MATH2071 Mathematical Physics II Solutions Week 4

Lagrangian Mechanics
Symmetries and conservation laws I

1. (a) The Lagrangian doesn’t depend on € so conserved quantity is

OL 2220
86 w?’

(b) The Lagrangian doesn’t depend on ¢ so conserved quantity is

0L .
— = r%sin?(6)¢.
99
(c) The Lagrangian doesn’t depend on z, y or z, so the conserved quantities are
0L T
Pe= 57 = —
oz 21— i — 2 — 22
Py = — y
N 2V =
z
b =

N
2. (a) Under the transformation
@ = =@+
g3 — G5 =q3 —€q
the quantity g3 + ¢35 transforms as
G+ a5 — (2 +egs)’ + (g3 — eq)” = @3 + @3 + O(¢).

A similar calculation (with dots on) shows that ¢5 + ¢3 only changes by terms
of O(€*). Thus to this order the Lagrangian is invariant and the transformation
is a symmetry with F' = 0. By definition we have ay = g3 and a3 = —¢,, (and
a; = 0) so Noether’s theorem tells us that

oL oL oL
—j— — F = 3— — q9— — 0 = 3¢°Go — 24>
Q=ua a3, q3 90, q2 %0 939792 — 920743

is conserved.
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3.

(b) Expanding the derivative, we have

dQ _ d(qid2) d(q7ds)

priall e + ¢7 (43Go) — T ¢; (Gads)
_ g Maid) - dlgids)
S dt >dt

Meanwhile, the Euler-Lagrange equations for ¢ and g3 are

d (OL\ 0L  d(¢
d (oL oL _ (Q1Q2)+q2:o
d (OL\ 0L  d(q
— (= _ 2 _ (q1Q3)—|—Q3:O

so = 0 now follows by substitution.

(a) Under the transformation z — (1+¢€)z and & — (1+¢€)@. So £ is invariant, and
the only term in the Lagrangian which changes is the term containing In(z).
Under the transformation

oL = L2y, i',9) — L(z,y,2,9) = (In(2') — In(z)) %
= (In(z(1+¢€)) —In(x)) % =In(1+ 6)% (In(y))

= e (infy)) + O

so we can take F' = In(y). By Noether’s theorem we have that

Qz = 2k g (2—:6 - 1n(y)) —In(y) = R 21In(y)

0% T T

is conserved.

(b) Considering the transformation  — z, y — (1 + €)y we similarly find that
§L = —e41In(z) + O(€%) so F = —In(z). The corresponding conserved quantity
is

Qy = % +21n(x)

Y
(c) From the conservation of (), an (), we can write that
w d
@ o 2 in@) ~Infy) = ¢ = 0
Q _ d o
— = —(In(y)) +In(z) = Cy =1+ In(2)

2 dt



Substituting In(y) from the first equation we find

d2
@(ln(m)) +1In(z) = Cy =1+ 1n(2)
which has the solution In(z) = acos(t) + Bsin(t) + 1 + In(2). Using the initial
conditions to find «, § we find that
In(z) = 1—cos(t)+ In(2)
d

In(y) = a(ln(a:)):sin(t).

4. (a) Using that
w — cosh(f)w + sinh(6)x
& — cosh(0)i + sinh(f)w
we find that
W?® — 7% — (cosh(8)w + sinh(#)i)? — (cosh(8)i + sinh()w)? = w* — &>
As g and 2 are not altered by the transformation, it is clear that L is invariant.

(b) To order O(e), we have cosh(e) = 1 and sinh(e) = €. Therefore the infinitesimal
form of the transformation is just

w — W+ex
r — T+ e€ew.
As L is invariant under this transformation, Noethers theorem tells us that the
charge @) is conserved where
oL oL m(wt — rw
0,0l OL _  mwi—ai)

w— = .
Ow 0 \Ju? —i? — 2 — 32

5. The first bit is standard bookwork; if L = L(g;, ¢;) then
dL oL oL d (8L) . o0L. d (8_L )

d (.0L

Applying this to the given Lagrangian we find

d¢;

E = it 4i=——1L

AT AT

As v is an ignorable coordinate we have that ‘Z—g = -5 is also conserved.
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1 . 1
FE=— (w2 + 2292> — 5732 — V22 +w?.

w2

E = % (7*2 + 120% 4 12 sin2(8)q52> + mr cos(6).

We find that _
.OL x?

T— = — ,
oz 21— i — 2 — 22

so substituting this is in to F, together with the similar expressions for y and z

gives

1
2¢/1— a2 — 2 — 22

2¢/1 — @2 — 2 — 22

FE =

1
1 — 22— 2 —
2\/ T Yy z



