3. Two beads of unit mass move along a straight horizontal wire, without friction, with
positions x; and zo (we will assume x5 > 7). We join them with a spring of natural
length a and constant k = 1.

(a) Introduce the generalised coordinates ¢ = x and ¢y = x5 — a. Show that the
Lagrangian describing the system in these coordinates is

1 . X 1
L= 5(@% +43) — 5(@2 —q)°.
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(b) Write the Euler-Lagrange equations of motion for ¢; and g» coming from this
Lagrangian.
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(c) Find the normal modes of the system, including possible zero modes, and write
the general solution ¢;(¢) and ¢o(t) for the motion of the system in terms of
these normal modes.
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(d) Assume that the system starts at rest, with ¢o = —¢1 = d > 0. Find the
subsequent motion of the system, that is, give explicit expressions for ¢;(t) and
¢2(t) compatible with the given initial conditions.
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8. Consider an infinitesimal transformation of the generalised coordinates of the form

¢ — ¢ = q +e€ai(q,. .., qn) ; G — 4; = ¢; + €a(qry .-, qn)

where we have dropped possible terms of quadratic and higher order in the infinites-

imal parameter e.

(a) Show, using the Euler-Lagrange equations, that under such a transformation
the change in the Lagrangian
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is given by

dQ
0 = e—=
“dt

for some @ that you should find explicitly. In the special case 0L = O(e?) the
transformation is a symmetry, and the ) that you found is a conserved charge.
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(b) Consider a Lagrangian of the form
1 . .
Loy = 5(d7 + d3) — agy — bg;

Find the relation that needs to be satisfied between a¢ and b so that the in-

finitesimal rotation
! 1 €
(@)~ (5) = (1) (2)
q2 qs —e 1 q2

is a symmetry of L.
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(c) Denote by L, the Lagrangian with a arbitrary, but b chosen so that the rotation
above is a symmetry. Compute the conserved charge () associated to the
rotation of L,.
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(d) Compute the generalised momenta p; for the Lagrangian L, and check that
the variation of ¢; under the transformation generated by (), obtained by com-
puting the relevant Poisson bracket, agrees with the transformation you started
with.
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(e) Write down the expression for the Hamiltonian H,, in terms of ¢; and p;. Then
show, by computing the Poisson bracket Q = {Q, Hy}, that @ is conserved if
and only if the relation you found between a and b above holds.
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