LOCAL DEFORMATION RINGS FOR GL, AND A
BREUIL-MEZARD CONJECTURE WHEN [ # p

JACK SHOTTON

ABSTRACT. We compute the deformation rings of two dimensional mod ! rep-
resentations of Gal(F/F) with fixed inertial type, for [ an odd prime, p a
prime distinct from I, and F/Q, a finite extension. We show that in this set-
ting an analogue of the Breuil-Mézard conjecture holds, relating the special
fibres of these deformation rings to the mod [ reduction of certain irreducible
representations of GL2(OF).

1. INTRODUCTION

Let p be a prime, and let F' be a finite extension of Q, with absolute Galois
group Gp. We study the (framed) deformation rings for two-dimensional mod [
representations of G, where [ is an odd prime distinct from p. More specifically,
let E be a finite extension of Q;, with ring of integers O, uniformiser A, and residue
field F. Let

be a continuous representation. Then there is a universal lifting (or framed defor-
mation) ring RP (p) parametrising lifts of . Our main result relates congruences
between irreducible components of Spec RH (p) to congruences between certain rep-
resentations of GLy(OF), where Op is the ring of integers of F. Our method
is to give explicit equations for the components of Spec R™(5), which may be of
independent use.

If 7: Ir — GL2(E) is a continuous representation that extends to a representa-
tion of G (an inertial type), then we say that a representation p : Gp — GLo(E)
has type 7 if its restriction to I is isomorphic to 7. Say that an irreducible compo-
nent of Spec R7(5) has type 7 if a Zariski dense subset of its E-points correspond
to representations of type 7. We define (definition 4.1) a formal sum C(p,7) of
irreducible components of the special fibre Spec R (p) ®o F. For semisimple T,
this is obtained as the intersection with the special fibre of those components of
Spec RP(p) having type 7; for non-semisimple 7 this must be slightly modified.

To an inertial type 7 we also associate an irreducible E-representation o(7) of
GL2(Op), by a slight variant on the definition of [Hen02] (see section 3.3). For an
irreducible F-representation 6 of GL3(OF), define m(6,0(7)) to be the multiplicity
of 6 as a Jordan—Holder factor of the mod A reduction of o(7). Then we can state
our main theorem (theorem 4.2):

Theorem. Let p: Gp — GLy(F) be a continuous representation. For each irre-

ducible F-representation 6 of GLy(OF), there is a formal sum C(p,8) of irreducible

components of Spec RD(E) ® F such that, for each inertial type T, we have the
1
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equality

C(p,7) = > m(6,5(m)C(7,0).
(4

In fact the C(p,0) are uniquely determined (at least for those 6 which actually
occur in some o(7)).

This theorem is an analogue for mod [ representations of G of the Breuil-
Mézard conjecture [BM02], which pertains to mod p representations of Gg,. Our
statement is not in the language of Hilbert—Samuel multiplicities used in [BMO02],
but rather in the geometric language of [EG14]. The original conjecture of Breuil-
Mézard was proved in most cases by Kisin [Kis09al; further cases were proved
by Paskiinas [Pasl5] by local methods, and the full conjecture was proved when
p > 3 in [HT13]. The conjecture was generalised to n-dimensional representations
of Gr in [EG14]; the only case known, outside of those just mentioned, is that of
two-dimensional potentially Barsotti—Tate representations (see [GK14]).

In the I # p setting, a comparison of special fibres of (very particular) local
deformation rings was used by Taylor in [Tay08] to prove the change of level re-
sults needed to obtain non-minimal automorphy lifting theorems; this is another
motivation for our result.

Our method of proof is to completely explicitly determine equations for deforma-
tion rings of fixed type, and indeed obtaining these explicit descriptions is another
goal of this paper. We reduce to the tamely ramified case, in which we use the
relation

g0~ = o

for ¢ € GF a lift of Frobenius and ¢ € Ir a generator of tame inertia. Since we
are considering lifts p of fixed type, and so with fixed characteristic polynomial
of p(o), we may use the Cayley—Hamilton theorem to reduce this equation to one
of degree at most two in the entries of p(¢) and p(c). These explicit descriptions
show that the irreducible components of Spec RP(p) ® E are always smooth (which
is also proved in [Pil08]), and that the reduced deformation rings in which the
semisimplification of the restriction to inertia is fixed are always Cohen—Macaulay
(see 5.5). It is natural to ask whether these properties persist beyond the case
of two dimensional representations. We note that the generic fibres of our local
deformation rings have been studied in [Pil08] and [Red], but their methods say
little about the integral structure.

In a forthcoming paper, we will extend theorem 4.2 to the case of n-dimensional
representations using global methods.

The structure of this paper is as follows. In section 2 we define the universal
deformation rings and show how to reduce their study to the case when p is tamely
ramified. We also prove some lemmas that will be useful in the calculations that
follow. In section 3 we define the deformation rings with fixed inertial type that we
will need, and discuss the construction of the representations o (7). In section 4 we
state and prove the main theorem, modulo the calculations of section 5 and results
of section 6. Section 5 contains the calculations of explicit equations for local
deformation rings, divided into cases according to the value of ¢ mod [. Finally, in
section 6 we prove the results on the mod ! reduction of the o(7) that are stated
in section 3.4 (and used in the proof of theorem 4.2).
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2. PRELIMINARIES

2.1. Fields and Galois groups. Suppose that [ # p are primes with [ > 2.

Let F/Q, be a finite extension with ring of integers O, maximal ideal pp,
uniformiser wr and residue field kp of order q. Let F' have absolute Galois group
G, inertia group Ir, and wild inertia group Pp. Let Ip — Ip/ﬁp =~ 7; be the
maximal pro-I quotient of I, so that ]5F/PF = Hl,#}p Zy. Note that Pp is normal
in Gg and write Tp = Gp/]:’p The short exact sequence 1 — IF/PF — Ty —
Gr/Ir — 1 splits, so that Tr = Z; 7. We fix topological generators o of this Z;
and ¢ of this 7 such that ¢ is a lift of arithmetic Frobenius. Then the action of 7
on Z; is given by
(1) o¢ = o,

Let L/F be an unramified quadratic extension, with residue field k.

Now let E/Q; be a finite extension with ring of integers O, residue field F and
uniformiser . Let € : Gp — Z; be the [-adic cyclotomic character, and let 1 :
Gr — Z] be the trivial character. If A is any O-algebra then we will regard these
as maps to A* via the structure maps Z; — O — A.

Define two integers a and b by a = v;(¢ — 1) and b = v;(g + 1), where v; is the
l-adic valuation; at most one of a and b is non-zero, since [ is odd.

2.2. Deformation rings. Suppose that M is an n-dimensional F-vector space and
that p : Gp — GL(M) is a continuous representation. Let (€;)7_; be a basis for
M, so that p gives a map p: Gr — GL,(F).

Let Co denote the category of artinian local O-algebras with residue field F, and
C{ the category of complete noetherian local O-algebras with residue field F. If A
is an object of Co or C{3, let m4 be its maximal ideal. Define two functors

D(p), D7(p) : Co — Set
as follows:

e D(p)(A) is the set of equivalence classes of (M,:) where: M is a free
rank n A-module, p : Gp — Aut4(M) is a continuous homomorphism,
and ¢t : M ®4F = M is an isomorphism commuting with the actions of
Gr;

e DY(5)(A) is the set of equivalence classes of (M, p, (e;)7,) where: M is a
free rank n A-module, p : Gp — Auta(M) is a continuous homomorphism
and (e;)"_, is a basis of M as an A-module, such that the isomorphism
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t:M®sF 55 M defined by ¢ : e; ® 1 + € commutes with the actions of
Gp.
In the first case, (M, p,t) and (M’,p’,./) are equivalent if there is an isomorphism
a: M — M’ commuting with the actions of G, such that « = /' o in the second
case, (M, p, (e;);) and (M’, p', (€});) are isomorphic if the map M — M’ defined by
e; — e, commutes with the actions of Gr. There is a natural transformation of
functors DY (5) — D(p) given by forgetting the basis.
Alternatively, when p is regarded as a homomorphism to GL, (F), we have the
equivalent definitions

DY (p)(A) = {continuous p : Gp — GLy,(A) lifting p}
and
D(p)(A) = {continuous p : Gr — GL,(A) lifting p}/conjugacy by 1+ M, (m4).
The functor D(p) is not usually pro-representable, but the functor DP(5) always
is (see, for example, [Kis09b] (2.3.4)):

Definition 2.1. The universal lifting ring (or universal framed deformation ring)
of p is the object RY(p) of C{y that pro-represents the functor D= (5). The universal
lift is denoted p” : Gp — GL,(RP(p)).

Recall the following calculation (see e.g. [BLGGT14] section 1.2):

Lemma 2.2. The ring R (p)[1/1] is generically formally smooth of dimension n?.

The next lemma enables us to reduce to the case where the residual represen-
tation is trivial on Pp. Suppose that 6 is an irreducible F-representation of PF
Then by [CHTO08], lemma 2.4.11, there is a lift of 6 to an O-representation of Pg,
which may be extended to an O-representation 0 of Gy, where Gy is the group
{g € Gr : g0g~—' = 0}. For each irreducible representation 0 of Pr, we pick such
a # and a finite free O-module N(6) on which Pp acts as 0. If M is a set-finite
O-module with a continuous action p of G, then define

My =Homp, (0, M).

The module My has a natural continuous action pg of Gg given by (gf)(v) =
gf(g~'v); the subgroup Pr of Gy acts trivially.

Lemma 2.3. (Tame reduction)

(1) Let M be a set-finite O-module with a continuous action of Gp. Then there
s a natural isomorphism

M = P Indgr (N(6) @0 My),

where [0] runs over Gg-conjugacy classes of irreducible representations of

Pp.
(2) The isomorphism of part (1) induces a natural isomorphism of functors:
D(p) = [ D(py)
(6]

where 6 runs through a set of representatives for the G p-conjugacy classes
of irreducible representations of Pr.



LOCAL DEFORMATION RINGS FOR GL» 5

(3) If R (p,) s the universal framed deformation ring for the representation
Py of Go/Pr, then

—

120)= (@, Fo70) ) X Koo 0]

where ng = dim pg. This isomorphism lies above the isomorphism D(p) =
16 D(Po) of part (2).

Proof. The first two parts are in [CHTO08]: part (1) is lemma 2.4.12 and part (2)
is corollary 2.4.13. Part (3) is the refinement to framed deformations obtained
by keeping track of a basis in the construction of part (1) of the proposition, as
in [Cho09], proposition 2.0.5.

As [Cho09] is not easily available, we sketch the argument for part (3): let
[01],[2], ... be the Gp-conjugacy classes of irreducible Pp-representations. Pick
left coset representatives (g;;); for Gy, in Gp. Write N; for N(6;), and choose an
O-basis (fir)r of N;.

Let A be an object of Co, M be a free rank n A-module with a continuous
action of G, and My, be as above. Given (for each i) a basis (e;1), 4 of My,, we
can produce a basis (€;;xi);k,; of

My, = AlGFr) @ A[Go) (N; ®o MGi)
defined by
eijkl = Gij ® fir ® eq.
Then (e;jk1)i ;1 is a basis of M.

Let F(A) be the set of Y = (Yj;x1,4j//1) which are n x n matrices of elements

of m4 such that

mjkl,i/j’k’l/ =0if¢ = ’i/ andj = jl =k = k/ =1
(so that n*> — " ng ‘free’ entries of Y remain). Then F defines a functor on Co pro-
represented by O[[X1, ..., X,z _s~,,2]] (the variables X being simply an enumeration
of those Yj;x.+ /%7 which can be non-zero).

We then have a natural transformation of functors

Fx [[D"(5s) = D" (p)
(6]
taking the tuple (Y, (Ms,, pg,,€i1):) to the tuple

(EB Indg; (N; ®o My,), @ Idg; (6: @0 po,), (In + Y)(eijkz)m,k,l) :

i i

Then one can check (and this is what is done in [Cho09], proposition 2.0.5) that
this is in fact an isomorphism, and so we get the claimed isomorphism of pro-
representing objects. O

2.3. Twisting.

Lemma 2.4. Suppose that x : Gp — O is any character. Then there is a natural
isomorphism

R7(p) = R°(p@X).
Moreover, if x1 and x2 satisfy X1 = Xy then they induce the same maps RU (p) ®
F> R(pox;) oF.
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Proof. This follows easily from the isomorphism of functors
D%(p) = D (p@X)
given by tensoring with x (remembering that we are considering O-algebras). For

the last statement, observe that if the functors are restricted to F-algebras then the
isomorphism only depends on . ([l

Since every F-valued character lifts to O (using the Teichmiiller lift) this shows
that RF(p) = RI(5 ®X) for every X : Gp — FX.

We also need the calculation of the universal deformation ring of a character, to
which some of our calculations reduce. This is completely standard, but we include
it as a simple illustration of the method.

Lemma 2.5. Let X : Ggp — F* be a continuous character. Then
O[lX, Y]]
(1+X)" =1)

has 1 irreducible components, indexed by the [*th roots of unity. They are formally
smooth of relative dimension one over O.

R7(x) =

Proof. By lemma 2.4, we may take X to be trivial. If y is any lift of ¥ to an object
A of Co, then for g € Pp we must have x(g)™ = 1 for some n coprime to [, and
therefore x(g) = 1, so that we are reduced to considering characters of Tr. We must
have that x(0)? = x(¢) and x(¢) =1 mod my4, and therefore that x(o)!" = 1. We
are then free to choose x(¢). Writing x(o) = 1+ X and x(¢) = 1+ Y, we have
shown that OlIX. Y]
O/ }
D) = Homey (7 P L4
functorially, and so the universal framed deformation ring is as claimed. ]

2.4. Multiplicities and cycles. Suppose that X is a noetherian scheme and that
F is a coherent sheaf on X. Let Y be the scheme-theoretic support of F, and let
d>dimY. Let Z¢(X) be the free abelian group on the d-dimensional points of X;
elements of Z¢(X) are called d-dimensional cycles. If a € X is a point of dimension
d write [a] for the corresponding element of Z¢(X) and define the multiplicity
e(F,a) to be the length of Fy as an Oy q-module (this is zero if a € V).

Definition 2.6. The cycle Z¢(F) associated to F is the element

Z e(F,a)[a] € Z4X).

a

If X = Spec A is affine and F = M for a finitely generated A-module M, then
we will write Z4(M) for Z4(F).

If i : X — X' is a closed immersion of X in a noetherian scheme X', then there
is a natural inclusion i, : Z4(X) — Z¢(X’) for each d. For a coherent sheaf F on
X whose support has dimension at most d, we then have

1. (Z4F)) = ZUi(F)).

We will often use this compatibility without comment.
A cycle is effective if it is of the form > nq[a] for ng > 0. Say that an effective
cycle C is a subcycle of an effective cycle Cy if Co — (' is also effective.
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2.5. A determinantal ring. For a, b and ¢ natural numbers, if I is the ideal
generated by the a X a minors of a b x ¢ matrix with independent indeterminant
entries over a Cohen—Macaulay ring A, then A/I is always Cohen—Macaulay (see
[Eis95] theorem 18.18). We include a simple proof in the very special case that we
need below.

Remark. The proof given below is incorrect, but the proposition is correct. See
Section 7 for details. We thank Lue Pan for pointing this out.

Proposition 2.7. Let k > 2 be an integer and let A be either a field or a dis-
crete valuation ring. Let R = A[X1,..., Xk, Y1,...,Y%] and let I < R be the ideal
generated by the 2 X 2 minors of:

D CHD. CHEND. ¢

Yi Yo ... Y )
Let S = R/I. Then S is a Cohen—Macaulay domain and is flat over A. It is
Gorenstein if and only if k = 2.

The same is true if we replace S by its completion S™ at the “irrelevant’ ideal
(X1, X, Y, ..., Ye).

Proof. Note that R and S are naturally graded A-algebras.

Suppose that A is a field. It is easy to see that Proj(S) is a smooth irreducible
projective variety over A of dimension k£ + 1 — it is covered by the open sets
{X; # 0} and {Y; # 0}, each of which is isomorphic to (AL \ {0}) x A%. Thus S
is a domain. We may extend A so that its cardinality is at least k + 1, and choose
pairwise distinct aq,...,ar € A*.

I claim that (X7 —a1Yy,..., Xk —axYe, Y1 +...+Y) is a regular sequence in S.
To see this, observe that Proj (S/(X; — a1Y1,..., X; — @;Y;)) is reduced (we may
check this on the affine pieces) and that its irreducible components are all of the
form

P ! )
roj

(Xj — i Yihi<j<k + (X5, Y)i<j<ijio
for 1 < iy < i or of the form

Proj(S/(X1,. .., X0, Vi, Yo)).

Now it is easy to check that X;11 — @;41Yip1 (ifi <k)or Yi+...+Y, (if ¢ = k)
is a non-zerodivisor on each of these components, and so is a non-zerodivisor on
S/(X1 — a1y, ..., X; — «;Y;) as required.

Now

S/((XZ _aiYVi)iaYI ++Yk) = A[Y27,Yk]/(}/§7,yk)2

is Gorenstein if and only if k£ = 2, as required.
If A is a DVR then the following easy lemma (a specialisation of [Snoll] propo-
sition 2.2.1) gives the result.

Lemma 2.8. If A is a DVR and S is a finitely generated A-algebra such that
S® A/my and S ® Frac A are domains of the same dimension, then S is flat over
A (that is, a uniformiser of A is a reqular parameter in S).

The final statement of the proposition follows from the facts that both localisa-
tion and completion preserve the properties of being Gorenstein, Cohen—Macaulay,
or A-flat; S is a domain because its associated graded ring is S, which is a do-
main. (]
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3. TYPES
3.1. Inertial types.

Definition 3.1. An inertial type T (of dimension n) is an equivalence class of pairs
(r+, N;) such that:

e v, : Ir — GL,(FE) is a representation with open kernel;
e N. is a nilpotent n X n matrix over F;
e (-, N;) extends to a Weil-Deligne representation of G.

In particular, N; commutes with the image of r-. Two such pairs are equivalent if
they are conjugate by an element of GL,,(E).

We say that a continuous representation p : Gy — GL, (F) has inertial type 7 if
the restriction to inertia of the associated Weil-Deligne representation is equivalent
to 7.

We define some particular two-dimensional types which will often arise. They
will all be of the form (r, N') with 7| _ trivial, and are therefore determined by r (o)
and N. Define:

e 7 by (o) = (g 2) and N = 0, where ( is an [?th root of unity (s is
for ‘split’);
¢ 0 0 1 . a .
® T¢ns by (o) = ¢ and N = 0 0) where ( is an [*th root of unity
(ns is for ‘non-split’);

® ¢, ¢ by r(o) = (% (?2) and N = 0 where, ¢; and (» are distinct {“th

roots of unity;

o ¢ by r(o) = (g £91> and N = 0 where, ¢ is a non-trivial Ith root of

unity.
To see that 7¢ is a type, note that if L/F is the unramified quadratic extension,

then there is a character of GL/pF mapping o to &, which when induced to G
gives a representation of type 7¢.

3.2. Deformation rings with fixed type.

Definition 3.2. Let 7 be an inertial type. Then RV (p, 7) is the maximal reduced,
I-torsion free quotient of RY(p) with the following property: if 2 : RE(p) — GL,(E)
is a continuous homomorphism such that the associated representation p, : Gp —
GL,(E) has type 7, then x factors through R™(p, 7).

The rings R(5) ® F and RP(p,7) ® F will occur very often, and so we denote
them respectively by R (p) and RP(p,7).

From now on suppose that n = 2. Write 7 = (r,, N;) and assume that F is large
enough that all of the roots of the characteristic polynomial of r, lie in E. Let
RP(5,7)° be the maximal quotient of RY(5) on which:

e if 7, is not scalar then, for all g € I, the characteristic polynomial of pJ (9)
agrees with that of r.;

e if r, is scalar and N, = 0 then, for all g € I, p"(g) is scalar and agrees
with r;
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e if r. is scalar and N, # 0 then, for all g € I, the characteristic polynomial
of pH(g) agrees with that of 7. Moreover, we have

(2) q(tr p7(6))* = (¢ +1)* det(p™(9)).
It is clear that these quotients exist and that the conditions imposed are defor-
mation problems for p.

Lemma 3.3. The ring RO(p,7) is a reduced I-torsion free quotient of R (p,7)°.

If N, =0, then we have that RP (p,7) is equal to the mazximal reduced I-torsion
free quotient of RP(p,7)°.
Proof. The first part is clear unless r, is scalar and N, # 0. In this case, we must
show that any representation p : Gr — GLo(E) of type 7 satisfies equation (2).
The Weil-Deligne representation (r, N') corresponding to such a p satisfies |7, = r;
and N # 0. Then r(¢)N = gNr(¢) implies that r(¢) preserves the line ker N and
the quotient E /ker N. If it acts as « on the former and 5 on the latter then we
must have o = ¢f; as a and 3 are the eigenvalues of p(¢) the equation (2) is easily
verified.

The final claim follows from the simple observation that any E-point of RF (5, 7)°
has associated Galois representation of type 7, except perhaps if r, is scalar and
N, #0. O

Remark 3.4. If R is a reduced, I-torsion free quotient of R™(5) such that RZ (5, 7)
is a quotient of R, then R = RV (p, 7) if and only if the closed points of type 7 are
Zariski dense in Spec R[1/[]. In our calculations, when this is true it will always be
clear by inspection.

3.3. K-Types. Let G = GLy(F), K = GLy(OF), and for N > 1 let K(N) =
1+ My(p¥) and Ko(N) = {(Z Z) tc€ pg} Let Uy = Oy and for N > 1 let
Un = 1+p¥. The ezponent of a character y of Oj is the smallest N > 0 such that
x is trivial on Uy. If 7 is an irreducible admissible representation of G L, (F') (we
only need m =1 and m = 2) over F, let rec(m) be the continuous representation of
W over E associated to m under the local Langlands correspondence (normalised
so as to be preserved by automorphisms of F).

For each two-dimensional inertial type 7 = (r;, N;), we define an irreducible
representation o(7) by the following recipe:

o If 7 =7y 4, then o(7) is the trivial representation of K.

o If 7 =7y 5, then o(7) is the inflation to K of the Steinberg representation
St of GLa(kp).

o If 7 = (1 @rec(e)|,,0) for a non-trivial character € of F* of exponent N,
then

o(t) = Indgo(N) €,
where € ((Z Z = ¢(a).

o If 7 = (rec(m)|s,,0) for a cuspidal representation m of GLo(F'), then by
[BHO6], 15.5 Theorem, there is a certain subgroup J C G, containing the
center of G and compact modulo center, and a representation A of J such
that

7 = c-Ind§ A.
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By conjugating, we may suppose that the maximal compact subgroup J°
of J is contained in K. We then have

o(1) = Ind (A] yo).
o If 7 =7 ®@rec(x)|rp, then o(7) = o(7') ® (x|u, o det).
This is a slightly modified version of the construction in [Hen02] — the construc-

tion there only depends on 7., and agrees with ours whenever r. is not scalar. The
following is an easy consequence of [Hen02]:

Proposition 3.5. If (1) is contained in an irreducible admissible representation
7w of GLy(F) and rec(m) = (r,N) then r|r. = r, and either N = N, or N, # 0
and N = 0.

If m is infinite-dimensional, then the converse is true.

3.4. Reduction of types. Suppose that 7 : Ir — GL(F) is such that 7 extends
to GF.

Definition 3.6. The set L(7) is the set of types 7 such that there exists a repre-
sentation p : Gp — GL2(OF) of type 7 satisfying

If 7| 5, is non-scalar then we abuse notation and also write L(7) for the set of r
such that (r,0) € L(T), as in this case every element of L(T) is of this form.

Lemma 3.7. Suppose that T is trivial on Pr. Then each element of L() is one of
the types T¢ s, T¢ ns, Ter,cas Te defined in section 3.1.

Proof. Suppose that p : Gp — GL2(Ogp) is of type 7 and is such that p|;. = 7.
As 7| pp 1s trivial, p must also be trivial on Pr and its type is determined by the
eigenvalues of p(o) and by a nilpotent matrix N commuting with p(c). Now, the
fundamental relation ¢o¢~—! = 09 shows that the eigenvalues of p(c) are the same
(but perhaps in a different order) as those of p(c)?, and this implies that they are
(¢*> — 1)th roots of unity. Moreover, they are congruent to 1 modulo the maximal
ideal of O, and so must in fact be either [“th or I°th roots of unity (recall that
at most one of a and b is non-zero, since | # 2). If they are distinct {*th roots of
unity, then N must be zero and 7 = 7¢, ¢,; if they are equal [“th roots of unity then
T = T¢,s OF T¢ns; if they are [°th roots of unity then they must be ¢ and ¢4 = ¢-1
for an (°th root of unity &. Moreover the case ¢ = 1 has already been dealt with
and so we may assume that £ # 1, in which case N =0 and 7 = 7¢. O

Lemma 3.8. (1) Suppose that T|p,_ is irreducible. There is a lift v of T to
GLy(E), which we fix. Then L(T) = {r ® x}y as x runs over the set of
characters x : Ip — B which estend to Gr and reduce to the trivial
character.

(2) Suppose that T|p_ = (T1 © T2)|p, where Ty and Ty are distinct characters
of Gg. There are lifts r1 and ro of T1 and Ts to EX, which we fix. Then
L(7T) = {(r1]1- ® x1) ® (72|12 ® X2) }x1,x2 Where X1, X2 run over all pairs of
characters Ip — E” which extend to Gr and reduce to the trivial character.

(3) Suppose that T|p_ = (T1 ®T7)|p, where T1 and T{ are distinct characters
of G, which are conjugate by an element of G (recall that L/F is the
unramified quadratic extension). There is a lift T1 of T1 to E. Then
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L(7) = {(r1|1- @x) ® (7|1 ®X°) }x as x runs over all characters Ip — E”
which extend to G, and reduce to the trivial character.

Proof. This follows from proposition 5.1 below; the ingredients in the proof of that
proposition are lemma 2.3 (reduction to the tame case) and lemma 2.4 (lifting ring
of a character). O

Lemma 3.9. If 7 = (r,0) is an inertial type with 7|5 non-scalar, then o(7) is

irreducible. If T/ is any other inertial type, then o(7') contains o(7) if and only if
7' € L(F) (in which case o(1) = o(7')).

Proof. These are the results of propositions 6.4 and 6.5. (I

If 7 = (r,N) with r|p_ scalar, then o(7) need not be irreducible. We give the
(well-known) analysis of these o(7) in section 6.1. For now, we just give names to
the following representations of GLs(kr) (and hence, by inflation, of K) over F:

e the trivial representation, 1;

e the Steinberg representation, St (irreducible if ¢ Z —1 mod 1);

e if ¢ = —1 mod [, the cuspidal (but not supercuspidal) subrepresentation
1 of St.

4. THE ‘BREUIL-MEZARD CONJECTURE’
Let p : GF — GLo(F) be a continuous representation, and suppose that E is
sufficiently large that:

e every subrepresentation of p ® F is already defined over F;
e E contains all of the (¢ — 1)th roots of unity;
e for every 7 € L(p|1,), o(7) is defined over E.

We state our analogue of the Breuil-Mézard conjecture when [ # p. By lemma 2.2
and the fact that RP(7,7) is defined to be O-flat, we have
dimR"(p,7) < 4.

Definition 4.1. We associate to each type 7 = (r, N) a cycle C(5,7) € Z*(RP(p))
as follows:

o if N =0, set

C(p.7) = Z'(R°(p.7));
e if N # 0 (in which case r must be scalar) let 7/ = (r,0) and set
Clp,m) = 2" (R"(p, 7)) + Z"(R"(p, 7).
Then we have

Theorem 4.2. For each irreducible F-representation 6 of GLy(OF), there is an
effective cycle C(p,0) € Z*(RP(p)) such that, for any inertial type T, we have an
equality of cycles

(3) C(p,7) =Y _ m(0,a(r)C(p,0)
6

where m(0, 0 (7)) is the multiplicity of 6 as a Jordan—Hélder factor of o(7) and the
sum runs over all 0.
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Proof. We proceed case by case, using the results of section 3.4 and of sections 5
and 6.1 below. L

Suppose that p|p, is non-scalar. Then by lemma 3.9, the representations o(7)
for 7 € L(p|1,) are all irreducible and isomorphic to a common irreducible repre-
sentation, which we call 6. By corollary 5.2, RY(5) has a unique minimal prime,
denoted a, which has dimension 4. So we have

24(Spec(BC() =2 [a].
Define C(p,0y) = [a], and C(p,0) = 0 for 6 # 6. By corollary 5.2,
C(ﬁ, T) = [a} = C(ﬁ, 90)
if 7 € L(p|p,) and
Clp,7)=0

otherwise. In other words, for all 7 we have
C(p,7) =Y _ m(0,0(r)C(P,0)
0

as required.

If p| P 18 scalar, then we may twist p by a character of G and apply lemma 2.4
and so suppose for the rest of the proof that ﬁ|1—:,F 18 trivial.

If ¢ # £1 mod I, then L(p|r.) C {715, T1,ns - By the discussion of section 6.1,
we have that

o(m,s) =1
and

0(T1,ns) = St
are irreducible and non-isomorphic, and that neither is a Jordan—-Hoélder factor of
any other o(7). So the fact that we can define the C(p, 0) so as to satisfy equation
(3) is a triviality, as there are no relations amongst the o(r) for different 7. We

work out what the C(p,8) are explicitly: for 8 # 1 or St we define C(p,6) = 0.
Otherwise, there are four cases to consider:

e if p(¢) has eigenvalues with ratio not in {1, +¢} then by proposition 5.3
there is a unique minimal prime a,,, of RD(ﬁ). In this case, define
C(p, 1) = [an,]
C(p,St) = [an;

e if p is an extension of the trivial character by itself then by proposition 5.5
part 1 there is a unique minimal prime a,,,. of RE’(E). In this case, define

C(p, 1) = [an,]
C(p, St) = [an;

e if p is a non-split extension of the trivial character by the cyclotomic char-
acter then by proposition 5.5 part 2 there is a unique minimal prime ay of
RUY(p). In this case, define

C7,1) =0
C(p,St) = [an];
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e if p is the direct sum of the trivial character and the cyclotomic character
then by proposition 5.5 part 2 there are two minimal primes of RD(ﬁ),
denoted there by a,, and ay. In this case, define

C(p, 1) = [an,]
C(p,St) = [anr] + [an].
It is then easy to verify that equation (3) holds; we just do the last case. We see
from proposition 5.5 part 2 that
C(p,11,s) = lans] =C(p.1)
C(P, Tins) = lanr] + [an]= C(p, St)
and C(p, ) = 0 for all other 7, exactly as required by equation (3).

If ¢ = —1mod [, then L(p|;,.) C Ug{TLS,Tl,ns,T{} for ¢ a non-trivial {°th root
of unity. By the discussion of section 6.1, we have that

and
o(Tins)* =1&m

where 1 and m; are irreducible and non-isomorphic, and are not Jordan—Holder
factors of any other o(7). For § # 1 or m; we define C(p,0) = 0. Otherwise, there
are four cases to consider:

e if p(¢) has eigenvalues with ratio not in {#1} then by proposition 5.3 there
is a unique minimal prime a,,. of R7(p). In this case, define
C(p,1) = [an]
C(pv 7T1) = 0;

e if p is an extension of the trivial character by itself then by proposition 5.6
part 1 there is a unique minimal prime a,, of RP(5). In this case, define

C(p, 1) = [any]
C(p7 7T1) = 07
e if p is a non-split extension of the trivial character by the cyclotomic char-
acter then by proposition 5.6 part 2a there is a unique minimal prime, de-

noted apy in that proposition, of Rm(ﬁ, T1,ns), which we regard as a prime
of RY(p). In this case, define

C(p,1)=0
C(p,m) = [an];

e if p is the direct sum of the trivial character by the cyclotomic character
then in proposition 5.6 part 2b three four-dimensional primes of R D(ﬁ) are
defined, denoted there a,,, ay and ay-. In this case, define

C(ﬁv 1) = [anr]
C(p,m) = [an] + [an’].
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It is then easy to verify that equation (3) holds using proposition 5.3 in the first
case and proposition 5.6 parts 1, 2a, and 2b in the second, third, and fourth cases;
again we just do the fourth case, which is the most complicated. Equation (3) is
equivalent to the equations:

C(p, 7—1,8) =C(p, 1) [nr]
C(p, T1ns) =C(p, 1) +C(p, m1)=[an,] + [an] + [an/]
C(p,7¢) =C(p,m) [an] + [an’]

and
C(p,7)=0

if 7 ¢ Ug{Tl,S,Tl)ns,Tg}. But by proposition 5.6 part 2b we have:

[
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[an] + [an/]
and
Clp,7)=0

if 7 ¢ Ug{Tl,S,Tl)ns,Tg}, as required.

If g =1 mod I, then L(p[r,) C U ¢, ¢, {7¢.s) Teonss T¢1,¢0 } for ¢, G and (5 (possibly
trivial) {*th roots of unity with ¢; # {s. By the discussion of section 6.1, we have
that

o(res) =1,
o (T¢,ms) = St,

and
U(TC1>C2) =1®St

where 1 and St are irreducible and non-isomorphic, and are not Jordan—Hoélder
factors of any other o(7). For 6 # 1 or St we define C(p, ) = 0. Otherwise, there
are four cases to consider:

e if p(¢) has eigenvalues with ratio not in {#£1} then by proposition 5.3 there
is a unique minimal prime a,,. of R (). In this case, define

C(p, 1) = [an,]
C(p,St) = [ans];

e if p is a ramified extension of the trivial character by itself then by propo-
sition 5.8 part 1 there is a unique minimal prime ay of R':'(ﬁ7 T1,ns) Which
we regard as a four-dimensional prime of RP(7). In this case, define

C(p,1)=0
C(p,St) = [an];
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e if p is a unramified extension of the trivial character by itself then by
proposition 5.8 parts 2 and 3 there are four-dimensional primes of RD(ﬁ)
which are denoted there by [a,,] and [ay]. In this case, define

C(p,1) = [an,]

C(p,St) = [ans] + [an].
It is then easy to verify that equation (3) holds using proposition 5.3 in the first
case, proposition 5.8 part 1 in the second case, and proposition 5.8 parts 2 and 3

in the third case (according as p is split or not); again we just do the third case,
which is the most complicated. Equation (3) is equivalent to the equations:

C(p,7¢,s) =C(p, 1) =[anr]
C(p, 7¢,ns) = C(p, St) =[anr] + [an]
C(p,7¢1.c.) = C(p, 1) + C(p, St)=[ans] + [anr] + [an]
and
Clp,7)=0
7 & Ue.e, o175 Tens» Ter o b+ But by proposition 5.8 parts 2 and 3 we have:
C(p,7¢s) = Z(R(p: 7¢,5)) =[an,]
C(p, 7ems) = Z4(B(p, 7¢.5)) + Z*(R(P. T1.ns) )=[ans] + [an]
C(P,7¢.c2) = Z4(R(P, 7¢1.c2) =2[an,] + [an]
and
C(p,7)=0
if 7 ¢ U“-l’<2 {7¢,5,T¢,ns> Ter o |+ @S Tequired. O

Remark 4.3. Although the definition of C(p,7) may seem ad-hoc, it in fact has
the following natural interpretation: it is the reduction modulo A of the cycle
in Z4(RY(p)) obtained by taking the Zariski closure of the closed points = €
Spec RP(7)[1/1] such that rec=!(p,)|x contains o (7).

Remark 4.4. We conjecture that the theorem remains true when [ = 2.

5. CALCULATIONS

Let 5: Gp — GL2(F) be a continuous representation. The aims of this section
are to give explicit presentations for the rings RU (p,7) and to compute the cycles
Z(RB(p, 1)) € Z*(Spec R7(p)). We continue to assume that F is sufficiently large,
as defined at the start of the previous section.

5.1. Simple cases. When p|_ is not scalar, then lemma 2.3 allows us to determine
the universal framed deformation rings. Recall that if 7 : Ip — GLo(F) is a
representation that extends to G then we have defined the set L(T) of types that
lift 7.
Proposition 5.1. Ifﬁ|1—:,F 1s irreducible, then

R7(p) = O[[X,Y, Z1, Z2, Z5]) /(1 + X)"" —1).

The 1% irreducible components of Spec RZ(p) are precisely the Spec R2(p,7) for
7 € L(pl1p)-
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If plp,. is a sum of distinct characters which extend to G, then
R7(p) = O[[X1, X2, Y1, Y2, Z1, 2] /(1 + X1)"" =1, (1+ X2)" —1).

The 1% irreducible components of Spec RP(p) are precisely the Spec RP(p, 1) for
7 € L(pl1p)-
If ﬁ|15F 18 a sum of distinct characters which are conjugate by the non-trivial
element of G, \ G, then
lb

RO(p) = O[[X,Y, Z1, Zs, Z3)] /(1 + X)*' —1).

The 1% irreducible components of Spec R9(p) are precisely the Spec RZ(p,7) for
7€ L(pliy)-

Proof. This follows straightforwardly from lemma 2.3. Suppose first that p|p_ is
irreducible. Then there is a unique irreducible representation 6 of Pr such that

Pp (in the notation of lemma 2.3) is non-zero. For that 6, p, is an unramified
one-dimensional representation of Gg. So by lemmas 2.3 and 2.5:

RD(p) = RD(ﬁG)[[ZhZ% Z3]] = O[[X7 Y, Z1, 2, Z3]]/((1 + X)la - 1)'

We have p~ = 6 @ = where x5 is the universal character Gp — RP (7).

Suppose now that p| p. = 01 @0 for distinct characters #; and 6. Suppose first
that the 6; are not Gp-conjugate. As in lemma 2.3, we pick O-characters 6, and
52 of G lifting and extending 6; and 5. Then (in the notation of lemma 2.3) Po,
and py, are both unramified characters. By lemmas 2.3 and 2.5:

R (p) = (RD(501)®RD(502)) [[Z1, Z2]]
> O[[X1, X, Yo, Y 70, Zo] /(14 X" — 1, (14 Xa)" — 1)

We have R 3
PP 20, @ xT @0 ® x5
where each x} is the universal character over RY (P, )-

Suppose finally that 6, and 6, are G p-conjugate. We take 8 = 61; then Gy = G,
where L is a quadratic extension of F'. In fact, since Pp C G, and [ is odd, we must
have that G, is the unramified quadratic extension of F'. As in lemma 2.3, pick an
O-character 6 of G, lifting and extending . Then (in the notation of lemma 2.3)
Do is an unramified character of G,. By lemmas 2.3 and 2.5:

R7(p) = R7(py)[[%1, Z2, Zs|
= O[[X,Y, 21, %2, Z)) /(1 + X)"" = 1),
since v;(¢? — 1) = 1°. We have
o7 = mdir (D)

where x" is the universal character over RP (7).

We show that f : Spec(RY(p, 7)) + 7 is a bijection from the set of irreducible
components of Spec(RY(5)) to L(p|;,). It is easy to see that f is an injection
(from our explicit expressions for pJ). The type of the E-points of Spec(R™(p, 7))
is constant on irreducible components, so to show that a particular 7 is in the
image of f it suffices to produce a lift of p to E of type 7. Each 7 € L(p|z,.) is, by
definition, the type of a lift of some p’ with p'|;. = p|r-. But it is clear from the
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calculations above that the image of f only depends on p|;,., and so f is surjective
as required. ([

Corollary 5.2. If p|,_ is not scalar, then RE(p) has a unique minimal prime a,
which has dimension 4. For T an inertial type we have that

Z* (R (p,7)) = [a]
if T € L(plp,) and Z4(RB(p, 7)) = 0 otherwise.

We may now assume that p| 5 is scalar; after a twist (invoking [CHTO08] lemma
2.4.11 to extend the character occurring in p| p, to the whole Galois group), we
may assume that 7| P, 18 trivial, so that any lift of 7l pp is also trivial. In this case,
then, p|7. is inflated from a representation of the (procyclic) pro-l group I/ Pp
over a field of characteristic [. Any irreducible representation in characteristic [ of
an l-group is trivial, and so p|, must be an extension of the trivial representation
by the trivial representation. Now, because ¢o¢p~1 = 0%, p(¢) maps the subspace
of fixed vectors of p(o) to itself; therefore p must be an extension of unramified
characters. That is, there is a short exact sequence

0=x1—=p—=>x2—0

for unramified characters y; and x2. Such an extension corresponds to an element of
HY(Gr,x1x5 1); by a simple calculation with the local Euler characteristic formula
and local Tate duality, this cohomology group is non-zero if and only if x; = x2 or
X1 = X2€- S0 we can easily deal with the case where neither of these two possibilities
can occur.

Proposition 5.3. Suppose that p|p, is trivial and that p(¢) has eigenvalues a,p e
F with @/B € {1,q,q"'}. Then

O[[4,B,P,Q,X,Y]]
(1+P)F =-1,1+Q)" —1)

and pP (o) is diagonalizable with eigenvalues 1+ P and 1 + Q.
For ¢ an 1°th root of unity (possibly equal to 1), we have that

RE(p.7cs) = O[[A,B,P,Q,X. Y]]/l +P—-(1+Q ()
~ 0O[[A, B, X,Y]]

R7(p) =

is formally smooth of relative dimension 4 over O, and R™(p, Tems) =0. Ifg=1
mod [ and (1, are distinct [*th roots of unity, then

RD(ﬁ ¢ C)_ O[[A7B7P7Q7X7YH

24 P+Q-G -G, PRQ— (G —1)(¢—1)
~ O[[A,B,P,X,Y]]/(1+P —G)(1+P— ().

For all other 7, R®(p,7) = 0.
The ideal a,, defining RP(p, 1) is the unique minimal prime of RP(p). We
have:
[anr] if T = T¢,s
Z4(RD(5,T)) = 2[am] if = T¢1,Co
0 if T = T¢,ns-
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Proof. First note that, by the above cohomology calculation, p(o) must be trivial.

Let o and 3 be lifts of @ and 3 to O. Suppose that A is an object of Co and
that M is a free A-module of rank 2 with a continuous action of Gp given by
p: Gp = Aut4(M), reducing to p modulo m4. Suppose that the characteristic
polynomial of p(¢) is (X —a — A)(X — B — B), where A, B € m4 — note that by
Hensel’s lemma the characteristic polynomial does have roots in A reducing to @
and (. Then there is a decomposition

M = (p(¢) —a— A)M & (p(¢) — 8 — B)M.

Here it is crucial that a+A, 8+ B and a— + A — B are all invertible in A. If 7,,7g
is a basis of eigenvectors of p(¢) in M ® F and v, vg is a basis of M lifting 7, Ug
then there are unique X,Y € my4 such that vy + Xvg,vg + Yv, are eigenvectors of
p(¢). Moreover, replacing (vy,vg) by (uva, pvg) for p € 1+ my4 does not change
X andY.

Therefore we may assume that p(¢) = ( ) and that

a 0
0 B
o (006

p(o) :G/ )1(>1 <1EP 1fQ) (31’ )1(>

where X,Y, P, R, S,(Q € m4 are uniquely determined by p. The equation ¢po¢p~! =
o? implies that

a+A 0 1+4P R \fa+A 0 \ ' (1+P R \*
0 8+ B S 1+Q 0 B8+ B o S 1+Q)
Looking at the top right and bottom left entries gives that R = S = 0. Then

looking at the diagonal entries gives that (1 + P)4~! = (1 + Q)% ! = 1, which is
equivalent to (1 + P)"" = (14 Q)" = 1. Thus

O[[4,B,P,Q,X,Y]]
(1+P) =1,14+Q)" - 1)
The possible inertial types are 7¢ ¢ and 7¢, ¢, (7¢,ns cannot occur since all lifts are
diagonalisable). Clearly R™(p, 7¢,s) is defined by the equations 1+ P =1+ Q =
(. The ring RD(ﬁ, Te1o)C 18 cut out by the equations 2 + P + Q = ¢ + (o,
(14 P)(14 Q) = ¢1¢; and the redundant equations (14 P)!" = (1+Q)"" = 1. But

RD(ﬁ; TChC?)O = O[[A,B,P,X,Y]]/((l +P— Cl)(l + P - <2))

R7(p) =

is reduced and A-torsion free and so is equal to R™(p, Ter )
For the reduction modulo A, simply note that:

RY(p) =F[[A,B,P,Q, X, Y]|/(P",Q")
RY(p,7c,s) = F[[A, B, Q. X, Y]]/(P,Q)
and
Rm(ﬁﬂ(lﬁz) = F[[A,B,P7Q,X,Y]]/(P2,Q27P+ Q)

So ay, = (P, Q) is the unique minimal prime of RY(5) and the multiplicities are as
claimed. (]
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We extract one part of the proof of this proposition for future use:

Lemma 5.4. If p(¢) has distinct eigenvalues, we may assume that it is diagonal.

In that case, there exists a unique matrix <;, )1(> € GLy(RP(p)), reducing to the

1 x\7' /1 X
identity modulo the mazimal ideal, such that p°(¢) = (Y 1) i) (Y 1) for

a diagonal matrixz ®.

Proof. This is simply the first half of the proof of the previous proposition. [

5.2. ¢ # £1 mod [. Suppose that ¢ # +1 mod [. By lemma 5.3, we have already
dealt with the cases in which the eigenvalues of p(¢) are not in the ratio 1 or g*!.
All other cases are dealt with by the following (after twisting and conjugating p).
Note that, by lemma 3.7, the only possible types when p| p, is trivial are 71,5 and
Ti,ns-

Proposition 5.5. Suppose that g # +£1 mod [, and that ﬁ|1—:,F 1s trivial. Then
(1) Suppose that p(o) is trivial, and that p(¢) = <(1) 31/> for g € F. Then

RE(p, 1) = RU(p) is formally smooth of relative dimension 4 over O,
while RP (Ps T1.ms) = 0.

(2) Suppose that p(c) (1 ”f) and p(6) = (g ‘1))

If 7 # 0, then RO(p,T1ns) = RY(p) is formally smooth of relative di-
mension 4 over O, while RO(p, T1,s) = 0.
If T =0 then

RE(p) = O[[Xy,..., X5]]/(X1Xy).

The quotients by the two minimal primes are R™ (P, 11,5) and RY (P T1ms)s
so that both are formally smooth of relative dimension 4 over O. The mini-
mal primes a,, and ay of RO(p) which respectively define RE(p,11.5) and
RE(B,71.0s) are distinct.

Proof. For the first part, write

o, (1+A B

plo) = ( C 1+D

p(¢) = ( S 1+Q>
where y is a lift of 7 (taken to be zero if y =0) and A, B,C,D,P,Q,R,S € m.

Let I = (A,B,C,D). Considering the equation pP(¢)p"(0) = p=(0)9pP (o)

modulo the ideal Im gives equations Cy = (¢ — 1)A, B+ Dy = qAy + ¢B, C =
qC and (¢ — 1)D 4+ ¢Cy = 0, all modulo Im. As ¢ # 1 mod ! we find that
I = Im. Therefore, by Nakayama’s lemma, I = 0 and p” is unramified. So

RE(p) = RP(p,71.5) = O[[P,Q, R, S]] as claimed. Note that this proof is still valid
if g=—1 mod .
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The proof of the second part is similar. By lemma 5.4, we may write

A=) (6 D6

Ao-( ) (5726 )

with z a lift of T (taken to be zero if Z = 0) and A, B,C, D, X,Y, P,Q € m.

Let I = (A,C, D). Considering the relation ¢o¢~! = 07 modulo Im and apply-
ing Nakayama’s lemma as before now yields A = C = D = 0 (using that ¢® # 1
mod 1). The relation (not modulo any ideal) gives that (x + B)(P — Q) = 0, and it
is easy to see if this equality holds then the given formulae for p= do indeed define
a representation so that

O[[B,P,Q, X, Y]]
(z+B)(P-Q))

If Z # 0 then this implies that P = Q. Then R"(p) = O[[B, P, X,Y]]. It is clear
that RY(5) = RY(p,71.ns), and the proposition follows.

If Z = 0 then, writing U = P — Q, we have RY(p) = O[[B, P,U, X, Y]]/(BU). In
these coordinates, it is clear from the description of p that

RY(p,m1.5) = R7(p)/(B)

R (p) =

and

R(p,m1.n5) = R™(p)/(U).
The proposition follows. ([
5.3. ¢ = —1 mod [. Suppose that ¢ = —1 mod . By proposition 5.3, we have

already dealt with the cases in which the eigenvalues of p(¢) are not in the ratio 1
or —1. All other cases are dealt with by the following (after twisting and conjugating
p). By lemma 3.7, the only possible types when mﬁp is trivial are 7y s, T1,ns and ¢
for &€ a non-trivial {°th root of unity.

Proposition 5.6. Suppose that ¢ = —1 mod [ and that ﬁ|1—:,F is trivial.
(1) Suppose that p(o) = <(1) (1)> and p(¢) = ((1) ?f) forg eF. Then
R(p,m1.:) = R7(p)
s formally smooth of relative dimension 4 over O, while
RO(p,71,0s) = R7(p,7¢) = 0.
If a,,, is the unique minimal prime of R5(p), then we have

Z4(ED(E7 T)) = ZfT = Tl,ns

[unr] ZfT = Tl,s
0
0 if T ="Te.

(2) Suppose that p(o) = <(1) T) and p(¢p) = (g (1)> forz €F.
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(a) If T # 0, then RE(p,1.ns) and RE(p,7¢) are formally smooth of rel-

()

ative dimension 4 over O, while R&(p, 7 5) = 0. If ay is the prime
ideal of RU(p) cutting out RO(p, 71 ns) then we have

0 if T =175
ZY(R5@. 1) = lan] i T =Tins

lan] if T=1¢.
If T =0, then R(p,m15) is formally smooth of relative dimension 4
over O and

O[[X4,..., X4
(X1, X3) N (X2, X3 — (¢ +1)))
is a non-Cohen—Macaulay ring of relative dimension 4 over O. lts
spectrum is the scheme theoretic union of two formally smooth compo-
nents that do not intersect in the generic fibre. Lastly,
O[[X1,...,X5]]

(X1 Xy = (£—¢71)7)
is a complete intersection domain of relative dimension 4 over O with
formally smooth generic fibre. If ay. is the prime of ED(E) corre-
sponding to R°(p,71.s) and ay, d)y are the prime ideals of RZ(p) cor-
responding to the two minimal primes ofﬁm(ﬁ7 Tins), then we have

RD (ﬁ7 Tl,ns) =

RD (ﬁa TE) =

o [anr} ZfT = T]-,S
ZYR°(p,7)) = { lan] + lan/] if 7= Tins
lan] + [an] if T =7e.

Proof. The proof of the first part is identical to that of proposition 5.5, part 1.
For the second part, by lemma 5.4 we may write

A4 9 (6* 118 Y
A= (U ) (Y

with z a lift of T (taken to be zero if T =0) and A4, B,C,D, XY, P,Q € m.
Firstly, it is clear that R™(p, T1,s) =01 T # 0 and

ifz=0.

Rm(pa 7—1,5) = O[[Pv QaXa YH

Next we deal with 7 5. On RUY (P, T1,ns) we have the equations

and

w
=2
1

P2 (8)p (0)p ()t = p (o)1

The first two of these may be rewritten as

A=-D
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and
A? +(z+ B)(C) =0
and the third can be written as
(q+1+P+qQ)(g+1+Q+¢P)=0.

By the Cayley-Hamilton theorem, (p” () —1)2 = 0 on R7(p, 71.ns)°; it follows
that p~(0)? — 1 = q(p" () — 1) on RY(p, T1.ns)° and so the relation ¢pop~—! = o9
together with D = — A yields the equation:

A —(:E—i—B)% _ (94 q(z+B)
-4 —-A o —qA )"

Equating coefficients and using that 2 and ¢ — 1 are invertible we obtain that
A =D =0 and that

(6) (z+B)(g+1+¢Q+P)=0
(7) Clg+1+Q+¢P)=0
(8) (x+ B)C =0
(9) (q+14+Q+qP)(g+14+¢Q+P)=0

is a complete set of equations cutting out RY(7, T1ns)° (the last two equations
being, respectively, the conditions on det(p”(c)) and on p=(¢)).

If T # 0 then these equations are equivalent to ¢+ 1+¢Q + P =0and C =0
and so we see that

RD(ﬁa Tl,ns) = OHBv P X, YH
If = 0 then the left hand sides of the four equations given generate the ideal
I:(B,q+1+Q+qP)ﬂ(C,q+1+qQ+P)

in O[[B,C,P,Q,X,Y]]. Since O[|B,C, P,Q, X,Y]]/I is reduced and A-torsion free
and a Zariski dense set of its E-points have type 71 s, it is equal to R (B, T1ns). Af-
ter the change of variables X3 = L4t1t0+aP) (¥ X, ¥, X, X¢) = (B,C,P,X,Y)

¢ ) - (@DHa+p)
we get the presentation given in the proposition.

Let
O[[X17 X23 X3H

(X1, X3)N (X2, X3 — (g +1))
Then S has dimension two. We show that S is not Cohen—Macaulay; the same is
then true for R™(p, Tins). Now, A is a non-zerodivisor in S, and
F[[X1, X2, X35]]
(X1 X2, X1 X3, X5 X3, X3)’
The maximal ideal of S/\ is annihilated by X3, and X3 # 0 in S/\. So S/, and
hence S, is not Cohen-Macaulay. The remaining statements about R (5, Ti,ns) are
clear.
Now suppose that 7 = 7¢. On R (p, T¢) we have

tr(p (o)) =€ +¢7
det(p™(0)) = 1

S:

S/\ =

and
PP (@)p (0)p (0) 7t = p (o).
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The first two of these may be rewritten as
A+D=¢+¢! -

and
AD — (z+B)C=2—-¢— ¢

H(o) = )(p(e) =€) =0. As
T= €46 T mod (T— )T — &)
in Z[T), the relation ¢o¢~! = 09 yields

<1+A (x+B)}ig>:(§+§1—1—A —(z+ B) )

CHEe 14D -c §+¢1-1-D

By the Cayley—Hamilton theorem, (p

Equating coefficients and combining with the equation det(p®(0)) = 1 we get:

(10) A:D:“flq
(11) (z+B)(P-Q)=0
(12) CP-Q)=0
(13) 4(x +B)C = (£ -1~

If T # 0 then these equations are equivalent to P = @ and C' = @ f+ B)) , so that

Rm(pv TE) = O[[X,KB,PH

If = 0, then the equations imply that

2
E-¢!
s} P-0Q
and hence that P = Q, as RY(p, 7¢) is A-torsion free by definition. Thus
O[[X.Y, B,C, P]]
(4BC — (£ —&71)?)
The remaining statements about RY(p, 7¢) are clear.
Now we calculate the various Z*(R(5,7)). For part 1, this is trivial. For part 2,
we have computed each R5(7, 7) as a quotient of the ring F[[4, B,C, D, P,Q, X, Y]]

by an ideal which we call I(7). We see that if T # 0 then I(7y,,s) = I(7¢), and
RB(p, 1 s) =0, from which equation 4 follows. If Z = 0 then

I(r ) =(A,B,C,D)
](Tl,ns) = (A’D’BC>B(Q_P)’C(Q_P)’(Q_P)2)

O:BC(P—Q):(

I

RD (ﬁv T{)

and
I(re) = (A,D,BC,Q — P).

The minimal primes above these I(7) in F[[A4,...,Y]] are a,, = (4, B,C, D),
ay =(A,C,D,Q—P) and ay. = (A4,B,D,Q — P) the multiplicities in equation 5
are then easily verified. O
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0

is not Cohen-Macaulay. However the ring R™ (7, unip), defined to be the maximal
reduced quotient of R™(5) on which pP () is unipotent (so that Spec RP (5, unip) is
the scheme-theoretic union of Spec R™(p, 71 4) and Spec RP (5, 71 ns) in Spec RP (7)),
is Cohen—Macaulay. Indeed it is easy to see from the above proof that

O[[Xy,...,Xg]]
(X1 X2, X1(X3 — (¢ + 1)), X2 X3)
which is Cohen—Macaulay ((\, X1 + X5 + X3, X4, X5, X¢) is a regular sequence).

Remark 5.7. When 7 is unramified and 5(¢) = (q ?), the ring RY(7, T1.ns)

R (5, unip) =

5.4. ¢ = 1 mod [. Suppose that ¢ = 1 mod [. By proposition 5.3, we have already
dealt with the cases in which the eigenvalues of p(¢) are distinct. All other cases
are dealt with by the following (after twisting and conjugating 7). Note that by
lemma 3.7, the only possible types when ﬁ|15F is trivial are 7¢ s, T¢.ns and 7¢, ¢, for
¢ any [®th root of unity and (i, (s any distinct [“th roots of unity.

Proposition 5.8. Suppose that g =1 mod [ and that ﬁ|15F is trivial. Suppose that
_ 1 = _ 1 3 _
(o) = (0 1) and p(¢) = (0 Z{) forz, yeF.

(1) If T # 0 then R(p,7cs) = 0, while R2(p, 7¢ ns) and R (p,1¢, ¢,) are
formally smooth over O of relative dimension 4. B
Ifay is the four-dimensional prime of R(p) corresponding to RP(p, T1.ns)
then we have:
0 if T ="Tcs
(14) Z4R(p,m)) = { lan] i T = Tens
[aN] if T = T¢1,¢a
(2) If T =0 and § # 0, then RO(p,7¢.s) and RE (B, 7¢ ns) are formally smooth
over O of relative dimension 4 while
R°(,7¢,.6,) = O[[X1,..., X5]l/ (X7 X2 — (G — (2)?)
is a complete intersection domain of relative dimension 4 over O.
If a,, and ay are the prime ideals of RP(p) corresponding to RE(p,71.5)
and R (p, Ti,ns) respectively, then

B [anr] ZfT = TC;S
(15) Z4(RD(E T)) = [aN] if T = T¢ns
Q[QTLT} + [aN} if T = T¢1,62

(3) If T =5 = 0, then R2(p, 7 5) is formally smooth over O of relative dimen-
sion 4, RV (P, T¢.ns) is a non-Gorenstein Cohen-Macaulay domain of rela-
tive dimension 4 over O, while RS (p,7¢, ¢,) is a mon-Gorenstein Cohen—
Macaulay domain of relative dimension 4 over O.

Both RP(p,7¢.s) and RE(p, 7 ns) are domains; let the corresponding
primes of RP(p) be ay, and ay respectively. Then

- [am] Zf'r =T¢,s
(16) Z4(R"(p,7)) = { [an] if T =T¢ns
20ans] +lan] i T =700,
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Proof. Write
0O _ 1+A =+ B
r w)_< C 1+D>

with A, B,C,D,P,Q, R,S € m and z, y lifts of Z,7 (taken to be zero if T or 5 = 0).
First, we have that R9(p,7¢.5) = 0 if T # 0 and
RD(E7 TC,S) = OHP7 Q, R, S]]

otherwise.

Next, we look at RV (p, Teico) for ¢1 and (o distinet [*th roots of unity. The
condition that pP (o) has characteristic polynomial (t — ¢;)(t — () is equivalent to
the equations

A+D =G+ -2
and
AD —(z+ B)C = (G2 — 1)(¢2 — 1).
Since (t — ¢1)(t — (o) | 971 — 1, by the Cayley-Hamilton theorem we have
Ployt = p2(0)
on RE(p,7¢, ¢,)°. So the relation ¢~ = o? yields:

1+A z+B\ (1+P y+R\ (14+P y+R\[(1+A z+B
C 1+D S 1+Q) S 1+Q C 14+D)"

Equating coefficients, eliminating D and writing U = P — @) and
F=A-D=2A—((1+¢—2)

we see that RV (p, Te1.¢) 18 the reduced, I-torsion—free quotient of O[[B, C, F, P, R, S, U]]
by the relations:

(17) (r+ B)S=(y+ R)C

(18) F(y+ R)=U(z + B)

(19) FS=UC

(20) (C1—¢)? = F*+4(x + B)C.

If  # 0 then these equations are equivalent to U = F(y + R)(x + B)™!, C =
1 (=)= F?) (z+B)"t and S = C(y + R)(z + B)~!, so that

RD(p7 TChCz) = O[[B, F, P, R]].
If7=0andy # 0, then F = BU(y+ R)™! and C = BS(y + R)~! will be a
solution to the equations (17) to (20) provided that
B \2
Q) =(—= ] (U*+4(y+ R)S);
G-aP=(;1g) @i ps)
writing (X1,...,X5) = (Bly+ R)"L, U2 +4(y + R)S, P,R,U) we get

O/ O[[ X1, ..., Xs]]
R (pa TChCz) X12X2 — (Cl — C2)2

IR
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as claimed. The other statements about R7(p, 7¢, ¢,) follow easily.
Ifz =5 =0, then let A= OJ[[B,C,F,P,R,S,U]] and I < A be the ideal:

I=((¢1—¢)*—F*—4BC,BS —CR,FR— BU,FS —CU).
Note that the ideal
J=(BS—-CR,FR— BU,FS - CU)

R S U
a Cohen—Macaulay, non-Gorenstein domain. Since F? — 4BC' is not zero in the
domain A/J ®@F, (A, F? —4BC) is a regular sequence in .A/.J. Hence (F? —4BC —
(¢1 — ¢2)%, )\) is a regular sequence in A/J, and therefore A/I is O-flat, Cohen—
Macaulay and non—Gorenstein. It is reduced because it is Cohen—Macaulay and,
as we shall show in the next paragraph, generically reduced.

To show that A/T is irreducible, it suffices to show that X = Spec(A/I ® E) is
irreducible. This follows if we can show that X is formally smooth and connected.
As F? —4BC # 0 on X, it is covered by the affine open subsets Up = {B # 0} and
Up = {F # 0}. By the argument used in the T # 0 case, Up is formally smooth. A
similar argument works for Up: the projection map

O|[F, B,C,U, P]]
(F?24+4BC — (¢1 — €2)?) ® E)

is an isomorphism from Up onto an open subscheme; but the right hand side is
easily seen to be formally smooth. Hence X is formally smooth. Note that the
composition of the map p with the projection away from U is a continuous map
with connected fibres and connected image, which admits a continuous section
(obtained by taking R =S = U = 0); it follows that X is connected, as required.
Since X is formally smooth it is certainly reduced; therefore A/I is generically
reduced (as it is O-flat), just as we claimed above.

Now we turn to RY(p,7¢ »s). By lemma 2.4 we may assume that ¢ = 1. The
condition that the characteristic polynomial of p~ (o) be (t — 1)? is equivalent to
the equations:

is generated by the 2 x 2 minors of <B ¢ F) So, by proposition 2.7, A/J is

p:X—>Spec<

A+D=0
AD — (z + B)C = 0.

Writing T = P+ @Q and U = P — @, the condition that
qtr(p™(9))” = (g+1)* det(p”(9))
becomes
(= DXT +2)* = (¢ + 1)*(U* + 4y + R)S).
Since t9 — 1 = q(t — 1) mod (¢ — 1)?, the Cayley-Hamilton theorem shows that
pR(0) = 1=q(p (o) - 1)

on R(p, Tins). From ¢op~! = o7 we therefore get the equation

(@-Dle-1)—-(c-1@-1)=(g-1)(c—-1)¢
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on RY(p,71.s). Equating coefficients and substituting D = —A we get the equa-

(21) A*+(z+B)C =0

(22) (¢ =DXT+2)* = (¢+1)*(U* +4(y + R)S)

(23) Cly+R)—S(x+B)=(¢—1)(A(1+P)+ (x+ B)S)

(24) U+ B) -24(y+R) = (¢— )(Aly + R) + ( + B)(1 + Q))

(25) 2A5 - CU =(q—1)(C(1+ P)— AS)

26 S B) - Cly s R = - DO ) - A1+ Q)

After replacing P with T+U and @ with T , this is a complete set of equations

for RU (P T1.ms) in O[[A4, B C,R,S,T,U].
We replace equations (23) and (26) by their sum and difference:

(27) (¢g—1D)(AU+ (z+B)S+C(y+ R)) =

(28) (g+1)(Cly+R)—(x+B)S)=(¢g—1)AQ2+T).
As RP(p, T1,ns) IS A-torsion free, equation (27) implies that

(29) AU+ (z+ B)S+C(y+ R) = 0.

We could also write this equation as tr((c — 1)¢) = 0.

Putting o(T') = %, we find that equations (21), (22), (24),(25) and [(28)

and (29)] may respectively be rewritten:
A% 4 (

Ay + R)S+ (U - o(T))(U + o(T)

2A(y + R) — (z+ B)(U — o(T)

2A85 - C(U + «o(T)
(U —a(T)

)

T

I
o o o o o

z+ B)C
+

— — ~— ~—
|

2C(y+ R) + AU — (T
2z + B)S + AU + o(T)) =

Let I be the ideal of O[[A, B,C, R, S,T,U]] generated by these equations and let
R = O[[A,B,C, R, S,T,UJ]/I, so that R2(p, 71 »s) is the maximal reduced I-torsion
free quotient of R’.

If £ # 0 then C, U and S are uniquely determined by A, B, R and T so that

RE(p, m1ns) = O[[A, B, R, T].
If y £ 0, then S, C and A are uniquely determined by B, R, T and U so that
RE(B,m1ns) = O[[B, R, T, UJ].
If =95 =0, so that x = y = 0, observe that
B
Jo+ Ji

R/

1

where
B=0[X1,...,X4,Y1,..., Yy, T]],
the ideal Jj is generated by the 2 x 2 minors of

X1 Xo X3 X4
Y Yo Y3 Y,
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and J; = (X1 +Y5,Y;3 —X4+2g;+}).1 (The change of variables is X; = A, X5 = B,
Vi=C,Yy=—A, X3=—2R/(2+T), Y1 =252+T), Vs = (U—a(T))/(2+T),
and X4 = (U+a(T))/(24T).) Then by proposition 2.7, B/ Jy is a Cohen—Macaulay,
non-Gorenstein domain. Moreover, (A, X1 + Y2, X3 — Y4) may be checked to be a
regular sequence on B/Jy. Therefore (X7 + Yo, X35 + Y, + 23—:, A) is also regular,
and so B/(Jo + J1) is Cohen-Macaulay, O-flat and not Gorenstein. The same is
then true for R'.

We show that R’ ® F is a domain, which implies that R’ is a domain. Let I be
the image of I in F[[4, B,C, R, S,T,U]]. Then I is homogeneous so gr(R' @ F) =
F[A, B,C,R,S,T,U]/T and it suffices to check that this is a domain (by [Eis95]
corollary 5.5). Tt is therefore sufficient to check that Proj(gr(R’ ® F)) is reduced
and irreducible.? But it is easy to check this on the usual seven affine pieces. This
argument is from [Tay09].

Next we show that R (5, 71 ) is reduced. In fact, we show that
y = SpeC(RD(ﬁ7 Tl,ns) ® E)
is formally smooth, which implies that R™ (P, T1.ns) is reduced because it is Cohen—
Macaulay and O-flat. For x = B, C, R, S, U — «(T) or U 4+ «(T) let U, = {* #
0} C Y be the corresponding affine open subscheme. Then the U, are an affine
open cover of ). For x = B, C, R or S we see that U, is formally smooth by the
same argument as for the cases T # 0 and y # 0 above. For Uy 4. (r), the projection
morphism
olC.RST) .

4RS — (U + o(T))(U — (1))
is an isomorphism onto an open subscheme. But the right hand scheme is easily
seen to be formally smooth as required.

Finally we calculate the Z4(R(p,7)). We do this when T = § = 0, as the other
cases are similar but easier. We have written each RY(5,7) as the quotient of

F[[A,B,C,R, S, T,U]] by an ideal which we call I(7). Let us recall the presenta-
tions:

I(1¢,s) = (A4, B,C)
I(7¢ms) = (A* + BC,4RS + U?,2CR + AU,2BS + AU,2AR — BU,2AS — CU)
I(1¢,.c,) = (A* + BC,BS — CR,2AR — BU,2AS — CU)

p Uy _o(r) — Spec (

(using that A4+ D = 0 in R (p,7) for each 7, we have eliminated D and written
F =A— D =2A). We have already shown that I(7¢ s) and I(7¢ ns) are prime —
they are the ideals denoted a,, and ay in the statement of the theorem. It is clear
that -

Z4(RD(E7 T{,s)) = [anr]
and B

ZY (R (P, 7¢.ns)) = lan]-
Suppose that p is a prime ideal of F[[4, B,C, R, S, T, U]] containing I(7¢, ¢,). We
show that p contains a,, or ay. If B,C € p then A € p as A2+ BC € I(1¢, ¢,)s

IThere is a typo here in the published version.
2This argument is not quite correct, see Section 7 for a correction. The error originates with
me, not [Tay09].
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and we have a,,,, C p. Otherwise, suppose that B & p. As A2+ BC € p, either both
A and C are in p or neither is. If A,C € p then from 2AR — BU € p we deduce
that U € p, while from BS — CR € p we deduce that S € p. It is then easy to see
that ay C p. If A, B,C ¢ p then because B(2CR + AU) and C(2BS + AU) are in
I(7¢,.¢,) we see that 2C R+ AU,2BS+ AU € p. This implies that A(4RS+U?) € p,
and so 4RS + U? € p and hence ay C p as required.

To finish, it is easy to check that

—0,
e(R (P; TC17C2)7 anT) =2
and that

O/,—
€(R (/),7'(17(2),Cl1v) =1,
and so we get equation 16. (]

5.5. Cohen—Macaulayness. If 7y is a semisimple representation of Ir over E, let
R(p, 1) be the maximal reduced and I-torsion—{ree quotient of R(p) all of whose
E-points give rise to representations p of Gp with pﬁ; 2 79. Then I claim that
R(p, 1)’ is always Cohen—Macaulay. Indeed, if 7y is non-scalar then we have proved
this above. If 7 is scalar, then we may twist and assume that it is trivial. If ¢ # +1
mod [, this follows from proposition 5.5. If ¢ = 1 mod ! then we can deduce the
claim from proposition 5.8 together with exercise 18.13 of [Eis95], which says that
it R/I and R/J are d-dimensional Cohen-Macaulay quotients of a noetherian local
ring R, and dim R/(I + J) = d — 1, then R/(I N J) is Cohen—Macaulay if and only
if R/(I+ J)is. We take R = RY(p), and I and J to be the ideals cutting out
R(p,75) and RY(p, 7,5) respectively. Then R/I and R/J are Cohen-Macaulay,
and R/(I+J) is a quotient of the formally smooth ring R/I by the single equation
qtr(p2(¢))? = (¢+1)?det(pP(¢)), and so is Cohen—Macaulay. Therefore R/(IN.J)
is Cohen—Macaulay as required. When ¢ = —1 mod [ the claim follows from
proposition 5.6 unless p is the direct sum of the trivial and cyclotomic characters,
in which case we use remark 5.7.

For n-dimensional representations the unrestricted framed deformation ring RP(7)
is always Cohen—-Macaulay (in fact, a complete intersection; this is due to David
Helm, building on work of Choi [Cho09]). It is natural to wonder whether the
rings obtained by fixing the semisimplified restriction to inertia are always Cohen—
Macaulay. Note that they are not always Gorenstein.

For a discussion of how the Cohen—-Macaulay property of local deformation rings
can be used to show that certain global Galois deformation rings are flat over O,
see section 5 of [Snoll].

6. REDUCTION OF TYPES — PROOFS.

The aim of this section is to analyse the reduction modulo [ of the K-types o(7)
defined in section 3, and in particular to prove lemma 3.9.

6.1. The essentially tame case. Suppose that 7 = (r,, N,;) where r, is a tamely
ramified, semisimple representation of Ip. Then o(7) is inflated from a represen-
tation of GLa(kp). We will always use the same notation for a representation of
GLs(kr) and its inflaton to GLo(Op). For this subsection let G = GLy(kFr), let B
be the subgroup of upper-triangular matrices, let U be the subgroup of unipotent
elements of B, let Z be the center of G and fix an embedding o : k; < G. Fix a
non-trivial additive character ¢ of U. Then we have (see e.g. [BH06] chapter 6):
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o If . = (rec(X) @ rec(x))|r, and N, # 0, where 92|o; is inflated from a
character x of k., then
o(7) = (x o det) ® St,
where St is the Steinberg representation of G;
o If r; = (rec(X) @ rec(X))|r, and N, = 0, where X|,x is inflated from a
F
character x of kj, then (1) = x o det;
o If 7 = (rec(X1) @ rec(X2))|r,, where >~(1|0; and >~<2|O; are inflated from

distinct characters x1 and x2 of kx, then
o(7) = p(x1s x2)

where (X1, x2) = Indf (x1 © x2);
o If r, = (Indgi rec(6))|r,. where 0|O; is inflated from a character 6 of k[

which is not equal to its Gal(kr/kr) conjugate 6¢, then

o(T) =
where my = Inng(0|Zw) — Indg(kz) 0 (this virtual representation is a gen-
uine irreducible representation that is independent of the choice of ).

The only isomorphisms between these representations are of the form p(x1, x2) =
(x2, x1) and mg = moe.

We want to understand the reductions of these representations modulo [/, and
for this see [Hell0]. We will use analagous notation for representations of G in
characteristic zero and in characteristic {; hopefully this will not cause confusion.

If ¢ # £1 mod !, then reduction modulo [ is a bijection between irreducible
F-representations of G and irreducible E-representations of G, as G has order
q(q + 1)(g — 1)? which is coprime to .

If ¢ = 1 mod I, then the distinct irreducible representations of GLo(kr) over F
are x odet and St ®(xodet) for x : k3 — Fr, p(x1, xz) for x1,x2 : kp — F* a pair
of distinct characters, and my for 6 : k — F™ character which is not isomorphic to
its conjugate. The notation is all entirely analagous to the characteristic zero case.
Once again, the only isomorphisms are p(x1, x2) = u(x2, x1) and 79 = mpe. The
reductions of the characteristic zero representations are:

e y odet = odet;

e St®yx odet = St ®(X o det);

o (X1, x2) = (X1, X2) i X1 # Xo;

o u(x1,x2) = (xodet) ®St®(xodet) if x1 =Xz =X;
® Ty = Ty.

For the last of these, we must observe that 6/6¢ is a character of k; /k}, a group
which has order ¢ + 1 and so coprime to [ (as | > 2). Therefore if § # 6°¢ then
0+06°.

If ¢ = —1 mod [, then the distinct irreducible representations are: y o det for
X:kp— FX, (X1, x2) for x1,x2 : kp — F* unordered pair of distinct characters,
mg for 0 : kf — F* a character which is not isomorphic to its conjugate, and
(xodet) ® m for x : k;, — F" a character. This last needs some explanation: my is

the reduction modulo [ of m for any character 6 : kY /k} — E which is not equal
to 8¢ but whose reduction modulo [ is trivial. Once again, the only isomorphisms
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are p(x1,x2) = w(xe,x1) and mg = mge. The reductions of the characteristic 0
representations are:
e Y odet =y odet;
1(x1, X2) i#(Xng);
g =Tz if 0 £ 0
Tpg =71 & (§|k;§ o det) if = gc;
St ®(x o det) has 71 ® (3y o det) as a submodule with quotient Y o det.

In particular, comparing this analysis with lemma 3.8 shows that:

Lemma 6.1. If 7 = (r,0) and 7' = (+',0) are scalar on Pp but not on Pg, then

o(1) and o(7') are irreducible and are isomorphic if and only if r =’ mod [.

6.2. The wild case. If 7 = (r,0) and all twists of r are wildly ramified (we say
that 7 is ‘essentially wildly ramified’), then the following lemma will allow us to
show that o(7) is irreducible. If p is a Z;-representation of a group H, we write p
for p @ ;.

Lemma 6.2. Suppose that H << J C K are profinite groups such that H is open in
K, H has pro-order coprime to l, and J/H is an abelian l-group. Suppose that A
is a Z;-representation of J, and write n for the restriction of A to H. Suppose that
1 (and hence \) is irreducible. Suppose that if g € K intertwines 1, then g € J.
Then
(1) The representations of J extending n are precisely \; = A ® v; as v; run
through the characters of J/H. There is an isomorphism Ind}]{n ®FE =
@D, \i. The unique Fy-representation extending is X, and all of the Jordan—
Hoélder factors of Ind{{ﬁ are isomorphic to \.
(2) A Fy-representation p of J contains X as a subrepresentation if and only if
it contains \ as a quotient.
(3) The representations Ind’y \; and Ind’y X are irreducible.

Proof. (1) In characteristic 0 we argue as follows. First note that the rep-
resentations A; are distinct, otherwise A|g would have a non-scalar en-
domorphism, contradicting Schur’s lemma. By Frobenius reciprocity, the
\; are distinct irreducible constituents of Indy; 7. Since the sum of their
dimensions is dim Ind‘I]{ 7, they are the only irreducible constituents. By
Frobenius reciprocity, any representation extending n must occur in Ind}; n
and so must be one of the \;, as required. In characteristic [, first note that
A is irreducible since the pro-order of H is coprime to I. It follows from
this and the fact that 7; is trivial for all ¢ that the Jordan—Holder factors
of Ind{{ 7 are isomorphic to X. Frobenius reciprocity then implies that X is
the unique irreducible representation of J extending H.

(2) It follows from part 1 that Hom (X, p) # 0 if and only if Hom ;(Ind¥, 7, p) #
0. By Frobenius reciprocity, this is equivalent to Hompg (7, p) # 0. But by
the assumption on the pro-order of H, F;-representations of H are semisim-
ple, and so this is equivalent to Hompg (p,7) # 0, which by the same argu-
ment is equivalent to Hom (p, Ind}, ) # 0.

(3) First, note that dim Hompg (Ind X, Ind’ X) = 1, by Mackey’s decomposi-
tion formula and the assumption that elements of K \ J do not intertwine
7. Now suppose that p is an irreducible subrepresentation of Ind? A. By
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Frobenius reciprocity and part 2 we may deduce that p is also an irreducible
quotient of Indf]( A. The composition

Ind5 X = p < nd5 X

is then a non-zero element of Hom g (Ind? A Ind? ), and is therefore scalar.

But this is only possible if p = Indf,{ A, as required. The statement about
Ind% \; follows. 0

Proposition 6.3. Let 7 = (r,0) be an essentially wildly ramified inertial type.
Then there exists a subgroup J C K, an irreducible representation \ of J, and
a subgroup J < J, such that (J,J,K,)\) satisfy the hypotheses on (H,J,K,\) in
lemma 6.2 and such that o(t) = Ind’f .

In particular, o(7) is irreducible.

Proof. Suppose first that r is the restriction to Ir of a reducible representation of
Gr. Then o(1) = Indllgo(N) € ® (x odet) for a character € of O of exponent N > 2

and a character x of O. Let J = Ky(N), and let

J= { (i Z) € J : a has order coprime to [ modulo pp} .

Then J, J and e satisfy all the required hypotheses — the only one to check is that
€| 7 is not intertwined by any element of K\ J. We deduce this (in somewhat circular

fashion) from the irreducibility of Ind’ (¢), since this is shorter than a direct proof.
If g € K intertwines €| 5, then Hom . 5 . (e, €?) # 0. By Mackey’s formula,

dimHomj(e,Indfe): Z dimHom - 7,1 (€, €7).
geJ\K/J

The left hand side is in turn equal to dim HomK(Indff( e,Indi~< €). But Ind?e =
D, Ind’ ¢; where ¢; are the characters of J extending €| 7, and by the appendix
to [BMO02], these Ind? €; are irreducible and distinct. Therefore the left hand side
is equal to (J : J). The right hand side has a contribution of 1 from each g € J/.J,
and therefore from no other g, as required.

Now suppose that r is the restriction to Ir of an irreducible representation
of Gp. Then o(r) = Indff A for an irreducible representation A of J extending
an irreducible representation 7 of a pro-p normal subgroup J* of J (see [BHO6],
sections 15.5, 15.6 and 15.7 — note that our J is the maximal compact subgroup
of their J,, but our J! agrees with their J.). We have J/J! = k*, where k is the
residue field of a quadratic extension of F, and so J has a normal subgroup J of
pro-order coprime to [ such that J/J is an l-group. Then (J,.J, K, \) satisfy all
the required hypotheses — the intertwining statement follows from [BHO06], 15.6
Proposition 2. O

Proposition 6.4. Let 7 = (r,0) and 7" = (v/,0) be inertial types that are not scalar
on Pr. If r =1" mod I, then (1) and o(7') are isomorphic.

Proof. If either of r and 7’ is (after to a twist) tamely ramified, then so is the other
and this is contained in lemma 6.1. Otherwise, by lemma 3.8, we are in one of the
following cases:
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r = (x1 D Xx2)|1» Ior characters x; and x2 of G that are distinct on Pr,
1 » for ch d f Gp th distinct on P,
and ' = (X} ® x5)|1 for characters x} and x5 of Gp with x; = x} for
i=1,2.
(2) r= (Indgf )ip and 7/ = (Indgf &, for wildly ramified characters & and
' of G, such that £ = ¢', and such that |5 does not extend to Gp.
r|s_ is irreducible and 7" = r ® x for a character x of I that extends to
3) r|p, is irreducible and 7’ f haract f I that extend
Gr and such that y =1 mod .
n the first case, we may write x; = rec(e;) and x; = rec(e;) with ¢; and €;
In the fi i d x; 1) with d €
characters of F* such that ¢; = €, mod ! and such that € = €;/e2 has exponent
N > 1. Since € = €] /€, also has exponent N, we have

o(T)=€e® IndﬁO(N) €
=eh® Indﬁo(]\,) ¢ mod !

=o(7).

In the second case, by twisting we may reduce to the case where (L/F,rec™1(£))
is an unramified minimal admissible pair ( [BH06] paragraph 19.6). Then, following
through the explicit construction of [BH06] paragraphs 19.3 and 19.4, we see that
there are:

(1) a simple stratum (2, n,«) with associated compact open subgroups J; C
J C K, with J; pro-p and J/J; & kJ;
(2) a representation 7 of J' and extensions A\ and X of n to J such that
Ind’ (\) = o(7) and Ind’¥ (X) = o (7).
Indeed, up to conjugacy (2,n,«), J; and 7 are determined by rec’l(g)\Ui =
recfl(g’)h&. The representations A and X\’ are defined in terms of rec™1(¢) and
rec1(¢’) by the formulae of [BHO06] 19.3.1 and corollary 19.4 (together with the cor-
rection factor of paragraph 34.4, an unramified twist A¢, that makes no difference
to the argument). It is clear from these that if £ = &’ then A = X as required.

In the final case, ' = r ® x for a character x of Ir that extends to Gg. By

compatibility of 7 — o(7) with twisting,

o(t') = o(1) @ rec™ () o det
=o(r) modl
as required. O

Proposition 6.5. Let 7 = (r,0) and 7" = (v/,0) be inertial types that are not scalar
on Pp. If o(7) and o(1') are isomorphic, then r = r’ mod .

Proof. If one of r and r’ has a twist which is trivial on Pp, then so does the other
and in this case the proposition follows from 6.1.

Otherwise may, by twisting, assume that o(7) and o(7') satisfy I(c) < l(o ® x)
for all characters x of O (the definition of I(¢) is as in [BHO6] paragraph 12.6). In
this case o(7) and o(7') contain the same, non-empty, sets of fundamental strata
(because this only depends on the restriction to pro-p subgroups).

If one of o(7) and o(7') contains a split fundamental stratum ( [BHO6] 13.2) then
so does the other. In this case, [BHO6] corollary 13.3 implies that they cannot be
cuspidal types and so we must have o(7) = Indﬁo(m(e) and o(7') = Indﬁo(N/)(e’)
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for some € and € of exponents N and N'. It is easy to see that in fact we must
have N = N’. From lemma 6.2 we deduce that e = ¢ mod [, and so 7 =7 mod [
as required.

Otherwise, o(7) = Ind¥ X and o(7') = Ind X for a simple stratum (2,7, @)
with associated groups J' C J and representations A and )\’ extending the repre-
sentation 1 of J. From lemma 6.2 we deduce that \' = A ® n for a character 7 of
J/Jt withn =1 mod .

If 2 is unramified, then by the reverse of the argument in the second case of the
previous proposition we see that 7 = (Indgf | and T = (Indgf &)1 for & and
&’ characters of G, with &|;, = £'|1,, whence the result.

If 2 is ramified, then 7 can be regarded as a character of J/J' = k¥, = k) with
7 =1 mod [ for some ramified quadratic extension M/F. I claim that there is a
character x of Oy with n = yodet and x =1 mod [. Indeed, as | > 2 we can take
the inflation to OF of the character x of k3 satisfying x = 1 mod [ and x? = 7.
Then o(7) = o(7’) ® (x o det) and so

7 =1 ®rec(x)

=7 mod!

as required. ([l

7. ERRATUM

The proof of Proposition 2.7 is not correct; however, the proposition is true
and the results of the paper are unaffected. There is a related gap in the proof of
Proposition 5.8, which we also fill. T am very grateful to Lue Pan for pointing out
the error.

The problem is that Proj(S/(X1 — a1Y1, ..., X; — o;Y;)) being reduced doesn’t
imply that S/(X; — 1Yy, ..., X; — ;Y;) is reduced — there may be nilpotent ele-
ments annihilated by the ‘irrelevant ideal” generated by positively graded elements.

However, the given reference ( [Eis95] Theorem 18.18) certainly implies that
S/I is Cohen—Macaulay; it follows that the claimed sequence is in fact a regular
sequence, and the characterisation of when S/I is Gorenstein follows as in the given
proof.

Alternatively we can use an argument that I learned from the MathOverflow
posts [heo] and [ah]. Tt is well-known that R is the homogeneous coordinate ring of
the image X of the Segre embedding of s : P! x P"~! — P?"~! Then R is Cohen—
Macaulay if and only if H(P?"~!, Zx(r)) =0forall0 <i <nand allr € Z, and R
is Gorenstein if, in addition, wx = Opzn-1(r)|x for some r € Z (see [Mig98, pp9-11,
proposition 4.1.1]). From the exact sequence

0—Zx — Op2n-1 = Ox,

the equation s*Op2n-1(1) = Op1(1) X Opn-1(1) and the Kiinneth formula we see
that R is Cohen—Macaulay. Since wx = Opi(—2) K Opn-1(—n), we see that R is
Gorenstein if and only if n = 2.

A similar issue affects the proof of Proposition 5.8, in the sentence “It is therefore
sufficient to check that Proj(gr(R’ ® F)) is reduced and irreducible.”. It is not.
However, the given argument shows that gr(R’ ® F) has a unique minimal prime
ideal and that any nilpotent elements are supported at the irrelevant ideal. But we
know that this ring is Cohen—Macaulay and so has no embedded associated primes.
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It follows that gr(R' ® F) is reduced with a unique minimal prime ideal, and is
therefore a domain as claimed.
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