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Preliminaries

This course relies on some of the results you learned last year in calculus and linear algebra,
but should be otherwise self-contained. You might nevertheless find it useful to consult
additional textbooks for alternative approaches to the same ideas. Some good choices are:

e Landau, L.D. (1976) Mechanics.

Marion, J.B. and Thornton, S.T. (1995) Classical dynamics of particles and systems.

Goldstein, H., Poole, C.P. and Saftko, J. (2002) Classical mechanics.

Kibble, T. and Berkshire, F.H. (2004) Classical mechanics.

Helliwell, T.M. and Sahakian, V.V. (2021) Modern classical mechanics.

These are all available from the library.

§1 Introduction

During this term we will be studying two closely connected reformulations of classical
mechanics, known as “Lagrangian” and “Hamiltonian” mechanics. Anything that can be
done in these frameworks can also be done using the language of Newtonian mechanics, but
this does not mean that they are uninteresting. In fact, one can argue that, despite being
ultimately equivalent to Newtonian mechanics, they are a “more correct” way of looking
at classical mechanics. This statement can be justified by noting that Lagrangian and
Hamiltonian mechanics are naturally obtained — in favourable cases at least, for systems
that admits an approximate classical description — as a limit of quantum mechanics.
As a consequence, many of the concepts used in the formulation of quantum mechanics
already make an appearance in the Lagrangian and Hamiltonian frameworks. Additionally,
understanding the classical solutions for a given quantum mechanical system can often serve
as a first step towards its full quantum mechanical solution. This makes the study of this
formalism for classical mechanics a natural stepping stone on our way towards quantum
mechanics.

Accordingly, during this term we will reformulate classical mechanics in this new frame-
work, focusing particularly on those aspects that still play an important role in the quantum
theory.



§2 The action principle

We will start with the Lagrangian formulation. The underlying physical principle behind
this formulation can be traced back to the idea that for some physical processes, the natural
answer to the question “what is the trajectory that a particle follows” is something like
“the most efficient one”. Our goal in this section is to understand, in a precise sense, how
to characterize this notion of efficiency.

A fundamental example is the free particle in flat space: its motion is along a straight
path. What makes the straight path special? The answer is well known: the straight path
is the one that minimizes the distance travelled between the origin and the destination of
a path. This is equivalent to saying that the motion of the particle is along a trajectory
that, assuming constant speed for the particle, minimizes the total time travelled.

This second formulation connects with Fermat’s principle, which states that the path
that a ray of light takes, when moving on a medium, is the one that minimizes the time
spent by the light beam. Or more precisely, one should impose that the time is stationary
(we will define this precisely below) under small variations of the path.

These two examples suggest a natural question: is there always some quantity, in
problems of classical mechanics, that is minimized along physical motion? The answer is
that there is indeed such a quantity, known as the action. We will now explain how to
determine the equations of motion from the action, and then determine the form of the
action that reproduces classical Newtonian physics.

Our basic tool will be the “Calculus of variations”, which we now describe.

§2.1  Calculus of variations

Let us start by reviewing how to find the maxima and minima of a function f(s): R — R.
As you will recall, this can be done by solving the equation

df
7. =0

142 _ 5 we have

as a function of 5. As an example, if our function is f(s) = 5

a _

=s—1
ds o

so the function has an extremum (a minimum, in this case) at s = 1. An alternative way
of formulating the same condition makes use of the definition of derivative as encoding the
change in the function under small changes in s. For a small s € R, we have

df (s)

S

f(s+ds) = f(s)+ ds + R(s,0s)
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where R(s,ds) is an error term. It is convenient to introduce the notation

5f = f(s+3s) — f(s)
so the statement above becomes

of = dfd—f)és + R(s,ds).

We note that the usual definition of the derivative implies

lim R(s,ds)

§5—0 ds =0.

In these cases we say that “0f vanishes to first order in §s”. The functions that we will
study will almost always admit a well-behaved Taylor expansion, so this result implies that
R(s,ds) is at least of quadratic order in ds. Henceforth we will encode this vanishing to
first order by writing O((ds)?) instead of R(s,ds).

So, finally, we can say that the extrema of f(s) are located at the points where

5f = O((d5)?).

The same reasoning can be applied in the case of functions of multiple variables. Con-
sider a function f(sy,...,sy): RY — R, and introduce a small displacement s; — s; + ;.
In this case the partial derivatives 0f/0s; are defined by

N

5f =Y giési + 0(65%)

i=1

where the error term includes terms vanishing faster than ds; (so terms of the form ds?,
85105, ...). Stationary points® of f are located wherever ¢ f vanishes to first order in ds;.

In fact, we need to go one step further, and work with functionals: these are maps from
functions to R. One (heuristic, but sometimes useful) way of thinking of them is as the
limit of the previous multi-variate case when the number of variables N goes to infinity.
From instance, we could have a functional S[y(t)] defined by

for some fixed choice of (a,b). I emphasize that one should think of S as the analogue of
f above, and the different functions y(¢) as the “points” in the domain of this functional.

We want to define a meaning for a function y(t) to give an extremal value for the
functional S. In analogy with what happened in the finite dimensional case above, we
can study the variation of S as we displace y(t) slightly. We need to be a bit careful

“You might want to remind yourself of section 1.9 of the Calculus I Epiphany notes.
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when specifying which class of functions y(t) we are going to include in our extremization
problem. In the case of interest to us, we will extremize over the set of smooth? functions
y(t) with fixed values at the endpoints a and b. That is, we fix y(a) = y, and y(b) = us,
for some fixed valued of y, and .

Definition 2.1.1. We say that a function y(t) is stationary (for the functional S) if

dS[y(t) + ez(t)]
de

for all smooth z(t) such that z(a) = z(b) = 0.

Note 2.1.2
Consider the Taylor expansion in e (which is a constant) of S[y(t) + ez(¢)]:

dSlyt) +ex(®)]| 1o ES() +ex(t)

Sly(t) + ex(t)] = Sly(t)] + e =L > —

+ ...
e=0

e=0
The condition for y(¢) to be stationary is that the term proportional to e vanishes:
65 = Sly(t) + ex(t)] - Sly(H)] = O().
It is useful to think of the combination ez(t) as a small variation of y(¢), which we

denote dy(t) = ez(t). We define O((dy(t))™) to mean simply O(€"). In particular, we
can rewrite the stationary condition as

05 = O((dy(t))*) -

If you are ever confused about the expansions in dy(t) below, you can replace dy(t)
with €z(t), and expand in the constant e. For instance, consider the integral

/ o(t) (6y(8))"dt

For any positive integer n and any function g(t). I claim that this is O((dy(t))"). The
proof is as follows: replacing dy(t) with ez(t) we have

/ g(t)e"z(t)" di = €" / g(t)z(t)"dt .

2My conventions are that smooth functions are those which have continuous derivatives to all orders.
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(Here we have used that € is a constant.) In our O((dy(¢)")) notation, this means that

/ O((By())")dt = O((Fy(t)")

That is, integration does not change the order in dy(¢) (which, once more, when talking
about action functionals I define to be really just the order in €).

Note 2.1.3

Because our interest in dynamical problems, we will often refer to the functions y(t)
as paths, so that the conditions above define what an “stationary path” is.

We are now in a position to introduce the action principle. Assume that we have
an action functional (or simply action) S: {functions} — R, which takes functions, and
generates a real number. In the Lagrangian formalism all of the physical content of the
theory can be summarized in the choice of action functional.

For now we also assume that we have a particle moving in one dimension, and we
want to determine its motion. Its trajectory is given by a function x(t¢), with ¢ the time
coordinate. For many physical problems equations of motion are second order in z(t), so
we need data to fix two integration constants. In the Lagrangian formalism these are given
by fixing the initial and final positions. That is, we will assume that we know the initial
position x(ty) of the particle at time ¢y, and its final position x(¢;) at time ¢;.

The action principle® then states that for arbitrary smooth small deformations dx(t)
around the “true” path z(¢) (that is, the path that the particle will actually follow) we have

6S = Slx + 6x] — S[z] = O((6x)?). (2.1.1)

Or in other words:

Action principle:
The paths described by particles are stationary paths of S.

In a moment we will need an important result known as the fundamental lemma of the
calculus of variations. It goes as follows:

Lemma 2.1.4 (Fundamental lemma of the calculus of variations). Consider a function

3This goes under various names in the literature. Common ones are action principle, least action
principle, extremal action principle and (less precisely) wvariational principle. 1 will mostly use “action
principle”, which has the advantage of being concise.
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f(x) continuous in the interval [a,b] (we assume a < b) such that

[ rweyar=o

for all smooth functions g(x) in [a,b] such that g(a) = g(b) = 0. Then f(x) = 0 for all
x € [a,b].

Proof. 1 will prove the result by contradiction. Assume that there is a point p € (a, b) such
that f(p) > 0 (the case f(p) < 0 can be proven analogously). By continuity of f(z), there
will be some non-vanishing interval [pg, p1] where f(z) > 0. Construct

v(z —po)v(pr —x) if x € [po,pi]
0 otherwise.

with v(x) = exp(—1/z). It is an interesting exercise in first year calculus to prove that

this function is smooth everywhere, including at p, and p; (it is an example of “bump

functions”, useful in many domains). Clearly f(x)g(z) > 0 for x € (po,p1), and vanishes

otherwise. This implies that

[ rwgteyan = [ st an >0

which is a contradiction. O

Now, for the systems that we will study during this term, it will be the case that S can
be expressed in a particularly nice way as the time integral of a Lagrangian. That is, we
will have .

1
Slx] :/ dt L(z(t), z(t)) (2.1.2)
to

for some function L(a,b) of two real variables, where & (t) := (fl—f.

Whenever a Lagrangian exists, the variational principle together with the fundamental
lemma of the calculus of variations leads to a set of differential equations that determine
x(t). The argument is as follows. If we Taylor expand the perturbed Lagrangian to first
order in dz(t) we get?

oL oL

L(x(t) 4 ox(t), &(t) + d2(t)) = L(x(t),2(t)) + %51:(15) + %M(t) +...

4To bring the main point to light here: note that from the point of view of the Lagrangian x(t), dz(t),
Z(t) and 0Z(t) are simply numbers, not functions. Let me call them a, ea, b and €8, respectively, to
emphasize this point, where a,a,b, 5 € R, and € € R is as in definition 2.1.1. Then all we are doing here
is taking the first order in the Taylor expansion of the Lagrangian in e:

OL(r, s)
or

L(a+ea,b+€8) = L(a,b) + ex



2.1 CALCULUS OF VARIATIONS 8

Putting this expansion of the Lagrangian into the variation of the action we have

58 = /t dt L(a(t) + 62(8), #(t) + 53(1)) — L{x(t), #(t))

b (0L oL _.
= /to dt (%(h(t)—i—%(;x(t))

where we have omitted terms of second order or higher in dz.> For notational simplicity I
will often write OL/0z instead of the more precise but much more cumbersome

OL(r,s)

or

(2.1.3)

(r,s)=(2(t),&(t))

where (7, s) are names for the two arguments of the Lagrangian L (which are conventionally,
but somewhat confusingly, also named x and %, a convention that I will follow most of the
time. . . but here I want to be as clear as possible about what I mean). Similarly

8_L _ OL(r,s)
o~ Os

(r,s)=(x(t),&(1))
We proceed by noting that di(t) = < (dz(t)), so we can write the above as

h L L
55 :/ dt (a—éx(t) + a—£5x(t)> :
to ox

6

Integration by parts of the second term® now allows us to rewrite this as

55 = /totldt Kg—i - (%)) se(t) + (mt)g—i)] |

The last term is a total derivative, so we can integrate it trivially to give:

oLY" (" (0L d (0L
6S [(53:(15) (%]to +/t0 dt (837 o <8x>) dx(t).
5Recall from definition 2.1.1 that any time we talk about expanding on dz we are really expanding on
a small parameter € inside dz(t) = ez(¢) (where z(¢) is as in definition definition 2.1.1). The variation
0x(t) = €z(t) clearly has the same dependence on ¢, since € is just a constant that does not depend on
time. We therefore have that “d&(t) is first order in 0x(t)”, at least for the purposes of counting degrees

when expanding.
6Recall that

AWO) _ B0 B0
or equivalently
) _ AU O90) _dit)
In the text we have oL
f@) == g(t)=0z(t)
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Now we have that dx(tg) = dx(t1) = 0, as the paths that we consider all start and end on
the same positions. This implies that the first term vanishes, so

h oL d (0L

Recall that the action principle demands that this variation cancels (to first order in
dx(t), i.e. ignoring possible terms that we have not written) for arbitrary dx(¢). By the
fundamental lemma of the calculus of variations, the only way that this could possibly be
true is if the function multiplying dz(¢) in the integral vanishes:

L d (8L
i (%) = 0. (2.1.4)

This is known as the Euler-Lagrange equation, in the case of one-dimensional problems.

Note 2.1.5

There is a somewhat subtle point in the Lagrangian formulation that I want to make
explicit. Note that the Lagrangian L is an ordinary function of two parameters, and
it knows nothing about paths. (In general it is a function of 2N parameters, with
N the number of “generalised coordinates” that we need to describe the system, see
below.) Let me emphasize this by writing L(r, s). When using the Lagrangian function
to construct the action we evaluated the Lagrangian function at (r,s) = (z(t),Z(t)) at
each instant in time, but it is important to keep in mind that the Lagrangian itself
treats r and s as independent variables: they are simply the two arguments to the
function.

In general, if we want to study how this function changes under small displacements
of r and s we would use the chain rule:

L(r+or,s+4ds) = L(r,s)—kg—fér—l—g—i(%’—k...

where the dots denote terms of higher order in ér and ds. This is what we did above
in (2.1.3), again with (r,s) = (x(t), £(t)).

What this all means is that the partial derivatives appearing in the Euler-Lagrange
equations treat the first and second arguments of the Lagrangian function indepen-
dently, leading to the somewhat funny-looking rules:

Jxr 0

—=—=0. 2.1.5

ot  Ox ( )
This would probably be a little clearer if we used a different notation for & (such as v)
when writing Lagrangians, to emphasize that in the Lagrangian formalism & should be
treated as a variable which is entirely independent of x itself. But I will stick to the



2.2 CONFIGURATION SPACE AND GENERALIZED COORDINATES 10

standard (if somewhat puzzling at first) notation, with the understanding that in the
Lagrangian formalism one should impose (2.1.5).

This also makes clear that (2.1.5) is not something you should generically expect to
hold outside the Lagrangian formalism. And indeed, when we study the Hamiltonian
framework below this rule will be replaced by a different one.

§2.2  Configuration space and generalized coordinates

We now want to extend the Lagrangian formalism to deal with more general situations,
beyond the rather special case of a particle moving in one dimension. We start with

Definition 2.2.1. The set of all possible (in principle) instantaneous configurations for a
given physical system is known as configuration space. We will denote it by C.

It is important to note that this includes positions, but it does not include velocities.
One informal way of thinking about configuration space is as the space of all distinct
photographs one can take of the system, at least in principle.

Additionally, in constructing configuration space we make no statement about dynam-
ics: we need to construct configuration space before we construct a Lagrangian, which
tells us about the dynamics in this configuration space.

Example 2.2.2. A particle moving in R? (that is, d-dimensional euclidean space) has
configuration space R%. We discussed the d = 1 example above, where we had a particle
mouving in the one dimensional line R, which we parametrized by the coordinate x.

Example 2.2.3. N particles moving freely in the R% have configuration space (RN =
RN, (Assuming that we can always distinguish the particles. I leave it as an amusing
exercise to think what is the configuration space if you cannot distinguish the particles.)

Example 2.2.4. N electrically charged particles moving in R%: since particles are elec-
trically charged they repel or attract. But this is a dynamical question, and configuration
space is insensitive to such matters, it is still R, One way to see this is that you can
always place a set of N particles at any desired positions in RY (barring some singular
points where particles overlap, so the system has infinite energy and is unphysical, but we
can ignore such subtleties here). After being released, the particles will subsequently move
i a manner described by the Euler-Lagrange equations, but any initial choice is permatted.

Example 2.2.5. Two particles joined by a rigid rod of length ¢ in d-dimensions: without
the rod the configuration space is R??, but the rod introduces the constraint that the particles
are at fized distance € from each other. This can be written as

[l

where ¥, and Ty are the positions of the two particles in R%. The configuration space is
2d — 1 dimensional, given by the surface defined by this equation inside R?.
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Example 2.2.6. Finally, consider a rigid body in R3, a desk for instance. We can view it as
formed by 1027 atoms, joined by atomic forces. But for the purposes of classical mechanics
we certainly do not care about the motion of the individual atoms (we are doing classical
mechanics, not quantum mechanics, so we would get the answer wrong anyway, even if
we could compute it!). Rather, for classical dynamics we can think about the classical
configurations that the desk can take. And this is a siz-dimensional space, given (for
instance) by the position of the centre of mass of the desk, and three rotational angles.

Definition 2.2.7. Given a configuration space C for a physical system S, we say that S
has dim(C) degrees of freedom.

Although it is illuminating to think of configuration space abstractly, in practice we will
often want to put coordinates on it, so that we can write and analyse concrete equations. I
emphasize that this is a matter of convenience: any choice of coordinate system is equally
valid, and the Lagrangian formalism holds regardless of the choice.

Definition 2.2.8. Given a configuration space C, any set of coordinates in this space is
known as a set of generalized coordinates. Conventionally, when we want to indicate that
some equation holds for arbitrary choices of generalized coordinates, we will use “g;” for the
coordinate names, with i € {1,...,dim(C)}, and “q” (without indices) for the coordinate
vector with components ¢;.

Example 2.2.9. Consider the case of a particle moving on R2. The configuration space
is R%. There are two natural sets of coordinates in this space (although I emphasize again
that any choice is valid): we could choose the ordinary Cartesian coordinates (x,y), or it
might be more convenient to choose polar coordinates r, 6 satisfying

x = rcos(f),

y = rsin(f).

Example 2.2.10. Consider instead the case of a bead attached to a circular wire of unit
radius on R?, defined by the equation x>+ y? = 1. The configuration space is the circle, S*.
A possible coordinate in this space is the angular variable 6 appearing in the description of
the circle in polar coordinates.

Note 2.2.11

We will only be dealing with unconstrained generalized coordinates when describing
configuration space. That is, we want a set of exactly dim(C) coordinates (and no
more) that describes, at least locally, the geometry of the configuration space C. So
in example 2.2.10 we can take 6 as our generalized coordinate, but we do not want to
consider (z,y) as generalized coordinates, as they are subject to the constraint z? +
y? = 1. While there is nothing wrong geometrically with such systems of coordinates,
the existence of the constraint implies that we cannot vary x and y independently
in our variational problem (as we we will implicitly do below), and this complicates
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the analysis of the problem somewhat. So, for simplicity, we will just declare that
henceforth we are dealing with unconstrained systems of generalized coordinates.

We can now repeat the derivation of the Euler-Lagrange equations for a general con-
figuration space C. Consider a general path in configuration space given by q(t) € C,” and
assume the existence of a Lagrangian function, L(q, q), such that the action for the path
is given by

S — /ttldtL(q(t),fl(t»-

The variational principle states that, if we fix the initial and final positions in configuration
space, that is q(tg) = q© and q(t;) = qV, the path taken by the physical system satisfies

05 =0

to first order in dq(¢). The derivation runs parallel to the one above (here N = dim(C)):
t N N
! oL oL
0S = [ dt —(5 ; —04;

t aL N oL d
/,;0 8 i—1 8q1 dt( )

h oL d (0L d oL
N /t “ Zl (3% - dt (&Ji)) ot G (5%8(]1)

- i(s oL t1+/t1dt§: oL _d (OLYY,
= qzaqzt w4 \9q  dt \9q; o

As mentioned above, we are dealing with unconstrained coordinates, meaning that we
can vary the ¢; independently in configuration space. Since there are dim(C) independent
coordinates, applying the fundamental lemma of the calculus of variations leads to the
system of dim(C) equations

oL d (aL

— — = ) 1.....d1 2.2.1
o0 di 3q'¢) 0 Vie{l,...,dim(C)} ( )

"We know that q lives in C, by definition. Where does ¢ live? Imagine that at each point in C we
attach a tangent space T'(q), the space of all tangent vectors at that point. The vector q is a velocity,
so it is a vector in T'(q). The total space of all such tangent spaces over all points in C is known as TC
(the “tangent bundle”). So, if I wanted to be fully precise, I would say that L: TC — R. While this is
the true geometric nature of the Lagrangian function, and the resulting geometric ideas are beautiful to
explore, during the course we will take the more pedestrian approach of looking at things locally in TC,
where TC ~ RI™(€) x RIm™(C)  The Lagrangian is then L: RI™(C) x RImC) _ R that is, a function of
two vectors, which we call q and g.
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known as the Fuler-Lagrange equations. 1 want to emphasize the fact that we have not
made any assumptions about the specific choice of coordinate system used in deriving these
equations, so the Euler-Lagrange equations are valid in any coordinate system.®

Note 2.2.12

We emphasized in note 2.1.5 above that in the case of systems with one degree of
freedom the Lagrangian is a function of the coordinate = (a coordinate in the one-
dimensional configurations space) and #, and these should be treated as independent
variables when writing down the Euler-Lagrange equations for the system.

Similarly, for N-dimensional configuration spaces, with generalized coordinates g;

with ¢ € {1,..., N}, we have in the Lagrangian formalism
dq;  0q;
L, = (2.2.2)
aqj @q]'
and
dq;  0q; 1 ifi=7j,
L0ty = nr=d (2.2.3)
dq;  0q; 0 otherwise.

Note 2.2.13

We will later on include the possibility of Lagrangians that depend on time explicitly.
We indicate this as L(q, ¢,t), an example could be L = imi? — t?22.

This is a mild modification of the discussion above, and it does not affect the form
of the Euler-Lagrange equations, but there are a couple of things to keep in mind:

1. When taking partial derivatives, t should be taken to be independent from q and
4. The reasoning for this is as in note 2.1.5: the Lagrangian is now a function of
2dim(C) + 1 arguments (the generalized coordinates, their velocities, and time),
which are unrelated to each other. It is only when we use the Lagrangian to
build the action that the parameters become related, but the partial derivatives
that appear in the functional variation do not care about this, since they arise in
computing the variation of the action under small changes in the path.

For instance, for L = 1md? — 1¢?2? we have

oL _
or

oL _
or

oL _
ot

ma X xt? ; —tz?.

8 Alternatively, you can derive the Euler-Lagrange equations in any fixed coordinate system, and check
that they stay invariant when you change to a different coordinate system, as done in the appendix.



2.3 LAGRANGIANS FOR CLASSICAL MECHANICS 14

2. Since in extremizing the action we change the path, but leave the time coordinate
untouched, there is no Euler-Lagrange equation associated to t. In the example
above there would be a single Euler-Lagrange equation, of the form

G (O8N _ 98 _ s g,
al\az) g TmertE=

§2.3  Lagrangians for classical mechanics

So far we have kept L(q, q) unspecified. How should we choose the Lagrangian in order
to reproduce the classical equations of motion? Ultimately, this needs to be decided by
experiment, but in problems in classical mechanics there is a very simple prescription, that
I will now state. Consider a system with kinetic energy 7'(q, q) and potential energy V' (q).
Then the Lagrangian that leads to the right equations of motion is

L=T-V

Let us see that this gives the right equations of motion in the simple case of a particle
moving in three dimensions. The configuration space is R?, and if we choose Cartesian
coordinates z; (that is, we choose ¢; = x;) we have

1
T = 5m(a‘:f + i3 + 43)

and V = V(xy,x9,x3). Note, in particular, that 7" depends only on #;, and V' depends
on x; only. We have three degrees of freedom, so we have three Euler-Lagrange equations,

given by
9L d (0L

oV d .
= ~am @)
oV .

= Tz m;

8V

where we have used that =0 and 8T = 0, since x; and z; are independent variables in
the Lagrangian formahsm as we explamed above. We can rewrite the equations above in
vector notation as
d? -
m—(Z) = -VV
72(@)

which is precisely Newton’s second law for a conservative force F=_-VV.
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Example 2.3.1. The simplest example of the discussion so far is the free particle of mass
m moving in d dimensions. Its configuration space is R?, which we can parametrize using
Cartesian coordinates x;. In these coordinates the kinetic energy is given by

and the potential energy V wvanishes. This gives a Lagrangian
1
_ T _ _ 5.2
L=T-V = 5™ E_lxi

which leads to the d Euler-Lagrange equations of motion
mi; =0 Vie{l,...,d}.

These equations are solved by the particle moving at constant speed, x; = v;t +b;, with v;, b;
constants.

Example 2.3.2. Our second example will be a pendulum moving under the influence of
gravity. Qur conventions will be as in figure 1: we have a mass m attached by a rigid
massless rod of length £ to a fixed point at the origin. The pendulum can swing on the (z,vy)
plane. The configuration space of the system is S'. We choose as a coordinate the angle 0
of the rod with the downward vertical axis from the origin, measured counterclockwise. The
whole system is affected by gravity, which acts downwards.

Figure 1: The pendulum discussed in example 2.3.2.

We now need to compute the kinetic and potential energy in terms of 8. The expression

of the kinetic energy in the (x,y) coordinates is %m(iQ +42). In terms of 0 we have

x = {sin(6) and  y= —Lcos(h).
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This implies @ = { cos(0)0 and i = (sin(9)6, so
1 .
T = §m£202 .
The potential energy, in turn, is (up to an irrelevant additive constant) given by
V = mgy = —mgl cos()
leading to the Lagrangian
L=T-V = %m€292 + mgl cos(0) .
The corresponding Fuler-Lagrange equations are
ml%0 + mglsin(h) = 0

or equivalently

é—ir%sin(ﬁ):().

The exact solution of this system requires using something known as elliptic integrals, but
as a simple check of our solution, note that for small angles sin(0) ~ 0, and the Euler-
Lagrange equation reduces to

. g

0+=0=0

14

with solution 0(t) = asin(wt) + b cos(wt), where w = \/g/{, and a,b are arbitrary constants
that encode initial conditions. These are the simple oscillatory solutions that one expects
close to 8 = 0.

Example 2.3.3. Consider instead a spring with a mass attached to it. The spring is
attached on one end to the origin, but it is otherwise free to rotate on the (x,y) plane,
without friction. In this case we ignore the effect of gravity, and we assume that the spring
has vanishing natural length, and constant k. The configuration is shown in figure 2.

(z,y)

Figure 2: The rotating spring studied in example 2.3.3.

In this case the configuration space is R%. It is easiest to solve the Euler-Lagrange
equations in Cartesian coordinates. We have the kinetic energy

1
T = 5m(:'c2 +79%).
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The potential energy is given by the square of the extension of the spring, times the spring
constant. We are assuming that the natural length of the spring is 0, so we have that the
extension of the spring in £ = \/x? + y%. So the potential energy is

_1 2_]' 2 2
V—2/£€ —2/1(35 +y7).

Putting everything together, we find that

1 1
L:T—V:§m(x'2+y2)—§/i(:c2+y2).

The FEuler-Lagrange equations split into independent equations for x and y, given by

T+ Po= 0,
m
. R
y+—y=0.
m
The general solution is then simply
z(t) = a, sin(wt) + b, cos(wt) ,
y(t) = a,sin(wt) + b, cos(wt) ,
with ay, ay, by, b, constants encoding the initial conditions, and w = \/k/m.

Example 2.3.4. Let us try to solve this last example in polar coordinates r,6. These are
related to Cartesian coordinates by

x = rcos(f),

y =rsin(0).
Taking time derivatives, and using the chain rule for time derivatives, we find
i = 7 cos(#) — rsin(0)6
3 = rsin(6) 4 rcos()8.

A little bit of algebra then shows that
L 9, .2 Lo, 24
T:§m(x —|—y)=§m(7’ + 7r°6°)..

On the other hand, the potential energy is simpler. We have
1 1
V= 55(372 + %) = 5/4;7”2 :

We thus find that the Lagrangian in polar coordinates is

1 o1
L:T—V:§m(f2+r202)—§m2.
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Let us write the Fuler-Lagrange equations. For the coordinate r we have
d (0L oL .
I (8_> —a—:mfi"—mr02+/<ar:O
r r

while for the 6 coordinate we have

d (8L) oL d o

— = ——:—<m7“8):

dt \ 99 00 dt
This equation is quite remarkable: it tells us that there is a conserved quantity in this
system, given by mr20. This was not obvious at all in the Cartesian formulation of the
problem,? but it follows immediately in polar coordinates, since the Lagrangian does not
depend on 0, only on 0, and accordingly OL/06 = 0. We can use this knowledge to simplify
the problem. Define

= mr?f.

This is a constant of motion, so on any given classical trajectory it is simply a real num-

ber fized by initial conditions. We can use this knowledge to simplify the Euler-Lagrange
equation for r, which after replacing 0 = J/mr? becomes an equation purely in terms of r:

J\?° J?
mf—mr(—Z) —|—/<c7’:m7"——3+/1r:0.
mr mr

§2.4  Ignorable coordinates and conservation of generalised momenta

It is useful to formalize what we just saw happen in example 2.3.3.

Definition 2.4.1. Given a set {q,...,qn} of generalized coordinates, we say that a spe-
cific coordinate ¢; in the set is ignorable if the Lagrangian function, expressed in these
generalised coordinates, does not depend on ¢;. That is, a coordinate is ignorable iff

8L(q1,...,QN741;---7qN>

=0.
Iq;
Definition 2.4.2. The generalized momentum p; associated to a generalized coordinate is
. 0L
P 0

With these two definitions in place we have

Proposition 2.4.3. The generalized momentum associated to an ignorable coordinate is
conserved.

90nce we know that the conserved charged is there, it is not difficult to find its expression in Cartesian
coordinates: we have mr20 = m(xy — yi).



2.4 IGNORABLE COORDINATES AND CONSERVATION OF GENERALISED MOMENTA 19

Proof. This follows immediately from the Euler-Lagrange equation for the ignorable coor-
dinate. Denoting the ignorable coordinate ¢; and its associated generalized momentum p;,

we have
dt \ 0¢; n

T o dt a0

O

Example 2.4.4. We already found a ignorable coordinate in example 2.53.3. We have that
0 was ignorable, and it associated generalized momentum s
00

Example 2.4.5. An even simpler example is the free particle moving in d dimensions. In
Cartesian coordinates we have

Do mr .

d
1 5
L—T—V—ﬁmzxi,

so every coordinate 1s ignorable. The associated generalized momenta are

0L
04y

Di = m; .

In this case conservation of generalized momenta is simply conservation of linear momen-
tum.

Example 2.4.6. Let us look again to the free particle, but this time in two dimensions
(d =2), and in polar coordinates. We have

1 .
L:T—V:am(ﬂw?e?).

We have that 0 is ignorable. The associated conserved generalized momentum is

_ oL
o0

Do mr0.

You might recognize this as the angular momentum of the particle (that is, linear momentum
X position vector), which should indeed be conserved for the free particle.
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§3 Symmetries, Noether’s theorem and conservation laws

§3.1  Ordinary symmetries

Our discussion of ignorable coordinates hints at a connection between symmetries and
conservation laws: the fact that the Lagrangian does not depend on ¢; can be rephrased
as the statement that the Lagrangian is invariant under the transformation ¢; — ¢; + €a;,
with ea; an arbitrary constant shift. (We will define all these concepts more carefully
momentarily.) And we saw that whenever this happens, there is a conserved quantity, the
generalized momentum p;.

This result is somewhat unsatisfactory, in that we can only understand the appearance
of the conserved charges in carefully chosen coordinate systems. And, as we saw in the
example of the free particle above, we might need to patch together results in different
coordinate systems in order to access all the conserved charges in the system.

Noether’s theorem fixes these deficiencies, providing a coordinate-independent connec-
tion between symmetries and conservation laws. Before we get to the theorem itself, we
will need some preliminary results and definitions.

Definition 3.1.1. Consider a uniparametric family of smooth maps ¢(¢): C — C from
configuration space to itself, with the property that ¢(0) is the identity map. We call this
family of maps a transformation depending on €. In any given coordinate system we can
write the transformation as

q; — ¢i(Q17 -5 4N, 6)

with ¢; a set of N := dim(C) functions representing the finite transformation in the given
coordinate system. We take the change in velocities to be

_ d
4 — a@-

Note 3.1.2

At the level of the Lagrangian we treat ¢; and ¢; as independent variables, so it is not
automatic that the transformation of the velocities ¢; is as given. One should take the
prescription ¢; — dit(bi as part of the definition above.

Remark 3.1.3. A word on notation: when it is clear from the context which transformation
we are talking about, we often write ¢ instead of ¢;(q,€). That is, we often write

G—q=...

where the omitted terms are some function of ¢; and e.
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Definition 3.1.4. The generator of ¢ is

do©) el — o0
de e=0 ) e—0 € )

In any given coordinate system we have

¢ — ¢i(q,€) = q; + €a;(q) + 0(62)

where

8¢2(q7 6)

(2
Oe e=0
is a function of the generalized coordinates. So, in coordinates, the generator of the trans-
formation is a;. Similarly, for the velocities we have

Cji _>Qz‘+€di(Q17---aQNaCha---,(JN) +O(€2)
generated by a;.

Example 3.1.5. A particle moving in R? can be described in Cartesian coordinates x;. The
transformation associated to translations of the origin of coordinates in the first direction
1s x1 — 1+ €, with the other coordinates constant. So we have that shifts of the coordinate
system in the x1 direction are generated by

1 fori=1,
a; =
0 otherwise
and a; = 0.

Example 3.1.6. Say that we have a particle moving in two dimensions, and we want
to consider the finite transformations given by rotations around the origin. In Cartesian
coordinates we have

x — x cos(e) — ysin(e)

y — xsin(e) 4+ ycos(e) .

In order to find the generators, we can derive the associated infinitesimal transformations
by using the expansions sin(e) = ¢ + O(e*) and cos(e) = 1+ O(e?). We find

T — x —ye+ O()
y— y+xe+ O().

This implies that the transformation is generated in Cartesian coordinates by

Gy = —Y ; ay =T ; Gy = —Y ; ay =T .
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Lemma 3.1.7. The equations of motion do not change if we modify the Lagrangian by
addition of a total derivative of a function of coordinates and time. That is,

dF(qi,...,qn,1)

L — L
+ d

does not affect the equations of motion.

Proof. Since the term that we add is a total time derivative, the effect on the action is

S:/“dtL—>s/:S+F(ql(t1),...,QN(tl),tl)—F(ql(to),...,qN(to),to). (3.1.1)

to

Now, recall that the variational principle tells us that the equations of motion are obtained
by imposing that §.S vanishes to first order in d¢;(t), keeping the ¢; fixed at the endpoints
of the path. This implies that in the variational problem both F'(q(ty), ..., qn(to),to) and
F(qi(t1),...,qn(t1),t1) are kept fixed. So

65" = S'[q+ dq) — S'[q]
= Sla+oq+ F(q(tr), ..., an(t1),t1) = F(q1(to), - - -, an(to), to)

— (S[d] + F(q1(t1), - "aQN( 1):t1) = F(q1(to), - -, qn(to), o))
= S[6q] — S[q] = 6S.

We learn that the addition of % to the Lagrangian does not affect the variation of the
action in the variational problem, so it cannot affect the equations of motion. O

This result motivates the following definition:

Definition 3.1.8. A transformation ¢(€) is a symmetry if, to first order in €, there exists
some function F'(q,t) such that the change in the Lagrangian is a total time derivative of

F(q,t):

dF(ql, c.
dt

) 7t
L — L' =L(¢(qr,€),...,9(qn,€)) = L +¢ an.t) + O(é?).
Remark 3.1.9. 1 emphasize that F(q,t) is only defined up to a constant: if some F(q,t)
exists such that
dF(q,t)

dt

any other F'(q,t) = F(q,t) + ¢ with ¢ is a constant will also satisfy the same equation.
The specific choice of ¢ is arbitrary, and any choice will lead to correct results. In what
follows I will simply pick a convenient representative F'(q,t) — for instance F'(q,t) = 0
whenever this is possible.

L'=L+e + O(€%)
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Example 3.1.10. Whenever we have an ignorable coordinate q;, the symmetry associated
to shifting it by constants, q; — q; + ¢;, is clearly a symmetry, since by definition the
coordinate does not appear in the Lagrangian, and ¢; stays invariant. So in this case F
can be chosen to be 0.

As an example, consider the example of the rotating spring discussed in example 2.3.35.
In polar coordinates (r,0), we have

1 . 1
L= ém(f‘Q + 7r26%) — §/<or2 .

In this case the 0 coordinate is ignorable, so the associated shift 0 — 0 + € is a symmetry.
The generators of the symmetry are

a, =0 ; ag =1 ; a. =0 ; ag=0.

Example 3.1.11. Let us study the same system as in the previous example, but now in
Cartesian coordinates. We have

1 1
L=-m(i® +3%) — Sk(a® + 7).
2 2
The transformation 0 — 0 + € is a rotation around the origin. Whenever e < 1, we have
r— 1 =1 —ey+ O)
y—y =y+er+ O(e).
as we argued in example 3.1.6. And accordingly, for the time derivatives we have
i — i =1 — e+ O(e)
=y =9y +ic+ O(?).
Note that this transformations imply that
P+ =t ey’ + (y—ex)? =22+’ + O>&)
and similarly that
jj2+y2_>:t/2+y/2:j:2+y2+0(62>
The action of the symmetry on the Lagrangian is then, to first order in e€:

L— L =Ly, 7)) =L+0O(?)

so we also see in this coordinate system that the rotation is a symmetry.
Note that this argument generalizes straightforwardly for any Lagrangian of the form

1
L= im(i2 + %) — V(2* + %)

with V(r) an analytic function of r, since in this case

V(z? + > + O(2) = V(2? +y2) + O(?).
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Example 3.1.12. Consider a system with Lagrangian

1
L= (3 +77) — i — 52,

and a transformation generated by
r — 2 =ux,
y = y=y+e.
Then &' = & and ' = v and
0L = L2y, i) — L(x,y,2,9) = —y'i' + yi = —ei.

So this is also a symmetry, this time with F = —x.

Note 3.1.13

It is important to notice that the definition of symmetry above does not involve the
equations of motion: the Lagrangian must stay invariant (up to a total derivative)
without using the equations of motion. That is, the Lagrangian must be invariant
also for those paths in configuration space that do not extremize S.

We are finally in a position to state and prove Noether’s theorem.

Theorem 3.1.14 (Noether). Consider a transformation generated by a;(q1,...,qn) (in a
given set of generalized coordinates), such that

dF t
L—>L+€ <q17dt)QN7)+O<€2>’

so that it is a symmetry. Then

Y oL
Q= (Zlazg—%> —F

is conserved (that is, Cfl—? =0). The conserved quantity Q) is known as the Noether charge.

Proof. 1 will start by giving the intuitive idea behind the proof. Recall that physical
trajectories ¢;(t) are those that satisfy 65 = 0 to first order in d¢;(t), keeping the endpoints
¢i(to) and ¢;(t1) fixed. A general transformation acts as ¢;(t) — ¢(t)+e€a;(q,t), but crucially
it does not necessarily keep the endpoints ¢;(to) and ¢;(¢;) fixed. So the action of a physical
path can change to first order in € under a generic transformation. But it does so in a
fairly localised way: only the behaviour near the endpoints of the path, at ¢y and ¢;, can
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contribute to §S. If the transformation is furthermore a symmetry, we can compute 65
(to first order in €) in a second way, as a function of quantities at ¢y, and ¢; only, using our
result (3.1.1) above. Equating the result of both approaches leads to Noether’s theorem.

In detail, this goes a follows. We want to understand the variation of the action under
the transformation
¢ — i +0g; = ¢; + €q;

in two different ways. On one hand, as for any other variation of the path, we can Taylor

expand to obtain
t N
! oL . 0L 9
59 — /t dt ;1: <6ai—aqi 4 eai—aq) 10

which becomes, using the Euler-Lagrange equations

t N
! d (0L . 0L 5
05 —/to dt Zl (ml-% <8Q¢) —|—6aiaqi> + O(¢€?)

hoogd (SN OL
= | dte— i~ 2
[ (3o ) + o

+ O(e%).

to

Note that we have used the Euler-Lagrange equations of motion in going from the first to
the second line, so the result will only be valid along the path that satisfies the equations
of motion.

On the other hand, using the fact that the variation is a symmetry, we have

0S = S[q + dq] — S[q]

= /ttldt ((L + ei—f + 0(62)) — L)
— [+ 0.

Equation both results, we immediately obtain that Q(t1) = Q(t). Since the choice of ¢
and t; is arbitrary, the result now follows easily: choose t; = tg 4+ €. We have

Q(t1) — Qto) = Qto +¢€) — Qlty) = 6% +O() =0

aQ __
SOE—O. ]

Example 3.1.15. Whenever the coordinate q; is ignorable, we have a symmetry (with
f =0) generated by q; — q; + €, leaving the other coordinates constant. That is,

{1 ifi=k.
A = O =

0 otherwise.
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The corresponding Noether charge is then
N

N
oL oL 0L

= A = Ovin = 7
“ ; ka%‘ Zk@%‘ 94

k=1

as expected.

Example 3.1.16. Let us come back to the conservation of angular momentum in rota-
tionally symmetric systems, expressed in Cartesian coordinates. Assume that we have a

system with Lagrangian
1
L= §m(:'c2 +97) = V(2® + %) .

We saw in example 3.1.11 that rotations around the origin, which are generated by
Ay = —Y ; Qy = T,
are a symmetry of the system with F = 0.
Noether’s theorem then tells us that the associated charge is

0L oL : .
Q= az% + aya—y. = m(—ym + xy) .

It is a simple exercise to show that this is indeed equal to mr?6.

Example 3.1.17. Finally, let us revisit ezample 3.1.12. We have a Lagrangian
m 1
L="TY a2 e2) s 2
5 (i* +9*) — yi S
and a transformation generated by
r = o =ux,

y — Yy =y+te.

That is, a, = 0 and a, = 1. We found in example 3.1.12 that this transformation is a

symmetry with F' = —x. The associated Noether charge is
oL oL .
Qzaz%—kaya—y—F:my—kx.

We can check that this is conserved from the equations of motion, which are

d(aL) oL .
=mi—-—y+xr=0,

dt\9i) ox
AT AT

Note in particular that the second equation is precisely % = 0.
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§3.2  Energy conservation

Conservation of energy can be understood in a way quite similar to what we have seen:
energy can be defined as the Noether charge associated with time translations. The deriva-
tion is quite similar to the one above, but with some small (but crucial) differences needed
in order to take into account the fact that the time coordinate “t” is treated specially in
the Lagrangian formalism.

Let us consider the possibility that the Lagrangian depends explicitly on time. That
is, we promote the Lagrangian L to a function of the generalized coordinates ¢;(t), their
associated velocities ¢;(t), and time itself. We write this as L(q,q,t). The expression of
the action is now

S:/ttlL(ql(t),...,qN(t),ql(t),...,qN(t),t)dt.

0

It is not difficult to see that the Euler-Lagrange equations do not change if we do this.!°
Definition 3.2.1. Given a Lagrangian L(q, q,t), we defined the energy to be

N
. OL
i=1 !

Theorem 3.2.2. Along a path q(t) satisfying the equations of motion, we have

dE. 0L

dat ot
In particular, the energy is conserved if and only if the Lagrangian does not depend explicitly
on time.

Remark 3.2.3. In this theorem % denotes taking the derivative of the Lagrangian with
respect to time, keeping q and q fixed. See note 2.2.13 for a further discussion of this
point.

Elementary proof. 1t is easy to verify directly, by taking the time derivative of the definition
of energy, that the theorem holds. The calculation goes as follows. If we take the time
derivative of the energy, we have (from definition 3.2.1)

dE  d (L. oL
w-a((55)
(o E g (OE))
N p o Yt \ 8, dt

10T Jeave this as an exercise. All you need to do is to convince yourself that our derivation of the
Euler-Lagrange equations, above equation (2.2.1), is not modified if the Lagrangian includes an explicit
dependence on time.
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Using the Euler-Lagrange equations, this becomes

1B _ (5o 0, oL ) _dL
dt N i1 ql@ql qz@qz dt

On the other hand, from the chain rule, we have
N
dL oL . OL. oL
ar (;a_%qz+a_%Qz> +E'
The result now follows from substitution. O

Alternative proof. Here 1 will present a less straightforward but (in my opinion) more
illuminating proof, closer in spirit to the one we used in proving Noether’s theorem.

4] This alternative proof is not examinable. {1

Imagine that we take a path q(t) satisfying the equations of motion, and we displace it
to a new path q'(t) = q(t — €). That is, we move the whole path slightly forward in time,
keeping its shape. We have

nghw@@ww%@mmww%ww

to

:/mﬁmeﬁ—@,“ﬂN@—@gmp—@,“@N@—QJy

to

We can compute this expression in two different ways. First, by the chain rule, we have
that

Ligi(t —¢€),....,qn(t —€),1(t —€),...,4n(t —€),t) =

L(qi(t),...,qn(t), qu(t), ..., dn(t),1) — € (Z Z—L% + g—i%) +0().

Using the Euler-Lagrange equations of motion, we can write this as

N

d m; aL
=1
d (L oL
“a (Z—) |

Substituting these expressions into the action, we have just proven that

N
oL
S =85—c| Gt

t1

O(e).

to
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On the other hand, introducing a new variable ' =t — ¢, we can write

S’:/tldtL(ql(t—e),...,qN(t—e),q'l(t—e),...,q’N(t—e),t)

to

t1—e
:/ A L (), an () (@), - dn (), € +€).
t

0—¢€

We can expand this as a series in € using Leibniz’s rule (see equation (A.0.1) in the appendix
for a reminder), to get:

=S —eLl(qi(tr), .. qn(t),q1(t1), ..., dn(t1), 1)
+eL(qi(to), - - - qn(to), d1(to), - - . dn(to), to)
L. U“—fdt, OL(qi(t),...,qan(t), 1 (t), ..., qn(t), ¥ +¢€)
to—c Oe -0

+ O(é%)

Now we note that that, by the chain rule, we have

OL(@u (), - an(t), u(t), - g (), '+ €) _ OL(@(t), -, an (), (), ., gu ('), ' + €)

Oe ot

SO

/tl_edt/ aL(Ql(t/>7 s 7QN<t/)7 q.1<t/>, . 7QN(t/), t/ + 6)
t Oe -,

0—€

/tldt 8L(Q1(t)7 cee 7QN(t)’QI(t)’ cee 7q.N(t>’t) )
ot

to

The theorem now follows from equating the two expressions for S’ that we found. ]



3.2 ENERGY CONSERVATION 30

Note 3.2.4

It is not obvious that the quantity E that is conserved if %—f = 0 is what is usually

known as “energy” in classical mechanics. But this is easy to verify. Assume that we
have a particle with Lagrangian

L= T(i’l, cee ,ZtN) - V(Il,. .. ,I‘N)
with T'(dq,...,4n) = 2m(if + ... 4 43), as we often do in classical mechanics. Then
applying the definition 3.2.1 above one easily finds the expected relation

E=T+V.
The result holds more generally. Consider a Lagrangian of the form

L= (Z Kij(qu, - .- ,QN)Qin> —V(q)

1,j=1

J/

T(g,4)

with the K;;(¢) and V(q) arbitrary functions on configuration space C. Then it is easy
to verify that

E=T+V.

Example 3.2.5. Say that we have a spring that becomes weaker with time, with a spring
constant k(t) = e~'. A mass attached to the spring can then be described by a Lagrangian

L= -mi* — ~k(t)x*.
The resulting equation of motion is
mi + k(t)x =0.
The enerqy of the system is . .
2

E = §mi2 + §ﬁ(t)m :

Since the Lagrangian depends explicitly on time, we expect that energy is not conserved.
And indeed:

E 1
Cii_t = mii + k(t)zd + §$2d2—(tt)
1
= &(mi + k(t)x) + §x2d/:l—(tt)

A
1 ,dk(t)
— ' T
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where in the last step we have used the equation of motion. On the other hand

OL 1 ,dx(t)

ot 2" Tt

since time appears explicitly only in k(t). So we have verified that

e _ 0L
da ot

Example 3.2.6. Note that our definition 3.2.1 for the energy does not require the La-
grangian to have the specific form L =T — V. Consider for instance the Lagrangian

L:—m(\/1—:'c2—y2—z'2).

(This specific Lagrangian is in fact fairly important, as it describes the motion of a particle
in R3 in special relativity.) Definition 3.2.1 gives

oL 9L 0L
E=d— +§mr +4

o: Vg Tz
We have
.OL ma?
xrT— =
ot \/1_3';2_92_22’
and similarly for vy and %. Putting everything together we find

2 2 22
m(a® +§° + 2%) I
\/1_3';2_92_22
m

:\/1_1'72_?;2_22'

B =
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§4 Normal modes

So far we have studied the Euler-Lagrange equations abstractly, but we have not spent
much effort actually trying to solve them, except on some fairly elementary examples. The
reason for this is simple: in most cases we cannot solve the equations in closed form. Even
if we can, it is rarely the case that the answer can be written in terms of elementary
functions. Recall, for instance, example 2.3.2 above, where we discussed the pendulum.
We found that the Euler-Lagrange equations of motion were of the form

é+%sin(9):0.

This equation can be solved in closed form, in terms of a class of special functions known as
“elliptic functions”, but the solution is relatively involved, and not particularly illuminating
for our current purposes. Rather than insisting in solving the problem exactly from the
outset, it is often illuminating to instead try to understand what the system does for small
displacements away from equilibrium. That is, for small values of . In this regime we
have that sin(f) ~ 0, and the equation of motion becomes

. g
i+99—0
7y

which can be solved straightforwardly to give
0 = acos(wt) + bsin(wt)

with w = \/% and a, b constants that depend on the initial conditions.
The technology of normal modes, which we introduce in this section, is a way of for-
malizing this observation, and applying it systematically to more complicated systems.

§4.1  Canonical kinetic terms

Let us restrict ourselves to the neighbourhood of minima of the potential. Assume, to start
with, that we have a Lagrangian

L:%éqf—wq). (4.1.1)

This particularly simple form for the kinetic term T" = %Z?:l ¢? is known as a canonical
kinetic term.
Assume that there is a stationary point of V' (q) at q = 0, that is

ov

=0 Vi.
qu q=0 !
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If the stationary point we are interested in is at some other position q = (ay,...,ay), we
can simply introduce new variables ¢, = ¢; — a; such that the stationary point is now at
q = 0. Clearly in doing this the form of equation (4.1.1) is preserved, so for simplicity we
will assume henceforth that the stationary point we are studying is indeed at q = 0.

We can write an approximate Lagrangian, describing the dynamics around this ex-
tremum, by expanding V' (q) to second order in q

I, 1
Lapprox = B Z G — B Z Aijqiq; (4.1.2)
i=1 i
with
=2 (4.1.3)
1) aqlaq] 0 . 1.

The equations of motion arising from the approximate Lagrangian are given in matrix
notation by

q+Aq=0. (4.1.4)
The approximate equations of motion are linear, since they can be written as
d2

where we have defined Dy = j—; + A. This is a linear operator, meaning that given any
two vectors a and b we have Da(a+ b) = Daa + Dab, and also for any ¢ € R and vector
a we have Da(ca) = cDpaa. We have n equations, and the equations are of second order
and linear, so we expect to be able to express any solution of the approximate equations
of motion as a linear superposition of some 2n basic solutions.

To find these solutions, let us start by noticing that the n x n matrix A is real and
symmetric (for any potential whose second partial derivatives are continuous, which will
be the case during this course), so it has real eigenvalues and eigenvectors. We denote the
set of eigenvalues of A by A, and the n corresponding eigenvectors by v so that

Av(® = \Oy @) (4.1.6)

Let us now take an ansatz'! ' ' '
q”(t) = fOt)v"? (4.1.7)

for some function f(®(¢) that we will determine. Since v(?) is an eigenvector with eigenvalue

A9 we have that
d? , d? , ,
A g0y = (L LA O
(4+A) a0 = (5 +A) 1w

1 An ansatz is an assumed form for the solution of the problem. We test the assumption by inserting
the ansatz into the equation, and verifying that it does provide a solution for an appropriate choice of f(t).



4.1 CANONICAL KINETIC TERMS 34

Since v(¥ £ 0, this implies that
d? ) )
(@ + )\(Z)) f(l) (t)=0.

Solving this equation is elementary, but the form of the solution depends on the sign of
A9 We have

a® cos(VADt) + B sin(vVAOt) if A\ >0

FO) =L 0Ot 4+ DO if \® =0

a® cosh(vV=ADt) + @ sinh (v =\Ot) if A <0
where the a®, 5, C® and D® are constants to be fixed by initial conditions. Note that
whatever the value of A\), each eigenvector leads to a two-dimensional space of solutions.
Since the eigenvectors span n-dimensional space, our ansatz gives us the full 2n-dimensional

space of solutions to the linear equation. So we can write the general solution of the system
in terms of the ansatz (4.1.7) as

a(t) = > vr0()

with the f® as above.

The qualitative behaviour of the solution depends on the sign of the eigenvalues A). For
A9 all being positive we are at a local minimum, and we have oscillatory behaviour around
the minimum. If we have a negative eigenvalue we instead have exponential behaviour away
from the stationary point. This agrees with expectations: if we are at a maximum along
some direction, small perturbations away the point will quickly grow, and we are trying to
expand around an unstable solution. Finally, zero eigenvalues are associated with motion
with constant velocity, displaying no oscillatory behaviour.

Definition 4.1.1. Each basic solution
q(t) = v® (a(i) cos(VADL) + 50 sin(\/Wt))
associated with an eigenvalue A® > 0 is a normal mode.
Definition 4.1.2. Each basic solution
q(t) = v® (C¥t + DW)
associated with a zero eigenvalue A¥) = 0 is a zero mode.
Definition 4.1.3. Each basic solution

q(t) = v(® (a(z’) cosh (1 /_)\(z')t) + B(z’) sinh( —M%))

associated with an eigenvalue A® < 0 is an instability.



4.1 CANONICAL KINETIC TERMS 35

The general solution in the absence of instabilities is the superposition of the ordinary
normal modes for the non-zero eigenvalues and the zero modes

q(t) = Z v(® (a(i) cos(w®t 4 g sin(w(i)t))) + Z v(® (C(i)t + D(i)) :
i=1 i=1
A0 A =0

Note 4.1.4

Let me emphasize that the existence of zero modes is fairly brittle: if we slightly deform
our starting potential V' (q) in a generic way, then the eigenvalues of A will generically
change slightly, and the zero eigenvalues will generically becomes either positive or
negative. So whenever we find a zero mode in a real physical system this tells us very
valuable information: we expect to be able to find some principle that restricts the
possible deformations of V'(q)!

As an example, imagine that we have two particles with the same mass moving in
one dimension, located at x; and z5. Assume that the physics is independent of the
choice of origin of coordinates, or equivalently that there is a symmetry

T — T+ €a

To — To + €a

for any constant a. Then the potential can only depend on the difference x; — x5, and
we have

1
L= §m(xf +d3) — V(zy — 73) .

This symmetry will then always lead to the existence of a zero mode, associated with
translation of the centre of mass of the system. We can see this explicitly if we introduce
new coordinates z, = \%(m + x9), x_ = \/iﬁ(xl — x9). Then our Lagrangian can be
written as

L= %m(aﬁ +32) - V(V2z_)

which clearly leads to a zero mode for z,, no matter the specific form of V. So in
this case we find that the existence of the zero mode is ultimately protected by the
translation symmetry!
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Example 4.1.5. Consider two pendula, each of length one with mass one, suspended a
distance d apart. Connecting the masses is a spring of constant k and also of natural
length d.

(0,0); d (d,0)

(—sin(f1), — cos(61)) d

(—sin(fz) + d, — cos(6-))

The velocity of the left hand mass is simply ((— cos(61)0)? + (sin(61)61)?) = 2. We get a
similar result for the right hand mass so the total kinetic energy T is

T:%(é%é%).

The potential comes from gravity, which gives a contribution g(— cos(61) — cos(#s)), and
from the spring. For a spring of constant k, its potential energy is given by r(l — d)*/2,
where | — d 1is the extension of the spring. The length | of the spring is given by Pythagoras
Theorem as

I = /(sin(0;) — sin(fy) + d)2 + (cos(6;) — cos(6y))2.
Thus the Lagrangian for the system is given by

1 /. .
L = 3 <9% + 03) + g(cos(#1) + cos(62))
P 2

- 3 <\/(sin(91) —sin(02) + d)2 + (cos(81) — cos(6s))? —d> .

Finding the exact solution to the equations of motion resulting from this Lagrangian seems
hopeless. However, it is clear that the system would be happy to sit at 6, = 0y = 0, as
this configuration minimises both the gravitational potential energy, and the spring energy
since the spring would be at its natural unextended length d. Let us now try to find an

approximate Lagrangian which describes the system when 0; < 1.
Approximating the gravitational potential is easy. cos(f) ~ 1 —6%/2 4+ O(6*) so we can

take

2 2

The constant term —2g can be discarded using the usual reason that additions of constants
to potentials/Lagrangians has no effect. The spring potential looks more tricky to deal with,
but note that to calculate k(I — d)?/2 to quadratic order in the small 6; we only need to
calculate | — d to order 0;, since it is linear in the 0;:

l—d = +/(sin(6;) — sin(hy) + d)2 + (cos(6;) — cos(h2))? — d
= +/(sin(6)) — sin(hy) + d)2 — d + O(6?)
= 01 — 92.

—g(cos(6:) + cos(6)) = —g ( -%- 0_§> '
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Finally we can write the approzimate Lagrangian as
1/. . K
Lapprox =35 (9% + 0;) - g (9% + 9;) - = (91 — 92)2 .
2 2 2
The equations which follow from this are

0+ (g + k)0 — K0y =
ég—liel—f—(g‘i‘ﬁ)eg = 0.

If one arranges the equations of motion in this way, so that all the terms proportional to
0, and those proportional to 60y appear in columns then it is straightforward to read the
elements of matrix A from the equations as

A= g+K —K
-k g+k)’
Solving for the eigenvalues of A we find that A = g or g + 2k, with eigenvectors (1,1) or
(1, —1) respectively. So we can write the normal modes as

0\ (1 +iy/gt 0y (1 +i/gT2nt
-0 = ()-()

The first of these has 61 = 0y whilst the second has 0 = —0y. These two normal modes
can be pictured as follows: For the normal mode which has 0, = 60y, the spring always

- N -

remains exactly length d and therefore remains unextended and exerts no force. The result
of this is that the angular frequency or this normal mode is /g which does not involve k
the spring constant. On the other hand, for the second normal mode the pendula move in
opposite directions, and in this case the spring stretches and contracts, enhancing the effect
of gravity which results in an angular frequency /g + 2k which is greater than that of the
first normal mode in which only gravity plays a role.

The general solution of the system is thus given by

(Z;) = G) [0 cos(ty/g) + BV sin(t/5)]

+ (_11) [a(g) cos(ty/g + 2k) + B@ sin(t\/g + 2/1)]
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with o and B9 arbitrary constants. To see how the general solution we found helps in
practice when studying the motion of the system, let us use this solution to study what
happens if we release the two masses from rest at t = 0 from 0 = —0y = . Setting

01 =—0,=90 att =0 we find
) a® +a®

so o) =0 and o® = §. Similarly, the condition that the masses are released from rest is

encoded in |
(2;8 _ 83) B (8) (4.1.9)

which taking derivatives in our general solution s easily shown to lead to

W) 4 3@
(8) - (g(l) f§(2)> (4.1.10)

which implies B = 2 = 0. So we find that the motion is given by

(g;) — (_{5) cos(t\/g + 2k)

which 1s an oscillatory motion in which the masses move oppositely, without changing the
centre of mass, as one might have guessed.

§4.2  Non-canonical kinetic terms

Finally, we consider configurations with non-canonical kinetic terms of the form
1 ..
L=5 Bil@)d; — V(). (4.2.1)
]

We still obtain a linear differential operator if we restrict B(¢) — B(0). Physically, this
corresponds to considering oscillations with not too much kinetic energy, which makes sense
if we want to stay at the minimum. The resulting equations of motion are

B{ +Aq =0 (4.2.2)

where we have defined B = B(0), a constant matrix. B generally does not have zero
eigenvalues (since this would correspond to generalised coordinates without a kinetic term),
so we assume no zero eigenvalues. This implies that det(B) # 0, and so B™! exists. We
then have an equivalent set of equations

q+B'Aq=0 (4.2.3)
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which reduces to the case we have already studied if you define C := B~!A.

There is one small subtlety that needs to be mentioned here: the fact that A was
symmetric was quite important in our discussion above, since it ensured that its eigenvalues
were real, but in general B'A will not be symmetric, even if both B~! and A separately
are. Let us assume that A is positive semi-definite: that is, all its eigenvalues are either
positive or zero. Then it exists a symmetric matrix Az such that (A%)2 = A.'? We can use
this matrix to rewrite

C—B A=A (A%B*A%) A3

so we find that C is similar (in the sense of similarity transformations of matrices) to
AzB~!Az. This matrix is manifestly symmetric, so its eigenvalues are real. Since similar
matrices have the same eigenvalues, the eigenvalues of C will be real too. It is straightfor-
ward to check that if v is an eigenvector of A3B~1A3 with eigenvalue A, then A~zv will be
an eigenvector of C with the same eigenvalue. So, in practice, we can simply compute the
eigenvalues and eigenvectors of C, and proceed as we did above.

§5 Fields and the wave equation

§5.1  Variational Principle for Continuous Systems

In the next section we will derive the equations of motion for the string. Before going into
the details of that particular system, we will derive in general how to deduce the Euler-
Lagrange equations for fields, which is a simple generalisation of what we did in the case
of systems with a finite number of degrees of freedom.

Assume that we can express the action S in terms of some Lagrangian density L (we
will determine £ for the string in the next section)

S = /dt/d:v L(u, Uy, Uy, , 1)

where we have introduced for convenience the notation

ou ou
_ ) Uy =

Uy -

_8_x X

12The simplest way to prove this is to note that A is real symmetric, and thus diagonalisable by an
orthogonal transformation O as A = ODO!. We can then define Az = 0Dz O".



5.1 VARIATIONAL PRINCIPLE FOR CONTINUOUS SYSTEMS 40

Note 5.1.1
I emphasize that that the “2” coordinate plays a significantly different role in field

theory than it did for the point particle: in field theory “2” is a coordinate that fields
depend on, and it is on the same footing as “¢”. They are, in particular, independent
variables, and they are not generalized coordinates.

On the other hand, for the point particle we often denoted by “z(t)” the position of
the particle, which was a generalized coordinate that for any given path was a function

of time. In field theory the closest thing to this “z” is the field value “u(x,t)”.

Note 5.1.2

There is an important notational point that I want to clarify: say that we have a
Lagrangian density £(u,u,,us, x,t) depending on the field, its first derivatives, and x
and t themselves. Then we have two notions of “derivative of £ with respect to t” (the
following discussion generalizes straightforwardly to x, so I will not consider this case
separately). We might mean either:

1. The derivative with respect to any explicit appearances of ¢, keeping u, u,, u;
and z fixed.

2. The derivative of £ with respect to t, taking into account that u, u, and u; are
functions of ¢, so we need to use the chain rule.

In the context of the point particle, we denoted the first derivative “0/0t” and the
second “d/dt”.

In the context of field theory it is more common and useful to switch conventions,
and denote the second option by 9L/0t. That is, we define:

1
0L oyt 2,8 _ o L pu t 4 B), (ot + B), wglo, £+ B), 2, E + h)
ot h—0 h

— L(u(z,t), uy(z,t), us(x, 1), x,t))

We will simply never need to consider the first notion of partial derivative in the context
of fields during this course, so this leads to no ambiguity.
The main reason to switch conventions is that this reproduces the natural definition:

_ Ou(z,1)
ot

Uyt -

that we gave above, since the meaning of the derivative here is the usual one: we are
varying ¢ keeping z fixed.
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In this case we expect to be able to derive the equations of motion for the system by
making use of the variational principle we discussed in previous sections. To see how this
goes, consider a solution of the equations of motion ugs(z,t), and consider a small variation
du(z,t) around it:

u(x,t) = us(z, t) + ou(z, t) .

If ug is indeed an stationary function for the action, we expect the first order change in S
to vanish:

oL oL )
0S8 = Slus + du] — Slu,] /dt/dx ( u—+5um8u +6ut8ut) + O((du)?)

We will work to first order, and drop the O((du)?) terms henceforth. Now, for our
variations we have

ou 0 ou 0
duy =9 <£> 8:10(5“) ; dug = 0 (815) = a(éu)

which allows us to integrate d.5 by parts, in order to obtain

0 oL 0 (0L oL 1 oL
5= farfarou (G- 5 (i)~ () J [%ML + faa F“a—m}t

If we assume that we hold u fixed at the endpoints both in = and ¢ the last two terms
on the right cancel. Imposing 65 = 0 for arbitrary du then implies, by the fundamental
lemma of the calculus of variations,'® that the generalised Euler-Lagrange equations for

fields

oL o0 (oL g (0L

ou Oz \ Juy ot \ou, )
Here are some easy generalisations. Clearly, if we have n fields u¥ we end up with n
generalised equations of motion:

oL o (oL _ofoLN_. .o
Ou@® or augi) ot augi) - T all 2.

Another possible easy generalisation is considering fields that depend on more coordinates
than two. If we replace (t,x) by a set of d coordinates x; we have

d
Zi 2= ) =0 foralli
0z 8uk

_ ou®
— Oz

where we have defined ug)

13The proof that we gave above for the fundamental lemma of the calculus of variations was for functions
of a single variable. I leave it as a small exercise to generalise the proof to the case of functions of multiple
variables.
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§5.2  Ezample: the wave equation from the Lagrangian for a string

Our main example will be a Lagrangian density that can be thought of the Lagrangian
density for the one-dimensional string oscillating in one dimension. The standard name
for this Lagrangian is the “massless scalar field” Lagrangian.

Definition 5.2.1. The massless scalar field Lagrangian is

1 1
L= ipuf — §TU320
We refer to the constants p and 7 as the density and tension, respectively. The field “u”
in this expression is the massless scalar.

Remark 5.2.2. 1t is in fact possible, and we do this in section 5.2.1 below, to derive this La-
grangian density from the physics of an idealized string in the limit in which the oscillations
are small. This explains the origin of the labels “density” and “tension” above. I empha-
size that the uses of this Lagrangian in Mathematical Physics go well beyond explaining
vibrating strings.

Definition 5.2.3. The Euler-Lagrange equations for fields immediately imply the equation
of motion

Pty — Tz =0
for the massless scalar u, where
ouy  OPu
ot o
and similarly for wu,,. Introducing for convenience ¢* = 7/p (both the tension and the
density are assumed to be positive, so c¢ is real), the equation of motion for the massless
scalar becomes:

Ut =

2
Ut = C Ugy -

We will refer to this equation as the wave equation. More precisely, what we are describing
here is known as the wave equation in one spatial dimension.

§5.2.1 Derwation of the massless scalar Lagrangian from a physical system

i) This section is not examinable. {1 ]

We will now derive the massless scalar Lagrangian from the dynamics of a string vibrat-
ing in one dimension, in the approximation where the displacements are small. Similarly
to the case of point particles, the Lagrangian density can be constructed in terms of the
kinetic and potential energy densities. That is, if we have

T(w, g, ug, z,t) = /da: T (u, Uy, ug, T, t)
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and

V(u, uy, ug, x,t) = /dm V(u, Uy, ug, x, t)

for the total kinetic energy T and total potential energy V of the string, then we call T
and )V the corresponding densities of kinetic and potential energy, and we have

L=T-=V

So we need to find expressions for the kinetic and potential energy densities. We will work
to leading (that is, quadratic) order in u, and u;. This is the regime in which the oscillations
are neither too large nor too fast. We do this because it leads to much simpler equations,
while still being quite useful for modelling many systems in Nature. Similarly, we will
assume that the string is only displaced vertically, without any horizontal displacement.
The kinetic energy can be obtained relatively straightforwardly by subdividing the
string into small pieces. Consider the small piece lying between x and x + dx. If the
segment is small enough its behaviour will be approximately point-like; therefore its kinetic

energy will be of the form %UQ. The mass of the small segment of string is given by

m=pds =~ p\/1+ (u;)?0x =~ piz.

Here p is the density of the string (which we take to be constant), and ds the arc-length
of the string segment. The final approximation follows from taking u, < 1. Since u(x,t)
denotes the vertical displacement of the string it is clear that the vertical velocity is u;. The
contribution to the kinetic energy from the small piece of string that we are considering
is then %(ut)Qp dx. We then immediately obtain the kinetic energy of the whole string by
integrating over all the segments to find that the kinetic energy is given by

r=" /oodg; (u,)?

2 o

so the kinetic energy density is
P
7- = §(ut)2 .

Obtaining the potential energy is a little bit more subtle. We know that the tension in
the string is a constant, which we call 7. It follows that the work done in extending the
string’s length by a distance dl will be 7dl. If we imagine extruding the entire length of
the string from a point we reach the conclusion that the potential energy of the string is
7 times its length. Of course, our string is infinitely long, so that this may initially be a
concern, until we recall that adding a constant to the potential energy makes no difference.
We are not really interested in the absolute value of the potential energy, but rather
the differences in potential energy between string in various configurations. Therefore we
will take the potential energy of a string in some configuration u(z,t) to be defined as 7
times the difference in length between the string with shape u(x,t) and the length of the
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undisturbed string lying along the x-axis for which u(x,t) = 0. To be more precise we have
V = T(/Oods—/oodx>
- ([ - )
T(/Oo(l%—%—l)dx)

_ g/m@%fdx

[e.e]

Q

again to leading order in oscillations. From here we obtain the potential energy density

vz;%f

and thus the Lagrangian density

§5.3  D’Alembert’s Solution to the Wave Equation

The general solution to the wave equation in one spatial dimension was given by D’Alembert,
and it is simply

u(z, 1) = f(z — ct) + glx + ct)
where f and g are arbitrary functions. The part of the solution f(x — ct) corresponds to

a wave moving to the right with speed ¢, whilst the remaining part g(x + ct) corresponds
to a wave moving to the left with speed c.

Theorem 5.3.1. D’Alembert’s solution u(x,t) = f(x—ct)+g(x+ct) is the general solution
to the wave equation.

Proof. We introduce new variables v, = z 4 ¢t and x_ = = — ct, or equivalently x =
s(z4 +2_) and t = 5 (x4 — 2_). By the chain rule:

@: du 8x++ Ju 0x_: du N ou

dr Odxy Or  OJx_ Or  Ox, Ox_’

@: ou 8x++ ou (‘h_zc(ﬂ_ﬂ)

ot  Odxry Ot  Ox_ Ot or, Jdx_ )~
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Taking derivatives again, once more using the chain rule:

@:ﬁ(au N 8u): 0 (6u N 8u)+ 0 (8u N 3u)
Ox?  Ox \Ox, Ox_ Ory \ Oz, Ox_ Or_ \Ozry Ox_
Pu 0%u 0%u
=02 o2 T Ponon

@_cgﬂ_ﬂ_ga Ou du\ 0 (0u  du
o2 ot \ox, Oxr_)  Oxy \Or, Ox_ Odr_ \Oxry Ox_

2 2 2
:C2<8u+8u_2 0%u )

dxz3  Ox% Oz 0x_

As usual, we have used the assumption that partial derivatives commute. We see that in
these variables the wave equation u; = c?ug, becomes

Pu(ry,x )

Or 0x_ =0

2 2
U — C Upy = —4cC

The general solution of this equation is indeed

w(ay, ) = f(z-) +g(z) .
]

In practice, we are often interested in understanding what happens if we release a string
from a given configuration. How does the string evolve? This is an initial value problem,
which D’Alembert also solved in general. Assume that we are told that at ¢ = 0 the string
has profile ¢(z), that is

u(z,0) = p(z)
and in addition we know with which speed the string is moving at that instant:

ur(x,0) = P(x).

In terms of f and g, which parametrise the general form of the solution, these equation are

f(z) +g(x) = p(z)

and
—cf'(x) +cd'(x) = ().
This last equation can be integrated (formally) to give

ga) = f) =+ [ dsuly
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with d some unknown constant. We now have two equations for two unknowns, so solving
for f and g we find

r0) =5 (w0 -a- ¢ [ asuis)

o) = 5 (vt + 41 [ asur)

so we finally find
u(z,t) = f(x —ct) + g(xz + ct)

oz —ct)+px+ct) 1 /”'Jt
_|_ J—
2 2c

dsi(s).

r—ct

§5.4  Noether’s theorem for fields

The Lagrangian density that we found for the string does not involve u explicitly, which only
enters through its derivatives. This is a situation analogous to that of having an ignorable
coordinate in the case of point particles. So we should expect that there is a symmetry
associated to this fact, generated by the infinitesimal transformation v — v = u + e,
and associated to this symmetry some conserved quantity, by some analogue for fields of
Noether’s theorem. This analogue does exist, as we now describe.

It is illuminating to do this more generally, for d spatial dimensions, and arbitrary

symmetries. So let us introduce coordinates xg, ..., z4. The case d = 1 would have zy = t,
r; = x. Our field u(zo, ..., 74) is a map from R4 — R. For convenience, we introduce
the notation
_ Ou
u; = o

Definition 5.4.1. A symmetry (in the context of field theory) is a transformation
u—u' = u+ea(u)

such that
oL = 0(62)

without having to use the equations of motion.

Remark 5.4.2. We could include a total derivative, or more precisely, a divergence, on the
right hand side of the variation 0L, as we did in the case of the point particle, but we
ignore this possibility for simplicity.

Definition 5.4.3. We define the generalised momentum vector

n;:<a£ 3_ﬁ>.

8u0""’8ud



5.4 NOETHER’S THEOREM FOR FIELDS 47

Definition 5.4.4. Given a transformation generated by a, we define the Noether current
associated to the transformation by

J = all,
or in components
7 oL
i =a .
8UZ’

Theorem 5.4.5 (Noether’s theorem for fields). If J is the Noether current associated to
a symmetry, then

d

= aJ;

V-I=) - =0. (5.4.1)
=0

~

Proof. We can proceed analogously as to what we did when proving Noether’s theorem for
discrete systems. Under a generic transformation we have

oL 4 da OL
oL = ea% + 6; 9z, 9,

+O(e?).
Using the Euler-Lagrange equations, this becomes

d
0 oL
0L =¢ E o (aﬁu-) + O(€?)
i=0 ' ’

which equating with the explicit action of the symmetry on £ leads to

zd: 0 (9N _,

1=0

]

Definition 5.4.6. Given a Noether current J associated to a transformation, we define
the (Noether) charge density

QZ:JU.

Furthermore, in the d = 1 case (one spatial dimension)!* we define the charge contained in

an interval (a,b) to be
b b
Q(a,b) = / Qdﬂj’ = / J() dzx .

Proposition 5.4.7. Assume d =1. Then

dQ(a
Qo _ (@)~ 1),

1The d > 1 case can be treated similarly, with the total charge in some region being the integral of the
function Q over that region.
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Proof. Taking the derivative inside the integral, we have

dQup d [°
— =— [ Jyd
a ), O
b
aJy
= ——dx.
/a at "
Now, in our d = 1 case the conservation equation (5.4.1) becomes
aJy 0Jy
0 2
ot oa
so replacing % by —% inside the integral above we have
dQ "o
Ci(t’b) = 8—;dx = Ji(a) — J(b).

a

]

Remark 5.4.8. The way to interpret proposition 5.4.7 is that it is telling us that the charge
within some region changes only due to charge leaving or entering through the boundaries
of the region. The current J; measures how much charge is leaving or entering by unit
time on a given boundary component.

Definition 5.4.9. Given a Noether current J associated to a transformation, we define the

Noether charge to be the total charge over all space. In the case of one spatial dimension
(d =1) this is

Q = Q(—oo,oo) = / Jo dz .

—00

Corollary 5.4.10. Assume that d =1, and lim,_.4o, J1 = 0. Then

dQ
—£ =0
dt

for the Noether charge associated to a symmetry.
Proof. This follows immediately from proposition 5.4.7, since we assume J;(+£o0) = 0. O

Example 5.4.11. Let us apply all this abstract discussion to our guiding example, the one-
dimensional string, and the symmetry arising from u being ignorable, namely u — u + €.
In this case we have a = 1, so the Noether current is simply given by

J=1II1= (8£ 8£) = (puy, —Tuy,) .

Oy’ Oy

From here, we conclude that the Noether charge

Q:/deozp/dxut
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is conserved in time, assuming that J, = —Tu, vanishes at infinity (in this case, since T is
a non-zero constant, this is equivalent to u, vanishing at infinity). Indeed

%: /d‘T’U/tt:T/dI‘uxw:T[uﬂf}—’—z:0’

where in the middle step we have used the wave equation puy = Tuy, for the string.

§5.5  The Energy-Momentum Tensor

In addition to the conservation laws for transformations of the field itself, we also expect
conservation laws associated to transformations of  and ¢. This is analogous to the fact
that for systems with discrete degrees of freedom, we could construct an energy that

satisfied
dFE B oL

dt ot

Since t does not appear explicitly in the Lagrangian density for the string, we would expect
energy to be conserved for oscillations of the string too. And indeed, it will prove quite
easy to show that the total energy of the string is conserved. But the situation for the
string is more interesting than that for the point particle. The string’s energy is distributed
along its length; some places may have no energy, whilst other parts of the string may be
very energetic. As a wave packet travels, regions that had no energy may energise for some
time, and then come back to having no energy. So we should not expect to have that the
energy density at any given point is conserved. Additionally, in the case of fields the ¢t and
x directions are treated on equal footing, so there should be some generalised notion that
treat the x variable the same as the t variable.

Definition 5.5.1. The energy-momentum tensor is

oL ou

T=—— —
8uj 8@

5L (5.5.1)

Definition 5.5.2. The energy density &€ is defined to be equal to Ty.

Note 5.5.3

As for the case of the point particle, you can convince yourself that this definition of
the energy density agrees with the ordinary one whenever the Lagrangian density is of
the form £ = %puf — %Tui — V(u); that is, a kinetic energy density minus a potential
energy contribution (which in this case contains a possible contribution from the string
tension, plus an additional term V(u) containing arbitrary extra contributions to the
potential energy). See for instance example 5.5.6 below. In cases where the Lagrangian

density is not of this form we can still define the energy-momentum tensor, and we
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simply define the energy density to be the Ty, component.

Theorem 5.5.4. The conservation laws for the energy-momentum tensor are:

d
0Ty
> 5 =0. (5.5.2)
j=0 %
Proof. Consider the variation of the Lagrangian density £(u,uo, ..., uq) as we move in the

x; direction.'® By the chain rule, this is given by

OL _OLOu | ~OL Pu
or;  Ou dx; = Ou; 0x;0;

Using the Euler-Lagrange equations for the field, we can rewrite this as

oL 9 0L\ du <~ OL Ou
%;<Zzﬂﬁﬁ>m+§awm@

or equivalently

]

Remark 5.5.5. Note that we have d + 1 conservation equations for the energy-momentum
tensor, one for each choice of “7”.

Example 5.5.6. This may look a little complicated, but it is not hard to evaluate in prac-
tice. For instance, for our string we have

_ oL _ P 2, T 2
Ttt—uta_ut_ﬁ_é(ut) +§(Ux)

which 1s indeed the energy density for the string. The rest of the components can be com-
puted similarly, with the result

ro(HRrger | o )

Uty —5(w)? = 3

15We could consider more general cases, in which the Lagrangian density also depends explicitly on the
space and time coordinates t,xg,...,zq. I leave the generalization of the discussion to this case as an
(optional) exercise.
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The conservation laws in the case of the string are then:

airtt aT;fz -

Bt or
and similarly

0T n 0T, —0

ot ox

In order to see what these laws mean physically, let us denote the energy in the piece of
string lying between x = a and x = b by E,)(t). Since we had that the energy density is
gwen by Ty, we have that

b
Eap) =/ Ty dx.

The energy in this piece of string will not be conserved. It might be at rest at one time,
and then a few seconds later acquire energy as a wave passes between r = a and x = b,
and then later, lose all its energy as the wave passes on. How the energy in this portion of
the string varies is given by

d d [?
“(Bay®) = — | Tud
G Fan(®) =5 [ Tuda
b
Ty
= [ =g
/a ot "
b
0T,
= d
. Ox v
:_[ﬂz]z

= (Ttm)x:a - (ﬂx)as:b

where in going from the second to the third line we have used the conservation law. In this
way, the rate of change in the energy in the interval (a,b) can be expressed in terms of the
difference of a function evaluated at x = a and x = b. If we interpret Ty, = —Tusu, as the
flux of energy moving from left to right, then our formula can be interpreted as the rate of
change of energy of the string in the interval (a,b) is equal to the flux of energy coming
into the segment of string from the left at x = a minus the fluz of energy leaving the string
segment to the right at x = b.

Note that the the rate of change of E, the total energy on the whole string, is given by

dFE d
I d (B(—co0))

=7 [uug) ™ .

This rate of change vanishes, so that the total energy is conserved, provided that usu, — 0
as |x| — oo. In other words, the energy is conserved provided none of it leaks away at
infinity. If we disturb the string at t = 0 near x = 0, it will take an infinite amount of
time before the disturbance propagates out to infinity, so indeed energy will be conserved.
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§5.6  Monochromatic Waves

We have already seen that we can write down a general solution to the wave equation,
which is solvable as a result of its linearity. Below we will analyse what happens to waves
in the presence of boundaries and junctions. This analysis is often simplified if, rather than
considering what happens to an arbitrary wave on the string, we ‘decompose’ the wave into
its various constituent wavelengths and consider what happens to each wavelength sepa-
rately. Using the linearity of the wave equation, the full answer can then be reconstructed
by superposing the solution for the constituent wavelengths. A physical analogy would
be to imagine the wave to be a light wave. One finds out how red, orange, yellow, green,
blue, indigo and violet light behave, and then deduce how a general light wave behaves
by mixing the colours together. More mathematically one is simply Fourier analysing the
signal. For example for a right moving wave we can write as a sum, or more precisely an
integral over waves with different frequencies as follows:

o0

u(z,t) = fx —ct) = / dkA(k)e*@=et),

—00

The solutions with a definite frequency, or monochromatic waves, are A(k)e®*(@=<). We
have chosen to work with complex exponentials rather than coses and sines, as this makes
life easier, but if we need to recover a real solution we can take instead

up = R (A(k)e™ =) = R (|Ale?e* @) = | A| cos(k(z — ct) + 0).

The graph of wu; shows that |A| is the amplitude of the wave and that the wavelength is

2 /k.
Uk
T
2
k
A monochromatic wave moving to the left is given by u(z,t) = A(k)e @+ or we
can again take the real part of this to obtain a real solution.
Let us calculate the energy flux of a monochromatic wave. The expression T}, = —Tuu,

we derived measures the flux of energy carried by a solution past a point moving from left
to right, so we should expect the answer to be positive for a right moving wave. Taking
our solution to be u(z,t) = uy defined above we see that the flux is given by

Tiw = —7(ug)e(ur)e = —7 (kc|A|sin(k(z — ct) +60)) (—k|A|sin(k(x — ct) + 0))
= 7ck?| AP sin®(k(z — ct) + 0)
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which is clearly positive although it fluctuates with time. If we average over a whole period
we see that the average energy passing a point per unit time is given by
2w
ke [*e Tck?|Al?
— Tck?| A sin?(k(x — ct) + 0)dt = —|’
2m Jo 2
Note that the energy flux proved to be positive as we had predicted. If we had performed

the same calculation on a left moving wave u = R (A(k)e~*=*) we would find the average
flux to be —7ck?| A|?/2.

§5.7  Strings with Boundaries

Now that we know how to deal with infinitely long strings which run from r = —oo to
xr = o0, let us complicate the situation a bit by introducing a boundary, or end, to our
string at x = 0. The string is still infinitely long but now runs from x = —oo to x = 0. In

such a situation it is necessary to specify a boundary condition at x = 0, specifying how
the string interacts with the boundary. The most natural thing that we can impose is that
no energy flows into the boundary. This is what one should expect if the string is attached
to a rigid boundary of infinite mass: in this (idealised) case the vibrations of the string do
not affect the boundary at all, and in particular there is no energy flow into the boundary.

We have seen above that the right-moving energy flux for the string is Ty, = —7u,u,.
So the condition that no energy flows into the boundary is

lim Ti,(z,t) = — lim 7u,(x, t)u(z,t) =0.
z—0~ x—0~
There are two natural solutions to this equation: lim, ,o- u;(z,t) = 0 and lim, - u,(z,t) =

0. For convenience, at the cost of some slight imprecision, we will refer to these conditions
as u(0,t) = 0 and u,(0,t) = 0. We study them in turn.

§5.7.1 Dirichlet boundary condition

The first case, u;(0,t) = 0 is perhaps the most natural: it enforces that the endpoint of
the string at x = 0 does not change with time, or in other words (0, ) is a constant. This
is what you get if you simply tie a string to a wall. Given that there is a shift symmetry
for u, let us simply assume that the condition is that «(0,¢) = 0. This is called a Dirichlet
boundary condition. It is quite straightforward to find the general solution in this case.
We know that u(x,t) satisfies the wave equation for x < 0, so the solution must be of
D’Alembert’s form

u(z,t) = f(x —ct) + g(x + ct) = f(z —ct) + h(—x — ct)
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u(x,t)

AN

rz=0

where for convenience we have introduced a function h(§) = g(—¢). The boundary condi-
tion tells us that

u(0,t) =0 = f(—ct) + h(—ct),
from which it follows that h(§) = —f(&). It follows that u(x,t) = f(x — ct) — f(—x — ct).

To understand this solution a little better, note that, considered as a function on the
whole of the z-axis, u(z,t) is an odd function in x; that is u(z,t) = —u(—=z,t). The figure

u(x,t)

=0

shows the solution wu(z,t) for all . In the physical region there is a wave moving towards
the boundary. The dotted line represents a mirror image of the physical string. This mirror
image moves to the left, and after some time will pass the line x = 0, emerging into the
physical region x < 0 as the reflected wave. At later times the solution will look like below.

So we see from this that waves reflect off the boundary and are turned upside down by
this boundary condition.

§5.7.2  Neumann boundary condition

The other classic boundary condition for a string is the Neumann (sometimes called free)
boundary condition wu,(0,¢) = 0. Again the flux of energy into the boundary vanishes, so
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u(x,t)

=20

that energy is conserved on the string. Once more we can deduce the general solution from
D’Alembert’s solution u(x,t) = f(z — ct) + h(—x — ct). Demanding that u,(0,¢) = 0 gives
us that
ug(0,t) = f'(0—ct) —h'(0—ct) =0
from which we deduce that it is possible to take f(£) = h(£) (up to a constant shift of u),
so that
u(z,t) = f(x —ct) + f(—x — ct).

In this case, the function u(z,t) considered over the whole line is an even function. As

u(x,t)

RN PRde ~
N s N
e RS -7 ~
-~—— - ~_

=20

before, given enough time the mirror image of the incoming wave emerges from behind the
boundary x = 0 as the reflected wave, but in this case since u(x,t) is even rather than odd
it will emerge the same way up as the incoming wave.

§5.8  Junctions

Junctions or defects afford another possible way of introducing boundary conditions. We
shall explain the idea of junctions through an example.
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u(z,t)
 — —
x=0
A
u(x,t)

Figure 3: String with a spring of constant « attached at z = 0.

Consider a setup in which we attach at = 0 a spring, with constant x and zero natural
length, to the string, as in figure 3. We can view this system as two strings, one on the right
and another on the left, joined at a junction at = 0. Away from the junction at x = 0 we
have a vanilla string, so we expect the monochromatic wave to be a good solution there.
We want to understand what happens to such a monochromatic wave coming from the left
as it hits the junction. Physically, we expect that part of the wave will be transmitted
across the junction, and part will be reflected.

In order to solve the problem, it is essential to introduce junction conditions, describing
which conditions should u satisfy as we cross the junction. The first condition is straight-
forward, namely that v is continuous at x = 0:

lim u(e, t) = lim wu(e,t) (5.8.1)

e—0t e—0~

The second condition is energy conservation across the junction. In order to formulate
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this, note that on an infinitesimal neighbourhood [—e¢, €] of x = 0 we have the energy

1
3k u(0,1)* + /

—€

" i (%p(ut)z + %T(ugy) |

That is, there is a contribution coming from the vibrating string between € and ¢, and a
contribution from the extended spring at x = 0. We will assume that

+e€

1 1
lim dx (ip(ut)2 + —T(ux)2) =0.

e—0 e 2

so the only contribution to the total energy of the small interval in the limit ¢ — 0 is the
one coming from the extension of the spring. Conservation of energy tells us

< <1imE(—6,6)> = W (Tyz)pm—e — Um(Ti )= - (5.8.2)

— i
dt \e—=0 e—0 €—0

As an example, suppose that we send in a monochromatic wave of unit amplitude. We
expect that upon encountering the spring, this will be partially reflected into a left moving
wave on the left side of the string, and partially transmitted to a right moving wave on the
right side of the string. Putting this together our ansatz is

(2.1) R ((e?” + Re ") e~ %) for < 0
u(z,t) = .
R (Te’p("”*t)) for x > 0

where T gives the amplitude/phase of the transmitted wave. Away from x = 0 we have
monochromatic waves, which satisfy the wave equation. All that remains is to ensure that
the ansatz also satisfies the junction conditions, by adjusting R and 7. Continuity of
u(z,t) at x = 0 — that is, equation (5.8.1) — implies

R((1 4 R)e™ Py = R(Te ).
This will hold for all ¢ if and only if'6
1+R=T.

This is our first junction condition in this case.

In order to study energy conservation, as given by equation (5.8.2), it is convenient to
note that for our monochromatic wave solution continuity of w(z,t) at x = 0 (or equiva-
lently 14+ R =T, as we just showed) implies

li t) = li t).
g vl = Jig, vl )

16To see this, choose for instance t = 0 and t = m/(2pc).
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In other words, u(x,t) is continuous at x = 0, and u,(0,t) is well defined.
We have computed above that T, = —7u,u;, and we have that lim. o E(—¢,€) =
%/i u(0,t)?, so in the current case energy conservation across the junction becomes

ku(0, )y (0,1) = 7 [utu} _ (5.8.3)

This is our second junction condition. This equation can be simplified since there is a
factor of u;(0,t) on both sides that we can divide, to obtain:

ku(0,t) =T [lim uz(z,t) — lim ux(x,t)]
z—07F z—0~

Plugging in our candidate monochromatic solution, this is
KR((1+ R)e™?) = R (ip(T - (1- R))e_ipd)
which holds for all ¢ if and only if
kK(1+R)=irp(R+T —1).

Solving this equation together with the continuity equation 1+ R =T we find that

B K
C 2pT — K
9
o 2w
2pT — K

To get some intuition for these formulas, first assume that we make the spring very
stiff by sending kK — co. Then R — —1 and T" — 0. This is as we expect; if the spring
becomes very stiff, then the left hand piece of string has its end effectively pinned so it
has a Dirichlet boundary condition, and nothing gets through to the right hand side. On
the other hand if we send kK — 0, then we are effectively removing the spring, and the two
pieces of string will become as one. In this case we can explicitly see that as k — 0, R — 0
and T — 1.

Alternatively, we can think of fixing x and consider the effect on waves with different
value of p. The energy flux associated with the incoming wave, whose amplitude is fixed
at one, is given by

Tep?lAP Tep?
2 2
If p is very small, that is to say the wavelength is very long, then the energy flux is very
small, and again it is hard for the wave to excite the spring since it does not have enough
energy, so effectively we have Dirichlet boundary conditions. Again in this limit p — 0,
R — —1 and T' — 0, the value for Dirichlet boundary conditions. On the other hand, if p
is very large, the energy of the incoming wave is so large that the spring has little effect,
and indeed R — 0, T"— 1 in this limit.
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§6 The Hamiltonian formalism

§6.1 Phase space

So far we have discussed the Lagrangian formalism, in which the evolution of the system
is determined by the Euler-Lagrange equations. Given a set of initial conditions, these
equations determine the time evolution of the system in configuration space. Recall from
§2.2 that this is the space described by the generalized coordinates q, without including
the information about the velocities q.

The Hamiltonian formalism is closely related to the Lagrangian formalism that we
have been studying so far, but it starts from a slightly different perspective: instead of
considering configuration space, we now want to consider the space of all states of our
physical systems. This space is known as phase space. I now define these notions.

Definition 6.1.1. The state of a classical system at a given instant in time is a complete
set of data that fully fixes the future evolution of the system.

Example 6.1.2. The Euler-Lagrange equations are second order linear differential equa-
tions on q(t) (assuming that the Lagrangian depends on q(t) and §(t) only, and not higher
derivatives of q(t)). We can fix the integration constants that appear in solving these equa-
tions by giving the positions q(to) and velocities {(ty) at any chosen time to, for some
convenient choice of generalised coordinates and velocities. Once we have fixed these con-
stants we know the behaviour of the system for all future times, so in this case we can
parametrize the state at a given time t by giving q(t) and {(t).

Remark 6.1.3. The parametrization of the physical state in terms of q(¢) and () is not
the only possible one: any parametrisation that allows us to fully fix future evolution is
valid. We will see an example of a different parametrisation momentarily.

Definition 6.1.4. The phase (or state) space & of a classical system is the space of all
possible states that the system can be in at a given instant in time.

Remark 6.1.5. This definition for phase space sounds rather similar to the definition of
configuration space (this was definition 2.2.1). But note that that phase space has twice
the dimension of configuration space: while configuration space encodes the (generalised)
position of the system at a time ¢, phase space encodes the generalised positions and the
velocities.

Example 6.1.6. Consider a particle moving in one dimension. Phase space in this case
is the two dimensional plane R?: one coordinate for x and one coordinate for . Fuvery
possible point in this plane is a possible state for the particle. For instance, the point
(x,2) = (0,10) parametrizes a particle at the origin, moving toward positive values of x.
Similarly the particle moving in d dimensions has a phase space R*?. Note that the precise
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form of the Lagrangian does not enter in our definition of phase space: given a point in
phase space the Lagrangian will determine future evolution, but any point in phase space
is acceptable as an initial condition (by definition).

Definition 6.1.7. The Hamiltonian formalism studies dynamics on phase space, parametrized
by generalised coordinates q(t) and their associated generalised momenta p(¢).

The fundamental step in going from the Lagrangian to the Hamiltonian formalism is
to invert the definition equations for the generalised momenta:

- 9L(q,q,1)
o oG
The right hand side of these equations are a set of functions of q, ¢ and t. We often'” can

invert these equations to express q in terms of q, p and ¢. Once we do this, we can express
any function in phase space (the Lagrangian, for instance) in terms of q, p and ¢ only.

Example 6.1.8. Consider a particle of mass m moving in one dimension, expressed in
Cartesian coordinates. Its Lagrangian is

. 1 .
L(x,%) = éme’
so its associated momentum 1s oL
= — =mz.
P= 5

We can trivially solve this equation to find © = p/m. We find that the Lagrangian for this

system 1s thus
2

p
L(x,p) = o

in the Hamiltonian formalism.

Example 6.1.9. Let us now take a particle moving in two dimensions, expressed in polar
coordinates. Its Lagrangian is

1 .
L(q,q) = §m(7"2 +7°0%)
so its generalised momenta are
Dr =m7r ; Do = mr?0.

We can easily invert these equations, to find 7 = p,/m and 0 = py/(mr?). In this way we
can express any function of phase space in terms of the q and p. For instance, for the
Lagrangian itself we have

1

1
L(q,p) = o (pf + T—ng) .

17This will be true in the examples that we discuss during this course, at any rate. There are interesting
situations in which this inversion cannot be done, but we will not study them during this course. I
encourage those of you who are curious to search for material on “Dirac brackets” if you want to see how
our story below generalises to these more complicated cases. A good reference is the book “Quantization
of Gauge Systems”, by Henneaux and Teitelboim.
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§6.2 The Poisson bracket and Hamiltonian flows

We still need to understand how a given state evolves in time in this new formalism.
That is, if we know which point in phase space describes a system at a given time, which
trajectory in phase space will describe subsequent motion of the system?

In fact, there would be little point in doing this if all we gained was a description of
the dynamics in a different set of variables. After all, the Lagrangian formalism will do
the job of giving the equations of motion for the system perfectly well.!® The advantage of
switching to the Hamiltonian formalism is that we will be able to exhibit a rather deep and
beautiful geometric structure to classical dynamics, in which we will obtain (in a sense) a
reciprocal of Noether’s theorem! Recall that Noether’s theorem states that every symmetry
has an associated conserved charge. We will see below that in the Hamiltonian formalism
the conserved charge generates the symmetry: if we know the form of the conserved charge
for a symmetry we will be able to reconstruct systematically the infinitesimal form of the
symmetry transformation.

The fundamental object that allows us to think of charges as generating transformations
is the Poisson bracket:

Definition 6.2.1. The Poisson bracket between two functions f(q, p,t) and g(q, p,t) on
phase space is the function in phase space defined by

_N\~[(0f 99 Of 9y
gl = Z (8% dp;  Op; 5%‘) (6.2.1)

=1

where n is the dimension of configuration space (so half the dimension of phase space).

Remark 6.2.2. Note that in the definition of the Poisson bracket the position and momenta
are independent coordinates in phase space, and are treated as independent variables when
taking partial derivatives:

Jg; 75]%'70 . (C)C_Iii%
8pj 8%’ ’ 8qj 3pj

:(51]

Example 6.2.3. The simplest functions in phase space that we can construct are those
that give the coordinates of a point in a given basis. From the definition of the Poisson
bracket, we have the fundamental brackets

{qi7QJ} = {Pz‘,pj} =0 ; {Qiapj} = 5ij-
180r Newton’s formalism, for that matter! We went through all this trouble during the past weeks not
because we wanted to find more efficient methods of solving the dynamics of classical systems (although
that is sometimes a useful byproduct of switching perspectives), but rather because we wanted to un-
derstand better the structure of classical mechanics — important ideas like the action principle or the
relation between symmetries and conserved charges become much more transparent in the Lagrangian and
Hamiltonian formalisms.
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The Poisson bracket has a number of interesting properties, which I now list. The proof
of these properties is straightforward, and can be found in the problem sheet for week 10:

Proposition 6.2.4. The Poisson bracket is antisymmetric:

Proposition 6.2.5. The Poisson bracket is linear:

{af + By, h} = off, h} + B{g, h}

for a, B € R. Note that together with antisymmetry this implies

{h.af + By} = afh, [} + B{h, g}
so the Poisson bracket is in fact bilinear (that is, linear on both terms).

Proposition 6.2.6. The Poisson bracket obeys the Leibniz identity:

{fg,h} = flg,h} +g{f h}.

Proposition 6.2.7. The Poisson bracket obeys the Jacobi identity for the sum of the
cyclic permutations:

{f.g}hy +{{nh f1 97 +{{g,h}, f} = 0.

Denote by .% the space of all functions from phase space & to R. Given any function
[ € #, we can define an operator ®; that generates infinitesimal transformations on .#
using the Poisson bracket.

Definition 6.2.8. The Hamiltonian flow defined by f: & — R is the infinitesimal trans-
formation on .# defined by

0. 7 7
(g) = g+ elg. f} +O(H).

Remark 6.2.9. 1T am taking a small liberty with the language here to avoid having to intro-
duce some additional formalism: what I have just introduced is the infinitesimal version
of what is commonly known as “Hamiltonian flow” in the literature, which is typically
defined for finite (that is, non-infinitesimal) transformations. The finite version of the
transformation is obtained by exponentiation:

2(g) = g = g+ afg. )+ Gl F1 )+ 5 (e 1 L



6.2 THE POISSON BRACKET AND HAMILTONIAN FLOWS 63

Remark 6.2.10. By studying the action of CDSf) on the coordinates q, p of phase space, we

can also understand q)gf) as the generator of a map from phase space to itself. We have

of

2 (6) = 4+ (g 1} +O(E) = 4 + e+ O()
CYI. , o Of 9
q)f (pz)*pz‘i‘e{pzaf}—i_O(e)*pz E@q'"i_O(e)'

The two definitions are compatible:

o (g) = g(ar +elar, f1o -t + elau, f1oor +elpr, 1o+ €dpas 1)

n

9g dg

:g(QIa"'aqnapla"'apn)+6 <_{Q’L7f}+_{pzaf}>
; Iqi Op;

i—1

" (g 90 O
:g(Ql""’qn7p17"'apn)+EZ( ’ f ) f)

0q; Op; B Op; Og;
=g+elg [}

where in the second line we have done a Taylor expansion, and we have omitted higher
order terms in € throughout for notational simplicity.

Example 6.2.11. As a simple example, consider a particle moving in one dimension. The
Hamiltonian flow ®, associated to the canonical momentum p acts on phase space functions
as:

) (9(q,p)) = 9(a,p) + eg—g +0O(?).

Alternatively, CIDZ(f) acts on the coordinate q as ¢ — q + €, so the effect of Cbz(f) on phase
space is a uniform shift in the q direction:

pl
—> —> —> —>
—> - - —>
—> - - —>
—> - - —>
—> —> —> —>
—> —> —> —>
q

We can reproduce the effect on arbitrary functions of q from this viewpoint by doing a
Taylor expansion:

0
9(qg+€,p) = g(q,p) + 68—‘3 +0(€%).

(You might also find it interesting to reproduce the full form of the Taylor expansion of
f(z + a) around x using the exponentiated version in remark 6.2.9.)
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Example 6.2.12. As a second example, consider a particle of unit mass moving in two
dimensions, expressed in Cartesian coordinates, which we call ¢ and qo. We choose the
Lagrangian to be of the form

L . .
L= Q(CI% +3d3) = Vi, @) -
For the function generating the flow we will choose J = qiGo — q2¢1- (Recall from exam-
ple 3.1.16 that this function is angular momentum, which Noether’s theorem associated
with rotations around the origin.) From the Lagrangian we have p1 = ¢1 and py = qa, S0
in terms of standard (q,p) coordinates of phase space we have J(q,p) = q1p2 — @2p1- The

Hamaltonian flow (1386) then acts on phase space as

p oJ
‘I’S)((h) =q+e{a,.J=qn+e—=q —€q,

op1

¢ oJ
@S)(q2) =@pt+ep,J=@p+te—=qp+eq,

Ops

€ 0J
<I>(J)(101) =p1+ e{pl, J} =P — 6@ =p1 — €p2,

1

€ oJ
(bf])(]b) =p2 + 6{]92, J} =pP2— 6% = pa+ €p;.
2

omitting higher orders in €. So the effect of J on the coordinates can be written as an
infinitesimal rotation on the q and the p (independently)

()= () G)
o (1) = (0 ) ()

For instance, the action of @ff) on the (q1,q2) slice of phase space (which in this case has
four dimensions) is as in the following picture:

A

q2
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§6.2.1 Flows for conserved charges

We have just seen that linear momentum p generates spatial translations, and angular mo-
mentum generates rotations. This is in fact general: assume that we have a transformation
acting as ¢; — ¢;+€a;(q)+O(e?) on the generalised coordinates. Noether’s theorem assigns
a charge to this transformation given, in the Lagrangian framework, by

n

Q(q,4,t) = (Z ai(Q)%{}:’l,t)) — F(aq,t).

=1

This charge can be written in the Hamiltonian framework in terms of generalised coordi-
nates and generalised momenta as

Qa,p,t) = (i ai(q)pi) — F(q,1).

=1

If we now compute the Hamiltonian flow associated to this charge on the generalised
coordinates we find

‘I)(c;)(%') =q +e{q, QY + O(?) = ¢; + ea; + O(e?).

Note 6.2.13

This is a very important result: Noether’s theorem told us that symmetries imply the
existence of conserved quantities. We have just seen that we can go in the other direc-
tion too: conserved quantities generate the corresponding symmetry transformations,
via the associated Hamiltonian flow.

§6.3  The Hamiltonian and Hamilton’s equations

We have just proven that conserved quantities generate the corresponding symmetries. It
is natural to guess at this point that energy will generate time evolution, via Hamiltonian
flow. This is indeed the case.

Definition 6.3.1. The Hamiltonian “H” of a physical system is the energy expressed in
terms of generalised coordinates and generalised momenta. That is:

H = (Zpiqi(q,p,t)) — L(q,4(q,p,t),t).
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Example 6.3.2. Consider the harmonic oscillator in one dimension, with Lagrangian

1
L= §m$2 — §K$2 .

The generalised momentum is p = mx, so the Hamiltonian for this system is

1 1
H=—p>+ —ka?.
2mp +2/<cx

Theorem 6.3.3. The time evolution of the generalised coordinates and momenta is given
by the Hamiltonian flow ®g:

() = q(t+e)+0(%) 5 Pulp)=pi(t+e) +O0().

Equivalently (expanding q;(t + €) = q;(t) + €4;(t) + . .., and similarly for p;):

OH 0H
o— {g. H) = : 0 = Api, H} = — . 3.1
Q’L {q’L7 } apl I p’L {p’t? } aql (6 3 )

These equations are known as Hamilton’s equations of motion.

Proof. The first thing to do is to note that when we write the partial derivative g—f in
J

the Hamiltonian picture we mean differentiate A with respect to ¢; keeping the other ¢’s,
any explicit time dependance in A, and the p’s fixed. This should be contrasted with the
Lagrangian picture, where differentiating with respect to g; involved keeping the other ¢’s
time, and and the ¢’s fized. To highlight this point, in this proof I will write g—£|p or g—(‘;h
to clarify which set of variables are being held fixed when taking partial derivatives.!®

Given this let us calculate the derivates of H with respect to ¢; and p;. we have

OH 0
a9 = 5. ’L’L ) ;t _L ,. ; ,t,t
og; |~ 0g; (;pqu ) — L(g, d(q,p, t) ))p
_ 0q; oL| Og; OL| 8¢
;pl aqj p ZZ: 0 a aq]’ p zl: 0q; q aq]~ p
_ 94 oL OL| 0g;
;pl 9q51, 9454 Z 94i |4 0451,
i 0, o) O4ily 04y

19Not to overload notation too much, I will leave implicit the fact that we are also keeping fixed any
explicit time parameters in A, unless explicitly stated otherwise.
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The first bracket in this expression is zero by the definition of p;. Using the Euler-Lagrange
equations we conclude that along a physical path
) - _p]‘
q

oL| __d (oL
o dt\ g

dq;

OH
8q]‘

p

Similarly, calculating ZTZ‘ we find

OH
a_ - 1 i ) —L ) ] ) 7t 7t
o).~ o (;pq ¢,p:t) — L(g,4(¢, p, 1) ))q
(’3p2 . aqz OL| 0q;
= 7, + - .
<0, 2 |, 25,
04
- Z 52](]2 + Z (pz aql q) ap] .

again using the definition of p; to show the last term vanishes. Note that we did not need to
use the Euler-Lagrange equations to derive this last equation. Accordingly, in practice this
equation generally just reproduces the result of inverting the definition of the generalised
momentum in the Lagrangian formalism to express ¢ in terms of q, p and ¢. O

Corollary 6.3.4. The time evolution of any function f(q,p) on phase space is generated

daf
In the case that f depends explicitly on time, we have
af _of
H
@ = o T

Proof. The function f will depend on time through its explicit dependence on t, if any,
and via its implicit dependence via q and p, who themselves are functions of time. Using

the chain rule we find
df Of (0f. . Of .
dt ot +Z(a - +3pipz)
Z of OoH O0f OH
dq; Op; 8]%‘ 0g;

__t—i_{f’H}’

where we have used Hamilton’s equations in going to the second line. [



6.3 THE HAMILTONIAN AND HAMILTON’S EQUATIONS 68

Remark 6.3.5. We can apply this corollary to give a very neat proof of conservation of
energy: the energy, in the Hamiltonian formalism, is equal to the Hamiltonian itself. So

we have that iH  8H 9

using the fact that the Poisson bracket is antisymmetric. So, if time does not appear
explicitly in the expression for the Hamiltonian, then the Hamiltonian is conserved.

Remark 6.3.6. A small variation of this last equation is sometimes included as part of
Hamilton’s equations. From the definition of the Hamiltonian we have that

w = % ((2 di(q, p, t)p¢> — L(q,4(q, p, t)yt))

" 9¢i(q,p,t OL(q,4(q,p,t),t
:<Z,q(qp)>_ (9, 4(a,p, 1):t)

i, ot

i=1

Now note that L can have an explicit dependence on ¢ through q, if §(q,p,t) depends

explicitly on time. Using the chain rule:
JOL(q, ¢ t),t)  OL(q,q,t "L OL(q,q,t
(a,d4(a,p.t),t) (@at)| 3 (q‘q )

a.4 i=1 04;

- OL(q,4,1)
+ i — -
a9 (Z ( an‘

=1

ot ot ot

94;(q, p, ) )

q
SO

ot ot AT

The second term vanishes due to the definition of the generalised momentum, so we con-
clude that

OH(q,p,;t)  0JL(q,q,1)

0H(q,p,t)
ot

J0L(q,q,t)
ot

(6.3.3)

qQ,p q,q

In particular, this makes (6.3.2) compatible with theorem 3.2.2.

Remark 6.3.7. More generally, assume that we have a function Q(q, p,t) on phase space.
We have that @) is conserved if

dQ
dt
In particular, if () does not depend explicitly on time, we have that () is conserved if and

only if {@, H} = 0. By antisymmetry of the Poisson bracket we can also read this condition
as

0Q
{Q,H}-I—E—O.

{H,Q}=0
which can be interpreted as saying that the Hamiltonian is left invariant, to first order in
€, by the transformation generated by @:

Po(H)=H +e{Q,H} +O(e®) = H + O(e).
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Example 6.3.8. A system whose Lagrangian is given by

1 . r?
L:—<'2 292>——.
o \" T 2

We define the momenta to be

so that

The Hamiltonian is given by

2

_ 2 fﬁ)_l 2 2(@) -

Pr+p0(r2 2<pT+r 2 5
r

. OH
"Tap,
o0 _
8p9 7‘2
. 0H p;
Pr=""g ="
pe__aa_[;:()

Note that the first two equations here simply reproduce the results of expressing the q in
terms of the p’s. This is always the case when we derive the Hamiltonian system from a
Lagrangian system like above. The last equation shows that pg is conserved as a result of
the Hamuiltonian being independent of 6. The concept of an ignorable coordinate goes over
completely from the Lagrangian picture to the Hamiltonian picture. The real ‘meat’ of the

dynamics is in the remaining equation for p,.. Given that pg is a constant and that p, =7
it can be read as
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Example 6.3.9. Suppose we start instead with a Hamiltonian:

H=—
o T
Hamilton’s equations are
0H N
T=—= x
dp b
0H

Solving the second equation, we have that p = Ae™t. Substituting this into the first equation
we find

i—x=Ae!

which is a linear first order differential equation. Multiplying through by the integrating

factor we find
d
7 (:ce’t) = Ae %

which can be integrated to give x = Ce' — Ae™"/2.

Example 6.3.10. The following is a Hamiltonian for the damped harmonic oscillator:

e—btp2 ebthxQ

H =
2+2

Notice that H explicitly depends on time; this implies that it is not conserved, as we would
expect for the damped harmonic oscillator, whose motion dies away to nothing. Hamilton’s
equation of motion are

. OH bt
T = 8_p =€
oOH
P = T —w?es.

Differentiating the first equation with respect to t, we see that

i =—be p+ep

= —bi — w’x
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§6.4 There and back again

i) This section is not examinable. (1

Let me finish by closing the circle of ideas that we have been developing. We have
seen in §3.1 that Noether’s theorem implies that every symmetry implies the existence
of a conserved Noether charge @), and we have also shown in §6.2.1 that the Noether
charge associated to a symmetry generates the right transformations on the generalized
coordinates. It is natural to ask at this point: does any conserved charge generate a
symmetry transformation? This is indeed that case, as we now show for the class of
conserved charges that we have been discussing.

Theorem 6.4.1. Assume that we have a function Q(q,p,t) of the form

Q(a,p;t) = (Z a@-(q)pz) — Fl(q,1)

i=1

such that
dQ
dt
Then @S)(L) = L+e% 4+ O(2), so Q generates a symmetry, whose Noether charge is Q.

0Q
{QvH}—i_E_Oa

Proof. Let me start by proving some simple auxiliary results. Note first that

{a:,Q} = gg = a;(q) (6.4.1)

which implies, in particular, that
ot ot

Note also that since @) is conserved, and the only explicit time dependence of () on time is
via F', we have

=0.

dQ 0Q  0Q OF

{Q’H}:E_W__E_W’

oHQ.H} 0 <8F(q,t)) 0
Opi  Opi ot o

SO
Using these two results we find that

d{q;,Q}  MHa,Q}
dt = 8t +{{qzaQ}7H}

= {{Qi7Q}7 H}

=-{{H,q¢},Q} —{{Q, H}, ¢}
= {{a: H},Q}.
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where on the third line we have used the Jacobi identity in proposition 6.2.7. Hamilton’s
equations then imply that

L5 4.} (6.4.2)

Using these results it is straightforward to compute the change in the Lagrangian due
to . The Lagrangian in Hamiltonian coordinates is

L(q,p,t (Zqz q,p )—H(q,p,t)-

Since () is conserved, we have

n

{L,Q}= Z ({di, Qpi + ¢:{pi, Q) | +{Q. H}

i 1 J

- Z <{q“ Q}pl + Qz{pza Q}) - %_Cf )

| i=1

which becomes, using the results above:

{L,Q} = Z (pzdt{qz, Q} + qz{me})] aaci

_ §(£<{QiaQ}pi> pz{me}Jrqz{PwQ})] aacf

BENY L0Q . 0Q 9Q
- Z (dt ({%;Q}p2> ~Pig, T qia_%)] ot

Li=1

== <Z{qz, Q}pz> de.

where on the first line we have used (6.4.2), and in going from the third to the fourth the
chain rule. Finally, using (6.4.1) we find that

Z{Qu Qipi = Zaipi =Q+r
i=1 i=1

which implies

d F— dF
(L0} = (Q+dt Q) -

Recalling the definition of the Hamiltonian flow operator, this gives

OY(L) = L+ e{L,Q} + O(e) = L+e%+00( ).
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§A A review of some results in calculus

I include here a brief review of some basic results in many variable calculus that will appear
often during the course.

Derwatives and partial derivatives

Let me introduce the notation
0f(z) = f(o+dx) — f(x)

for the variation of a function f as we change its argument. We typically want to make dx
small, and understand how d f depends on dx. The answer is that

d
of = %(b + O((0z)?)
where the last term is a “correction term”, satisfying
2
tim 200
6z—0 ox

Notice that this is just a restatement of the usual definition of the derivative

& fa o) — f()

dr — s2—0 (v +61)—=x

in a form which is more convenient for our applications.
This definition extends straightforwardly to functions of several variables. We define
the partial derivatives of f(z1,...,x,) by
a.f f(xb cey Tj1, X4 + 6xi7xi+l7 s 71"77,) - f(xb s 7xn)

— = lim
oxr;  dx;—0 ox

Note that in the case of functions of a single variable the definitions of the partial and
ordinary derivatives coincide.
We can now express the change in f(Z) under small changes d7 of ¥ as

0f(T) = f(T +0%) — f(7) = ) _ oy % = 0% -V [+ O(6?)
i=1 ¢

where we have defined the vector of derivatives

(ﬁf)z = 8f(f)

N

When the variation is infinitesimal we write dx; — dx;, and we have

df () :idaziﬁ =d7-Vf.

- ox;
=1
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The chain rule and commuting derivatives

Assume now that the vector Z is a function of time, which we denote as Z(t), and that we
have a function f(Z(t),t) as above (where we have included a possible explicit dependence
on the time coordinate). Note that f is now implicitly a function of ¢ via its dependence
on Z(t), in addition to any possible explicit dependence on ¢ it might have. The variation
of this function as t varies is given by the chain rule

af dx; of g, do Of
(Z O, dt> a =V T
There is a version of this rule for the case of multiple variables. Say that you have a set of

variables (z1,...,x,) that depend on other variables (yi,...,¥mn). Then:

of _ "L Of O
dy; “— dx; Oy; ’

Another theorem that we will use later is that if we partially differentiate a function first
with respect to x; and then with respect to z; we obtain the same as if we differentiated
in the opposite order provided that the result is continuous:

9 (Of\ 0 (of
() = an (o)

This result is known as Schwarz’s theorem. During this course all second derivatives will
be continuous, so we will apply this result freely.

As it is a relatively common mistake, let me note that in general partial derivatives
associates to variables belonging to different coordinates do not commute. Denoting by x;
the first set of coordinates, and wu; a second set, we have

0 (0F) , 0 (0f

As a simple example, consider the function f: R? — R that tells us how far a point is from
the vertical axis. We choose as z; the Cartesian coordinates (z,y), and as u; the polar
coordinates (r,6). In Cartesian coordinates we have simply f(z,y) = x, while in polar
coordinates we have f(z,0) = rcosf. We have

o (of\ o,
5(%)—E<l>—0

while
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Leibniz’s rule

Assume that you have a function of x expressed in integral form:

b(x)
f(x):/( gl
Then

df db da /b@:) 090, 1)

o= g(m,b(x))ﬂ — (m,a(m))% + o t o (A.0.1)

Notation for time derivatives

Finally, an additional piece of notation: the time coordinate t will play a special role during
this course, so for convenience we introduce special notation for derivatives with respect
to ¢t. Given a function z(t) we will write

dx

= —
t

and similarly for higher order time derivatives. For instance,

I
r=—.
dt?

§A.1  Two useful lemmas for coordinate changes

Consider two sets of generalised coordinates {u;} and {¢;} related by u; = u;(q1, 2, --Gn, t).
Note that we allow for the change of coordinates to depend on time.?° Such transformation
is known as a point transformation. We also note that the {u;} coordinates depend on {g;}
(and possibly t), but not on {¢;}. This is no longer true if we take a time derivative:
generically u; will depend on {¢;,q;,t}. We start by proving the following two simple
lemmas:

Lemma (A). If u; = u;(q1, g2, ..-qn, t) then
dg; 04

20For instance, we could have u; = e'q;, giving a sort of “expanding” set of coordinates. Such things
appear fairly naturally when one is studying cosmology, for example.
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Proof. By the chain rule

Z 8ul . aul

Further differentiating with respect to ¢; just picks out the coefficient of ¢; (since u; does
not depend on ¢; its derivative du; /gy does not either) giving the advertised result

= = ) O]
8(]] <Z 8qk 8t ) 8(]]'
Lemma (B). If u; = ui(q1, g2, -.-qn, t) then

8(]]' N dt an ‘

Proof. We again use the chain rule, and the fact that partial derivatives on the same set
of coordinates commute (if the result is continuous):

d (9uz - 82ui 8 U; aul U; 0
4 (0u) 3 - _ PPy -2 @) . O
dt (aqj) 2 9q0q; " " 9tog; ( O > ag; ()

Example: invariance of the Euler-Lagrange equations under coordinate
changes

As an example of how the theorems above are useful, let us prove explicitly that the choice
of generalized coordinates does not affect the form of the Euler-Lagrange equations.

Theorem. Assume that we have two sets of generalized coordinates {uy,...,u,} and
{q1,...,q,} related by an invertible change of coordinates u; = w;(qi,...,qn,t). Then
the Euler-Lagrange equations

oL d (0L
- — = ‘ 1,...
T (3%) 0 Vie{l,...,n}
are equivalent to
oL oL
—_— = — =0 Vk 1,...
-2 (5) € {l....n)

Proof. We will prove the result by repeated application of the chain rule. For the first term
in the Euler-Lagrange equations we get

i oL d OL Ouy Z oL 8uk oL Ot
0q; T dt auk 8qZ oy, 0¢; (9t dq;
—~

—0 =0
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which using Lemma (A) becomes
dt (9uk dq;

- L [dt (8uk)] 4 +; (auk) al <8qi)

which is now, using Lemma (B)
~[d (OL\] 0w OL duy,
- L [dt (auk)] 9a | Z iy 0q;

The second term in the Fuler-Lagrange equations is easier. Again using the chain rule:

Z OL Ouy Z oL 8uk oL 0Ot
ouy, Og; Oy, Og; 875 dq;

=0

3%

Taking the difference of both equations we get

d (0L _8L_2": d (OLY OLY Ouy
dt an 8% N 1 dt auk 8uk 6q,~ .
We are almost there. In order to exhibit the rest of the argument most clearly, we will
switch to matrix notation. Denote the matrix associated to the change of variables by

8uk
9q; '

Jik =

This matrix (known as the “Jacobian matrix”) is invertible, since by assumption the change
of coordinates is invertible. Denote the vector of Euler-Lagrange equations on the ¢ coor-

dinates by
£@) _ oL d (OL
and similarly for the u coordinates

gw _ 9L d (0L
k 8uk 8uk

Using these definitions we can rewrite the Euler-Lagrange equations as the vector equations
E@ =0 and E®™ = 0, and we have just shown that

E@ — JE®

with J invertible, so E@ =0 iff E® = 0, which is what we wanted to show. O
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