, )

Finally, we consider the Hochschild-Serre spectral sequence corresponding to
the extension of groups 1 — T, — GM,(F) = Z, — 1, where X, = {l, s} is
the group of permutation matrices: H,(Z,, H (T3)) = H, L AGM{F)) . This
spectral sequence determines a filtration on Hy(GM,(F))}, with Ifa(GM,_(F N
= Im(H,(T,)); there is a canonical epimorphism H,(T,)" - H\(Z,, H,(T;)) =
Hy(T,)" /(1 + 6)(Hy(Ty)) - Hy(GM(F) O H(GM,(F)V = 0 (since
H,(S,, T,) = 0); Hy(GM,(F)) = Hy(GM,(F))® 4 Hy(E,). By the foregoing,
the homomorphism H,(GM,(F)) — H;(GL,(F)) maps H(GM,(FN onto

H3(GL2(F))(°). Further, it is easy to see that the image of a w € Hy(T,)
in Hy(GM,(F)}/H,(T}) is given by the formula in Lemma 2.5. Consequently,
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224 A, A, SUSLIN

Hy(GM,(F)" is mapped onto H,(GL,(F))"”. Thus, Im(H,(GM, (F)))
= Im(H,(E,)) + H{(GL(F)®. Finally, the matrix s is similar to the
matrix (g %) € By, and hence Im({y(%,)) < Im(H,(B,)) = Im(H,(T})) =
Hy(GL(F©

REMARK 2.1. The homology group H((Z,, H,(T,)} encountered in the com-
putation of H;(GM,(F)) is not hard to compuie: it is equal to

(FTo F'Y [(1+0)(F" @ F') = (n(F) ® u(F))’ /(1 + a){n(F) ® u(F))

0 fF>u
_ r _ 200
A1(F) ® p(F)) {2/2 otherwise.

Thus, Im(H;(GM,(F)) — IL(GL,(F))) = Im(H,(T,)) if F contains ali the 2-
primary roots of unity. However, if the group i, (F) is finite and nontrivial,
then it can be shown that Im(H,(GM,(F))) is strictly larger than Im(I,(T,)).

REMARK 2.2. Forany n denoteby Hy(GM,(F)) the kernel of the projection
Hy(GM,,(F)) = H,(Z,). There is a canonical decomposition

Hy(GM,(F)) = Hy (GM,(F)) @ H,(Z,).
As mentioned above, the image of Hy(%,) in HL{GL,(F)) is contained in the
image of Hy(T,) C Hy(GM,(F)). Consequently, Kerd = Im(H,(GM,(F))) =
Im(HY(GM,(F))).
REMARK 2.3. The theorem proved is a variant of the theorem of Bloch [6],
and the method of proof also follows [6] on the whole. The form given for the
theorem has the advantage that it is suitable for any (infinite) field.

§3. Construction of the homomorphism 8. H(GL,(F)) — B(F)

Denote by C‘j (F) the free Abelian group with basis (Xogs e X,), where
the x; € ]PZ(F } are in general position. We define the differentials d': C; ~—
C;—a by the formulas )

P R
(N A R Gt VI AU S AR
=0

p=1
d'(xy,eesx,) = Y (-0, .., 2, a X))

i=1
The following assertion is proved just like Lemma 2.1.

LEMMA 3.1, The following }:omplexes are acyclic:
oemiciicd ...,

We define the homomorphism 1: C; — Cj by the formula A(x,, ..., X,) =

T o= 1 Xgpys ooe» Xpp,) (Where all the indices are reduced modulo
p+1}. An uncomplicated direct check proves the following fact.
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LEMMA 3.2. d'A=2d.

Let us consider the foliowing homomerphism of complexes:
d

2 d 2 d 2
Cy 0 C; cee
7| (I

2 4 2 d 2
o — G G

and denote by &, its cone; thus, & = Cf, QZf = C’ @ C2+1 {p > 1}, and
the differential is given by the matrix (‘f a? ). We deﬁne the augmentation

12y — Z as the composition &, = C LA C £ Z. 1t follows directly from

'Lemma 3.1 that the augmented complex D, - T-0is acychc There is a

natural action of the group GL,(F) on &, determlmng, as in §2 a canonical
homomorphism H(GLy(F)) — Hy((Z, )6 (F)) The groups (C oL ()= C‘2
are computed just as in §2. In particular, Cp =7 for p<3, Co=112- [x],

where [%] is the orbit of
1 01 10
011 a0
0 01 x 1

X
and the summation is over all 4 and x for which the inzdicated points are in
general position, i.e., a # X € F ¥ — 1; analogously, '"C"‘S is the free Abelian
group with basis (¢ 5} = the orbit of

xy
1 01110
01 i a b O
g 01!t x y 1

and the summation is over all a, b, x,ye F' —1 suchthat a #x, b #y,

atb,xs#y, ap—-bx#0.
Thus, the initial terms of the complex (Z,)q, AF) have the form

(39 0 a
Ot—Z(—-Z@Z«mZ@Z&nZ{BHZc {x]

—"'o
(F3)

1 [fene [ ).

and hence
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226 A, A, SUSLIN

Lemma 3.3, Setting p(1) = 2c,., p([2]) = [a), we get a well-defined homo-
morphism p: Hy{(2,)q (F)) — p(F}.

Proor. We must verify that p{ EO) = 0. We carry ont the necessary
computations:

(l%3)=1e -0+ D]
_ {(1 —a:‘b)/(ll_; b“)} N [o - b)}
%-“—?'E_:F =6 1-x

Applying p 1o the right-hand side, we clearly get zero. Further,

() -t 5 et [

=2¢, +lal- [£] + 7] - [“‘ i] + {(1 ““)x] =2,

a—x X —4a

() A(3((2]) -

Combining the homomorphism H,(GL,(F)) — H. RiEA )GL F) ) and the ho-
momorphism p, we get the mapping 9: H. W(GL,(F )) ~-+ p(F )

LEMMA 3.4, The restriction of the homormorphism just constructed to
H,(GL,(F)) coincides with the homomorphism 8 in §2.

Proor, Denote by C the subgroup of C 41 gencrated by the generators

(Xgsevvs X,41)» wWhere
0
xa=19¢].
_P'f' 3 1

Since d’ does not affect the last point, C isa GLz(F)»subcomplex of the com-

plex &, . It is easy to see that the augmented complex C % 7, -+ 0 obtained
is acyclic. Consequently, the composition H. H(GL,(F )) -+ H,(GL,(F)) —
H{(Z )L (F)) can also be decomposed in the foliowmg form:

Hy(GLy(F)) = Hy(C)gur) = Hy (D or(r)) -

The projection PX(F) — P'(F) with center at the point {g)' together with

discarding of the last point determines a homomorphism of GL,(F)-complexes
over Z: C ~ C, . The composition

Hy((GLy(F)) ~ Hy((Cgr ) = Ha((C, JoL,F)) = P(F)

clearly coincides with the homomorphism & in §2. It now suffices to verify the
commutativity of the diagram

(Cz)GL,(F) — (Cs)mq(r)

e

(-@3}(31_3(1:-) ) p(F)

Supplied by The British Library - "The world's knowledge”

—t ?;;1@&‘ )
r
!




K, OF A FIELD AND THE BLOCH GROUP 227

Every orbit of the action of GL ,{(F} on C contains a unique ¢lement of the

form
1011090
0 1 1 a 03,
T T |

and the image of this element in (CJ)g, ) © (@)L coincides with M
for some x, while its image in p(F) is equal to [a] The same answer is
obviously obtained by going along a different path.
PrOPOSITION 3.1. & determines an isomorphism
H(GL,(F))/ Hy(GM,(F)) + Hy(T3) S B(F).
Proor. The group H,(T3) lies in the kernel of &, since the augmentation
By Cf — Z has the T-equivalent section

10
n—n-{0 1.
0 0

On the other hand, H;(GL,(F)) is generated by H,(GL,(F)) and H,(T3) (see
31).

CorOLLARY 3.1, The kernel of the homomorphism H,(GL;(F)) -
H,(GL4(F)) is contained in H. (GMz(F))

§4. Computation of H,(GL(F))/H,(GM(F))

According to [3], the imbedding GL,(F) v GL(F) induces an isomorphism
Hy(GL,(F)) & H,(GL(F)}, hence & can be regarded as a homomorphism
H,(GL(F)) — B(F).

Lemma 4.1, Hy(T) C Kerd.

Proor. It follows from the Kiinneth formula that H,(7T) is generated by
the subgroups H,(T" %y, where TY% is the subgroup of T consisting of the
diagonal mamces nontrivial only in the positions 7, j, and k. On the other
hand, Tk s conjugate to 7, by means of a permutation matrix, and hence
the image of H3(T”k) in H(GL{F)) coincides with the image of F;(73).
This shows that

Im(H,(T) — Hy(GL(F))) = Im(H,(T;)) C Kerd.

Let m and » be positive integers, and consider the group GL,_ (F)xGL, (F).
Denote by p, and p, the projections on the factors, by g; the homomorph;sm
GL,, (F}=GL,(F) — GL(F) equal to the composition of p; and the imbedding
GL (F)u GL(F), and by j the imbedding GL, (F)xGL, (F)u GLmM(F)
GL(F)

- LEMMA 4.2,
j,‘([Hz(GLm(F)) ® H (GL, (F))] o [H(GL,(F})® H(GL (F)} C Hy(T).

PrROOF. As is easy to see (for example, by using results in [3]), the imbedding
T« QL _(F} induces an epimorphism onto H, and H, for any m. It
remains to note that j(7, x T,)C T.
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COROLLARY 4.1, 7 )~ (q,), (1) ~(q,), (1) € H)(T) forany u e H{(GL,_(F)
x GL, (F)).

Proor. Forany groups G and H we denote by ﬁ3(G><H) the kernel of the
homomorphism ((p,),, (p,),): Hy(G x H) — H(G) & H,(H). The Kiinneth
formula gives us the exact scquence

0 — [H{(G) @ Hy(H) @ [H)(G) ® H,(H)] - H,(G x H)
— Tor(H,(G), H,(H)) — 0.
Since H (GL,(F)} = H,(GL,{F)) = F, , this exact sequence shows that
Hy(GL,,(F) x GL,(F)) = H,(GL, (F)) ® H,(GL,(F}))
+ Hy(GL,,(F)) ® H(GL,(F)) + H;(GL,(F) x GL,(F)).
Tﬁus, j_(ﬁs(GLm(F) X GLn(f))) C H,(T). It now remains to note that u —
), () ® 1~ 18 (p,), () € Hy(GL,,(F) x GL,(F)) and
Lpd @ e ) =(g),), j(lep)w)=(g),).
LemMA 4.3, Tm(HJ(GM(F)) — H,(GL(F))) = Kerd.

Proor. Let n be a sufficiently large positive integer, We consider the com-
mutative diagram of group extensions

1T, = GMy(F) %2, , -5, xE,_, -1

t =T, - GM,(F) 3 1

n
and compare the corresponding Hochschild-Serre spectral sequences. The spec-

tral sequence corresponding to the upper extension is denoted by. E', and that

corresponding to the lower extension by E : Epzq = H,(Z,, H(T,)). Denote by
F; the ith term in the decomposition T =F &---&F"; then

n
Hy(T,) = A(T) = []ANF) o [T(F @ F)).

f=1 i<jf
The action of Z, transitively permutes the terms of both of the first and
of the second sum, and, moreover, Stab(Az(Fl‘)) =Zx% =X | and
Stab(F\" ® F}) =X, x X, _, . Thus,

Eyy=Hy(E,_, AF YO H)(E, x5, ,, F" 0 F').

Similarly, E,} = H,(%,_,, A’ F" )0 H (£,xZ, _,, F'®F"). By stabilization of
the homology of £, (with trivial coefficients; see [12]), we conclude that E;‘?;_ =
Ej;,_ for p <5 if n is sufficiently large. In precisely the same way, E? = Eﬁt

pl ™
for p <5 if n is sufficiently large. Under these conditions ES = E”, and

E;""l = E;°,, and hence ’
H3(GM,(F)) = Hy(T,) + Ker(H,(GM,(F) x %, _) Hy(%, x %, ).

Passing to the limit with respect to » and using Corollary 4.1, we conclude that
the image of H;}{GMg(F)) in H;(GL(FY)) iscontained in H{(T)+H(GM,(F))
= Kerd . The reverse inclusion follows from Remark 2.2,
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LemMa 4.4, The image of H,(X) in B(F) under the homomorphism 8 co-
incides with the cyclic subgroup generated by 2cp, .

ProoF. The homology groups of the permutation groups Z, were computed
by Nakaoka [12). In particular, Hy(Z) = Z/12 @ Z/2 @ Z/2. We actually
need only the following uncomplicated stabilization result: H;(Z,) = H,(Z).
It is clear from this fact that H,(X) can have only 2-primary, 3-primary, and
S.primary components. A 5-Sylow subgroup of I, coincides with the cyclic
subgroup generated by a cycle ¢ of length five, and thus the homomorphism
7S = H,({o)) — Hy{(Z) is an epimorphism onto the 5-primary component.
Finally, ¢ is conjugate to g’ in T, and hence the imbedding (o) v X,

and the homomorphism () 3 (o) ~ X, induce one and the same mapping
on homology. But multiplication by 2 in (v} induces multiplication by 4 in
Hy({g)), and thus the 5-primary component of H,(Z.} is annihilated by the
number 3, i.e, is equal (0 zero.

SUBLEMMA 4.4.1. The image of the 2-primary component of H,(£) in B(F)}
‘is equal to zero.

Indeed, denote a p-Sylow subgroup of Z, by Z (p). Then the 2-primary
component of H,(Z) is the image of H,(%,(2)) . Moreover, Z(2) = Z,{2)xZ,.
For any u € H,(%,(2) x Z,) we have that (g,),(1).€ Hy(Z,) C H;(GM,(F)} C
Kerd, hence in view of Corollary 4.1 it suffices to verify that I (Z,(2)) C
Kerd . The group Z,(2} is generated by the permutations (1, 2), {3,4), and
(1, 3)-(2.4). We carry out conjugation with the help of the matrix 7 indicated
below; then our permutation matrices take the form

1 11 0 1 0 0 0
{1100 , fo1 10
r={1 00 1] ©2=lg0 -1 0]

1 00 0 ' 0 0 01

100 1 I 100

o1 0 -1 _ 0 -1 0 0

(3:4)}’= 0 0 1 o1:° ((1’3)-(2,4))?m 0 0 0 1

00 0 -1 o 01 90

The matrices obtained lic in the subgroup (% anyr) ) » the homology of which

coincides with that of 7, x GM,(F) and hence lies in Kerd according to
Corollary 4.1.

SusLEMMA 4.4.2. The image of the 3-primary components of Hy(Z) in B(F)
coincide with the cyclic subgroup generated by 2cp. .

Indeed, the 3-primary component of H,(Z) coincides with the image of
H,(%,(3)). Further, Z,(3) = 2,(3) x £,(3), and the same argument as above
shows that the image of H;(24(3)) in B(F) coincides with the image of
H,(£,(3)). The group Z;(3) is generated by the ternary cycle 7= (1,2, 3).
If ¢har F = 3, then the permutation matrix 7 is similar to an upper triangu-
lar matrix, and hence the homomorphism H;({t)) ~ H;(GL(F)} is zero [16].
Moreover, in this case the equation x>~ x+1 =0 is solvable in F, there-
fore, 2c, = 0. We assume thus that char F # 3. In this case 7 is similar to
the matrix 1= (? j }. We construct a A-cquivalent homomorphism from the
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periodic resolution of Z to C,:

A | 2 S gy S
%) 5| 5] 5|
CO C! C e

As f; we take multiplication by [')), as f, multiplication by (9}),as f,

multiplication by (35 1) -+ (191)+(J1}), where x € F* -1, and as i

multiplication by
_f6 1 11 1 611 111!+10—x1
1 0 x y t 1 x y 01 x vy 1 1 I—-x y
b1 I
+(0 I 1——x y) ( I—x y)
where y # 0, 1, x, (x~1)}/x. Thei image of the canamcal generator of Hy({(A))

‘in B(F) commdes with the image in B(F) of the element determmlng the
homomorphism f;, i.e., with

B [ﬂ B [H] B [fc((; )_] bet =211+ [(1 5 ,..,.'y)} * {l-;;] '

1

Assume that x % —1,andlet y = x™" ; then the expression under consideration
takes the form ——[:f:]2 - 2[—-x“1}+ x—1]+ [(wx)”z] . After using Lemmas 1.2
and 1.3 and Lemma 4.5 below, we see that this expression is equal to —2¢,. .

LEMMA 4.5 ([6]). [x°1= 2([x] + [~x] +[~11) for any x # 1 in the group

p(F).
Proor. We use the relation

1-x7" I—x
(4] - (%] + [x] - [ ]+[ %] =0.

1- 1-
From it,

l4x l1+x
=2[x} - 2[1 + x] ~¢p
= 2[x] + 2[-x] - 3cp = 2([x] + [~x]) + {-1).
Accordingly, we have proved the following theorem.
THEOREM 4.1. H,(GL(F))/H,(GM(F)) = B(F)2c.

[;Z]mz{x]~[ X ]+[ ! }m2{x3+2[3-~imx-]wcp

85, Basic results

Denote by h: S — 87 the Hopf bundle, For any topological space X
the composition with A determines a mappmg h:n Xy == 3(X) (the dis-
t:ngmshed pomis are fixed and arc omitted in the notation). In general the
mapping #° is not a homomorphism, but it will be a homomnrphlsm if, for
example, X isan H- -space (smce in this case the group operation in = (X )} is
induced by the operation in’ X},
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LEMMA 5.1. Suppose that X is a simply connected space, and w_ is a system
of generators of the group n,(X). Then the Hurewicz homomorphism wy(X}) —
H,(X) is surjective, and its kernel is generated by the elements h™(w,) and
w, * Wy (+ is the Whitehead product; see (1}, Chapter V, §4).

Proor. Denote by f: Sz — X some representative of w, and by Y the

bouguet of the two-dimensional spheres Sﬁ. The mappings f, determine
f:Y = X; replacing X by the mapping cylinder of f, we can assume that
f is an imbedding. By construction, m,(Y) — 7,(X) is an epimorphism, and
hence 7,(X,Y) = 0. According to the Hurewicz isomorphism theorem, the
homomorphism 7,(X, Y) — Hy(X, ¥) is bijective, and the assertion follows
from the commutative diagram with exact rows

T (Y) — y(X) = (X, Y) = m(¥) — my(X) — 0

| | 1
0=H,(Y) — Hy(X) — Hy(X,Y) — HyY) — HyX) — 0

and the weil-known description of =, of a bouquet of two-dimensional spheres
(see [1], Chapter V, §4),

COROLLARY 5.1. Assume in addition that X is an H-space; then the sequence
1,(X) 5 n,(X) — Hy(X) — 0 is exact.

Let A be an associative ring with identity, We denote by E(A) C GL(A}
the group of elementary matrices and apply Corollary 5.1 to the space BE (A)F.
This space is simply connected, and nf(BE(A)*') = K,(A) for i > 2. There-

fore, the exact sequence in Corollary 5.1 takes the form K,(A) K Ky(A) —
H,(E(A)— 0.

LeMMaA 5.2. The homamorphism h': K,(A) — K;(A) coincides with multi-
plication by 1(~1) € K,(Z}.

Proor. Denote by &= {SO, S,, ...} asphere spectrum (see [2] about spec-
tra and related concepts). In view of the presence for any spectrum X of a
canonical equivalence SAX 2 X the spectrum S is a ring spectrum, and an
arbitrary spectrum X is an S-module, This determines canonical pairings of
homotopy groups 7,(S)@n (X)) — 7y, j(X ). Further, i determines an element
h € n(X) = 1Z/2 that is a-generator of this group. If X' = {X,, X,,...} isa
Q-spectrum, then 7 {X,) = n, (X}, and the diagram '

1,(Xy) —i—s 1,(Xy)

I ls

7,(X) — 7y(X)

clearly commutes. Assume now that 7 is a ring spectrum and X a T-module,
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The commutativity of the diagram

SAxy M Ay

N

X,

where i1 S — T is the identity and p is multiplication, shows that /: (X)) —
;. (X) coincides with multiplication by i, (h) € n,(T). In particular, we take
T and X tobe the spectra of the algebraic K-theory of the rings Z and A, We
see that the homomorphism 4”: K,(A) — K;(A) coincides with multiplication

by the element i (7) € K,(Z) = Z/2. The morphism i: S - K(Z) splits into
the composition § oo K(Z), where T is the spectrum corresponding to

the permutation group (7, = Z x BE*), and J corresponds to the imbedding
. Z v GL{Z). Here i, isan equivalence, according to the Barratt-Priddy-Quillen

theorem [14], and j induces an isornorphism on n, . Consequently, 7, (7)) isa
nontrivial element, ie., 7 (/) =I(~1).

CorovLLARY 5.2, For an arbitrary field F there is an exact sequence K,(F)
o Ky(F) — Hy(SL(F) — 0. If the group K,(F) is 2-divisible, then
K,(F) 5 Hy(SL(F)).

Let G be a quasiperfect group with a direct sum {see [10]), and assume

in addition that the projection & — G® = GG, G] has a section 5. We

consider the homomorphism {G, (] x G® 2 Gx G2 G and the mapping
B(IG, G x BG™® — BG" induced by it.

LemMA 5.3. B([G, GI)" x BG® — BGY isa homotopy equivalence.

Proor. The mapping induced on n,: G® - G is given by the formula
t— (1es(t)) mod[G, G], and since | @s{f) is conjugate to ¢, this mapping is
the identity. The induced mapping on the universal coverings B([G, Gt -
B([G, G))* coincides with the mapping induced by the homomorphism
p: [G,Gl — [G,G) : g = g& 1. Since for any finite family {g,} of ele-
ments of [G, G] there exists an x € [G, GT such that g, ® 1 = xglx'“1 ]
induces the identity mapping on integer homology, and hence Bp™ is a homo-
topy equivalence. :

We consider the group GM({F). lis commutator subgroup M coincides with
the group of monomial matrices having determinant 1 and an even permutation.
It is easy to see that the group AL is perfect, so that we can consider the
space BGM(F)*. The imbedding GM{(F) «+ GL(F) induces a morphism
BGL(F)" — BGL(F)". |

LeMMA 5.4, The Hurewicz homomorphism determines an isomorphism

K(F)/7,(BGM(F)") = Hy(GL(F))/ Hy(GM(F)).
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Proor. Applying Corollary 5.1 to the spaces BSL{F)" and BM™, we get
the commutative diagram

7,(BM*) ——— m,(BM") % H(M) —— 0

! ! !

KfF) ——— KF) —— H;(SL(F)) ~r O

with cxact rows, Since 7,(BM*) = m(BGM(F)") (i > 2) and the homo-
morphism 71, (BGM{F) } — K,(F) is surjective for i < 2, we conclude that
K, (F)/n, {BGM(F) V= H. (SL(F))/H (M). Denote by SM(F) the group of
monomial matrices with determinant 1. The projection SM(F) — SM(F )ab
Z/2 has a section determined by the matrix

01 0
=11 0¢ 01.
0 0 -1

According to Lemma 5.3 and the Kiinneth formula, we get that H,(SM(F)} =
H,(M) & (Hy(M) ® Z/2) ® H;(Z2). Consider the image of H,(SM(F})) in
H J(SL(F)). The image of the second term falls in the range of the homo-
morphlsm H,(SL(F)) ® H, (SL(F)) - H,(SL(F)) induced by the direct sum
operation, and hence is equal to zero. The matrix o is similar to the matrix

t 1 oY
0o -1 o,
0 0 -I

and thus the image of the third term is contained in the image of H (M).
Therefore, H,(SL(F))/H,(M) = Hy(SL(F))/H;(SM(F)).

Applying Lcmma 5.3 to the group GL(F) and using the Kiinneth formula, we
get the decomposition H,(GL(F)) = H. (SL(F))@(H (SL(F)Y® F")e Hy(F").
Since the last two terms lie in (GM(F )), the homomor—
phism H,(SL{F)}/H,(SM(F)) — H,(GL(F ))/H (GM(F)) is surjective. The
homomorphism GL(F)—SL{F}: awa@)dﬁta"' carries GM(F) into SM(F},
and hence enables us to define a mapping H(GL(F))/H,(GM(F)) —
H,(SL(F))/H,(SM(F}) that is a left inverse to the mapping considered above.
Thus, H. (SL(F N/HLSM(F)) = Hy(GL(F))/Hy(GM(F)).

The ncxt result foilows from Theorem 4.1 and Lemma 5.4

THEOREM 5.1. K3(F)/n3(BGM(F) ) =B{F)/2c,.

CoRrOLLARY 5.3. The group B(Q) is a cyclic group of sixth order geneﬂned
by the element cg.

Proor. It is known (sce [8]) that K,(Q) = K,(Z) is a cyclic group of 48
elements. Further, H3(BE+) = Z/24 is mapped monomorphicaiiy into K;(Q).
Consequently, B(Q}/2¢q = K Q) /ny( BGM(Q)) consists of at most two ele-
ments. On the other hand, according to Proposition 1.1, the image of Co in
B(Q)/Zc is not equal to zero. Thus, B(Q) is generated by ¢, and it remains
to use Proposmon 1.1 once more.
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Denote by =; (BGM(F J*) the kernel of the natural projection =, [(BGM(F )]
-t 7T, (BE+) = k For each i there is a canonical decomposition 7,(BGM( FyY
= 7, (BGM(F)*) @ n,(BZY). Repeatmg almost word-for-word the argumenis
given above, we see that K,(F }/n3(BGM(F YY) = H (GL(F))/H {(GM(FY)),
and thus the following proposition is a consequence of Lemma 4,3.

PROPOSITION 5.1. K,(F)/n3(BGM(F)") = B(F).

We now occupy ourselves with a description of the image of ng(BGM(F )*)
in K,(F). Since direct sums and tensor products of monomial matrices are
again monomial, the Loday multiplication [10] determines a ring structure
on I (BGM(F) ), and the homomorphisms 7 (BGM(F)*) — K (F) and
n (BGM(F)+) — (BE+) are compatible with the mumpl:canon The group
T (BGM(F) )=H,(GM(F)) coincides with F'@®Zf2,and F'=n (BGM(F) ),
Z/2 = 7,(BEY). The homomorphism & (BGM(I‘) ) = K| (F) F* is the
identity on F* and carries the generator % of the gmup T (BE ) = Z/2
into —1 € F*. From this it is clear that the image of 71‘3(BGM(F 1) con-
tains the decomposable part K,(F),, = Im{Ké”(F } = K,(F)) of the group
K,(F). Since the image of the decomposable part of = (BZ*) is obviously
contamed in the decomposable part of K, (F), it follows that the image of

' na(BGM(F) ) in Ky(F)y = K(F)/Ky{F)y,, coincides with the image of
Ay (BGM(F)),, = Ker(ny(BGM(F)*) 4 — 1,(BE®) ) .

Denote by X = {X,, X;,...} the Q-spectrum obtained by applying the Se-
gal machinery [14] to the I"‘-space Hn>0 BGM, (F). The space X, coincides

with Z x BGM(F)*, and, moreover, the Barratt-Priddy-Quillen theorem (see
[14]), shows that X is equivalent to the suspension-spectrum & (BF } (the
“plus” sign means that a distinguished point was added to the space). 'I‘he indi-
cated equivalence is determined by the function &{BF : } — X, which coincides

on the zero terms of the spectra with the imbedding BF, «» 1 x BGM(F ). We
identify BGM(F)" with the subspace 0 x BGM(F)* ¢ BGM(F)" . The group
structure on BF" induces a ring structure on the spectra &(BF ;) and X,
and the equivalence &(BF ) = X is compatible with multiplication by the

corresponding spectra. Moreover, the induced multiplication on BGM(F)"
coincides with the multiplication of Loday.
1.et us consider the Atiyah-Hirzebruch spectral sequence

Bl =H(F", k)=, (BF)) = x,,,(Z x BGM(F)"),

P'HJ
where k, is thc coefficient ring in the stable homology theoty: kq = n;(SO) =
ng(Z x BEY), ky =%, k, = Z/2 with generator /i, k, = Z/2 with generator
A, and k, = 2/24. The group m{BF.) = m,(BGM(F)") = H,(M) is easy
to compute; it is equal to k, ® (F* @ F*),. Since E} | = H,(F',%/2) =
F*F** and the homomorphism Ef y = T(BF)/k, = (F*® F"), (given by
the formula x — x ® x) is injective, the differential E3 0 E is zero.
Finally, note that the spectral sequence under consideration has a k -module

structure, the term Em = H(F", k) = F* @k, consists of decomposable
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_elements, and the factor of 113'2?"i =H,(F", k) by the decomposable elements

coincides with Tor(F", k,) = jt,(F). From these remarks it is clear that we
have the exact sequence

1o (F) = Ty(BOM(F))yq = Hy(F" )10 ® (K3)py — 0,
and hence also the exact sequence
1,(F) = ny(BGM(F)") , — Hy(F"),4 — 0.
To compute H;(F") , we use the following lemma,

LEMMA 5.5. For an arbitrary Abelian group A there is the exact sequence

3
0 — A(4) = Hy(A) — Tor(4, 4)™7 =0,

where o is the involution induced by transposition of arguments, the first ho-
momorphism is induced by the homology multiplication, and the second has the

form

Hy(A) %5 Hy(A® A) — Tor(4, A).

Proor, If 4 isa cyclic group, then the proof is obtained by direct verifica-
tion. If the assertion is true for A, and 4,, then it is clear from the Kiinneth
formula that it is true also for A, ﬂ) A;. The theorem is thus valid for finitely
generated groups. The general case is obtamcd by passing to the limit.

COROLLARY 5.4, Hy(F') 4= Tor(F*,F*) = Tor(,u(F ), #(F)).

Consider the homomorphism g(F) —. M given by the formula € —
diag(&, é"l) It induces the mapping

Tor(u(F), p(F))=H. (ﬂ(F))ﬂ*H (M)
= AY(BGM(F)") /A - n3(BGM(F)* )—->;rz3(BGM(F) s

LEMMA 5.6. The composition Tor(u(F), u(F)) — ns(BGM(F) dog
Hy(F "Voa = Tor(u(F), u(F)) coincides with multiplication by two.

Proor. The homomorphism 7 {Z x BGM(F)") —~ H (F*) coincides with
the Hurewicz homomorphism z,(X) — H(X) = H(&(BF))) = I?,(BF;) =
H_(F"), and it can be decomposed into the composition 7, (Z x BGM(F Yy —
H,(BGM(F)" x Z) = H,(X) = H,(F)"._We compute the restriction of the

resulting homomorphism i AGM(F)) = H (BGM(F)*) — H,(F") to the ho-
mology of the torus 7 .

SUBLEMMA 5.1.1. For i >0 the homomorphism H(T,) — H{F") coincides
with (p),+ -+ 0y where p;:T,— F " is the projection on the jth factor.

Proor. The mapping BT, — BGM(F)" determines a morphism &((BT,),)
— X of spectra that coincides (in the homotopy category of spectra) with the

) *
sum of morphisms &((B7,),) s il (BF,) — X, and hence the homomor-
phism induced by it on homology is the sum of the homomorphisms induced
by the terms. It thus suffices to verify the assertion for n = 1. The morphism
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& (BF } — X is the sum of the equivalence described above and the mvzal

morphlsm corresponding to the mapping BF* ~ pt - —1 x BGM(F 3w,
remains to see that the latter morphism induces the zero mappings on H, for
i>0.

According to Sublemma 35.1.1, the composition Tor(u(F), u(F)) -
Tor(u(F), u(F)) coincides with the homomorphism

®020 b (u(Fy),

where the first mapping is induced by the homomorphism ¢ — £ x cf"" , and
hence is equal to 1 +(-1), =2.

Hy((F)) = Hy(p(F)  #(F))

LeMMA 5.7. The homomorphism Tor(u(Fy, p(F)) — n3(BGM(F) nd
3(F Jag 1S injective.

Proor, Denote by F the algebraic closure of the field F, and by g the
group of roots of unity in F. Since the homomorphism Tor{u(F), u(F)) —
- Tor{x, p) is injective, we can assume that F = F, To prove the lemma we
us¢ the theory of Chern classes {!5] Let n be an integer not divisible by
char F. The group K, (F, Z/n) is equal to ,K,(F) (smce K,(F} is divisible
({171, [18])), and hence is equal to (K (F }nd) (smcc K3 (F ) is uniquely di-
visible [4]). The Chern class ¢, o K,(F, Zfn) — HO(F, u®) thus takes the

form ¢, 42 (K5 (F )ﬂd) — y®2 The composition ¢, o with the homomorphism
Tor(‘un , 1) =, Tor(u, p) =, (K4(F) ) coincides (see the construction of Cij
in [iS}) with the homomorph:sm H, (pn, Zin) =, [Hy(u,)]1 = Tor(,un, ,un) -+

yn correspondmg to multipilcataon by the Chern cfass {8} ey{p) & H (u,, ;1” )

of the representation p: My~ GL,(F); p($) = diag(¢, :;“1)
The representation p is a sum of iwo one-dimensional representanons and

the mulupheatmty of the full Chern class shows that c,(p) = ——c[ , where
¢ € H? {#,, #,) is the Chern class of the representation g, v FT. Since
¢ (idg.) € HYF*, #,) is a generator of this group corresponding to the iden-
tily mapping H,(F*, Zfn) =, F* 5 pu;, it follows that ¢, is a generator of

H? (4, ). Since the cohomology of the cyclic group gwen by multiplication
bya generator of the two- dxmensxonai cohomoiogy group is 2-periodic, we con-

glude that —cl isa generator of g 7N ,u ), and hence multiplzcanon by
eylp) = ci P H(p,, Zfn) -~ ,un is an isomorphism,

CororLary 5.5. There is the exact sequence
0 — #,(F) ~ ng(BGM(F)*)y — Tor(u(F), u(F)) -0
and if char F # 2, then the extension obtained is nontrivial.

Proor, It can be assumed that charF # 2. The homomorphism

nl(BGM(F) Jog — Tor(u(F), p(F)) has in view of Lemmas 5.6 and 5.7 a
noatrivial kernel, and this proves the ﬁrst assertion. To prove the second one it
suffices to see that the 2-torsion in n3(BGM(F) )pa consists of two elements.

1t is now clear from what has been proved that xg(BGM(F )+)nd is mapped
injectively upon extension ‘of the field, and for an algcbraically closed F the

Supplied by The British Library - "The world's knowledge"




K, OF A FIELD AND THE BLOCH GROUP 237

homomorphism Tor{a(F), p(F)) — ;rzg(BGl‘vI(F)*“)m is bijective in view of
Lemmas 5.6 and 5.7. ' o _

If G is a cyclic group with nontrivial 2-torsion, then G denotes the unique
nontrivial extension~of G by Z/2. Passing to the limit (or computing Ext
directly), we define G also for an ind-cyclic group (7. There is always a canon-
ical injective homomorphism G G whose composition with the projection
G — G coincides with multrphcat;on by two. This homomomhlsm is bijective
if and only if the group G is 2-divisible. If the 2-torsion in & is cqual to
zero, then we set G = G. According to Lemma 5.5, the group :rz3(BGM(F) Jna
coincides with Tor(u(F), u(F))~ .

LEMMA 5.8, The homomorphism ng(BGM(F)J“)nd — K (F),q Is injective.

Proor. Since Tor{u(F), u(F))™ is mapped injectively upon extension of
F, F can be assumed to be algebraically closed. In this case the assertion
follows from Lemma 3.7.

THEOREM 5.2, For any infinite field F there is the exact sequence
0 — Tor(u(F), u(F)™) = Ky(F),q = BF) = 0.
CoROLLARY 5.6. The Bloch group is rationally invariant.
CoOROLLARY 3.7. If F Is a!gebraz‘cally closed, then B(FY is uniquely divisible.

Proor. It is known ([17], [18]) that the group Ky (F) is divisible, and the
torsion subgroup is isomorphic 10 [I; o @Q/Z;; the same applics to the

group K,(F)} , since K” (F) is uniquely divisible [4]. On the other hand,
Tor{u(F ) HOFN™ = Uysonar r @/ 2y - Since every injective mapping of Q,/Z,
into itself is clearly buecuve we conclude that Tor(u(F), u(F))™ is mapped
bijectively onto the torsion subgroup of K,(F}) ,.-

REMARK 3.1. It is possible to give a-more direct proof of Corollary 5.7 that
does not use the results in [17] and [18]. In investigating this case in particular
the author found a general approach to the proof of the Quiilen-Lichtenbaum
conjecture that was later developed in [17] and [7]. We give a sketch of this
proof. '

We begin with a construction of the specialization homomorphisms. Let v
be a discrete valuation of the field F with valuation ring & and residue field £ .
Choose a local parameter n and define the homomorphisms s_: (F ‘@ F") .
(k" ®k"),, s,: p(F) — p(k) by the formulas

X y {x] ifxed,
swen =(m) o () S"([x”={<','f"> ifx¢e,

wx}

where, by convention, {0} ={1] = 0. It is easy to sec that these definitions are
unambiguous, and the diagram

p(F) —— (F"9 F),

J/S;; lsx
plk) —— (K"®k"),

is commutative. A homomorphism B(F) — B(k} thus arises that is casily seen
not to depend on the choice of n. -
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It is easy to verify that B(F) is uniquely divisible (for an algebraically closed
F) if and only if the group p(F) is uniquely divisible. We confine ourselves
to unique divisibility by positive integers # not divisible by char ¥, Then »n-
divisibility of p(#) is known from work of Dupont and Sah [6]; it follows from
the formula {x"] - M Cgey [6X] — Xgey [€]) = 0. To prove this formula we
consider the element [r”}—n(fj{e# [E0]-2 e, [ED) € B(F(1)). Since B(F (1)) =
B(F), it follows that the specializations of this element at all rational points of
A} are equal to each other. However, specializing at the point f = x, we get
the element under consideration, and specializing 3t the point r = 1, we get
zZero,

To prove that p(F} is uniquely n-divisible we define the homomorphism
p(F} — p{F) inverse to multiplication by s with the help of the formula
(X}~ Eoynaxl¥] = 2ee, [€1. To prove that this is unambiguous we must verify
the relation !

T (em-were e 2] - ] 4 a-ta) =0,

{en,
where a, b, and ¢ are connected by the relation ¢"(1 =" =1-4" (a" #
b" € F* —1). Denote the left-hand side of this equality by f(a,b,c). We
now fix the element ¢ € F* (¢ ¢ u,) and consider the smooth affine curve
X given by the equation ¢"(1 — B") = 1 — 4" along with its projective model
X . The element (4, B, c) lies by construction in _p(F(X)), and, moreover,
it is not hard to verify that it lies in B{F(X)). The specialization of this
clement at the point A = a, B =b coincides with. f{a, b, ¢). If D = Zn.x,
is an arbitrary divisor on X, then we define the specialization homomorphism
Spt B(F(X)) — B(F) as En,.sx‘ , where S is the specialization homomorphism
at the point x;. It follows easily from the invariance of the Bloch group that
sp = 0 if the divisor D is a principal divisor (the transfer homomorphisms (see
below) are needed for the proof). Moreover, s,,(f(4, B, C)) =0 forany D,
since n-f(4, B, ¢) = 0. The divisibility of the Picard group Pic X shows that
any divisor of degree zero on X is a sum of a principle divisor and a divisor
divisible by n, therefore, s5,.(f(4, B, c)) = sy(f(A , B, ¢)) for any points x
and p. It remains to see that the specialization f{4, B, ¢) is equal to zero at
thepoint A=H=1.

REMARK 5.2, Denote by Gu the subgroup of GM(F) consisting of the
monomial matrices whose elements are roots of unity, It is easy to see that we
have the exact sequence ﬂg(BG uty — K (F) 4 — B(F) - 0. This enables us
1o define a transfer homomorphism Ng JF B(E) — B(F) for a finite extension
E[F such that in some basis of E/F all the elements of u(E) are represented
by monomial matrices. This condition is satisfied if, for example, u(E) = u(F).
However, the example of the extension C/R shows that it is not true that a
transfer homomorphism exists in an arbitrary finite extension (the existence of a
transfer homomorphism implies the equality [E : F]1x Ker(B{F) — B(E)) =0,
which is not satisfied in the case of C/R).

REMARK 5.3. Corollary 5.7 can be strengthened considerably by using results
in [11], where the torsion and cotorsion are computed in K;(F) , for any field
F . In particular, it can be shown that B(F) is uniquely divisible for any field
containing an algebraically closed subfield. Moreover, for an arbitrary field F,
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if F, denotes the subfield of constants in F, then B(F,) v B(F), and the
factcr group B(F)/B(F,) is uniquely dw:mble.
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