MATH2071 Mathematical Physics II Solutions Week 3

Lagrangian Mechanics - Generalised Coordinates

1. The equations of motion are

d
dt (Ql) q1
d
dt ((]2) q2

so we calculate

E (Q1Q2 - C]2Q1) = Q192+ 192 — G2q1 — G1G2 = q1q2 — @21 = 0

using the equations of motion to get rid of the second derivative terms.
2. We have

& = 7sin(f) cos(p) + r cos(f) cos(p)fd — rsin(f) sin(p)p
3 = 7 sin(#) sin(p) + r cos(#) sin(p)d + rsin(8) cos(p)¢
& =1 cos(f) — rsin(h)f .

Putting these into
1
T = 5m(jc2 + 9% + %)
leads to the desired result after a little bit of straightforward algebra.

3. The kinetic energy is as in the previous problem, setting r = L (which is a constant,
so 7 = 0), and the potential energy is mgz = mgL cos(#). This implies that

1 .
L= §m(L292 + L?sin?(0)¢*) — mgL cos(0) .
Accordingly, the equations of motion are

d (GL) OL L — mL?sin(0) cos(6)* — mgLsin(6) = 0

dt\ob) 00
L L .
% <(2_¢) - g—gp = % (mL?sin®*(0)¢) = mL*(2sin(f) cos(0)f + sin®(0)3) = 0.



