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THE BREUIL-MEZARD CONJECTURE WHEN [ # p.

JACK SHOTTON

ABSTRACT. Let ! and p be primes, let F//Q, be a finite extension with absolute
Galois group G, let F be a finite field of characteristic I, and let

p:Gp — GL,(F)

be a continuous representation. Let RH(5) be the universal framed deformation
ring for p. If | = p, then the Breuil-Mézard conjecture (as formulated in
[EG14]) relates the mod I reduction of certain cycles in RJ(p) to the mod [
reduction of certain representations of GL,,(Op). We state an analogue of
the Breuil-Mézard conjecture when [ # p, and prove it whenever | > 2 using
automorphy lifting theorems. We give a local proof when [ is “quasi-banal”
for F' and p is tamely ramified. We also analyse the reduction modulo [ of the
types o(7) defined by Schneider and Zink [SZ99].
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When F is a p-adic field and p is an n-dimensional mod p representation of
its absolute Galois group G, the Breuil-Mézard conjecture relates singularities in
the deformation ring of 7 to the mod p representation theory of GL,(OF). It was
first formulated, for F = Q, and n = 2, in [BMO02], and (mostly) proved in this
case in [Kis09a]. In full generality, the conjecture is formulated in [EG14] but is
not known in any cases with n > 2. In this article we prove an analogue of the
Breuil-Mézard conjecture for mod [ representations of Gy and GL,(Op), with F
a p-adic field and [ an odd prime distinct from p.

We give a precise statement, after setting up a little notation. Let F' be a finite
extension of Q, with ring of integers O, residue field k7 of order ¢, and absolute
Galois group G, and let [ be a prime distinct from p. Let E be a finite extension
of Q;, with ring of integers O, uniformiser A, and residue field F. Let
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be a continuous representation. Then there is a universal framed deformation ring
RU (p) parameterizing lifts of p. Our main result, stated below, relates congruences
between irreducible components of Spec RP(7) to congruences between representa-
tions of GL,(Op).

It is known that Spec RP(7) is flat and equidimensional of relative dimension 7>
over Spec O — see Theorem theorem2.5. Let Z(R™(5)) be the free abelian group on
the irreducible components® of Spec RP(p); similarly we have the group Z(R(p))
where RY(p) = R(p) ®o F. There is a natural homomorphism

red : Z(R™(p)) — Z(R"(p))

taking an irreducible component of Spec(RP (7)) to its intersection with the special
fibre (counted with multiplicities).

An inertial type is an isomorphism class of continuous representation 7 : Ip —
GL,(E) that may be extended to Gr. If 7 is an inertial type, then there is a
quotient RP (5, 7) of RV (p) that (roughly speaking) parameterizes representations
of type 7; that is, whose restriction to I is isomorphic to 7. Then Spec RV (5, 7)
is a union of irreducible components of Spec R™(5).

Let Rg(GL,(OF) (resp. Rp(GL,(OF))) be the Grothendieck group of finite
dimensional smooth representations of GL,,(Or) over E (resp. F), and let

red : Rp(GL,(OF)) = Rp(GL,(OF))

be the surjective map given by reducing a representation modulo /. In section sec-
tion4d we define a homomorphism

cye : Rp(GL,(OF)) — Z(R™(p))

by the formula
cye(d) =Y m(6¥,7)Z(R™(p, 7))

where the sum is over all inertial types, Z(RP(p,7)) is the formal sum of the
irreducible components of Spec R (5, 7), and m(#Y,7) is the multiplicity of 8 in
any generic irreducible admissible representation 7 such that r;(7)|r,. = 7.

Theorem. Suppose that | > 2. There is a unique map ¢yc making the following
diagram commute:

Rp(GL,(OF)) —= Z(R"(p))

(1) redl redl

Ry(GLn(Or)) —— Z(R(p)).

This is Theorem theorem4.6 below. We conjecture (Conjecture conjecture4.5)
that it is also true for [ = 2. The content of the theorem is that congruences between
representations of GL, (Op) force congruences between irreducible components of
R (p).

The image of the map cyc is precisely the Z-span of the cycles Z(R9(p,7)).
We write down explicit elements r(7) of the Grothendieck group Rg(GL,(OF))
in terms of inverse Kostka numbers, such that cyc(r(r)) = Z(RP(p,7)). Then we
obtain (Corollary corollary4.9):

e suppose that F is “sufficiently large” and in particular that all of these are geometrically
irreducible.
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Corollary. For each inertial type T,
red(Z(R"(p,7))) = cyc(red(r(1))).

Thus knowledge of €yc determines the generic multiplicities of the irreducible
components of R7(p,7) @ F. Note that r(7) is in general a virtual element of the
Grothendieck group; for instance, if 7 is the non-split two-dimensional unipotent
type, then

r(r)=St—1
where St is the Steinberg representation of GLy(kr) and 1 is the trivial representa-
tion. We do not attempt to describe ¢yc here, but hope to return to this question
in future work. The map cyc also appears in the [ = p situation when working with
potentially semistable (rather than potentially crystalline) deformation rings.

Our proof of the main theorem is ‘global’, making use of the methods of [GK14]
and [EG14]. We use the Taylor—-Wiles—Kisin patching method to produce an exact
functor

0 — Hy(0)

from the category of finitely generated O-modules with a smooth GL,,(OF)-action
to the category of finitely generated R™ (p)-modules, such that the support of Ho,(6)
— counted with multiplicity — is cyc(). As this functor is compatible with reduction
modulo [, we can deduce the theorem.

We can also give local proofs of (variants of) the theorem in some special cases. In
[Sho16], we studied the case n = 2 and | > 2; explicitly calculated the rings RP (5, 7)
in this case and gave a local proof of the theorem.? In section section7? we prove the
theorem (with Rg(GL,(OF)) replaced by a certain subgroup of Rg(GL,(kr))) in
the case that p is tamely ramified and [ is quasi-banal; that is, [ > n and [|g—1. The
method is to first observe that there is a scheme X of finite type over Spec O — it
is the moduli space of pairs of invertible matrices ¥ and ® satisfying ®X.d~! = %4
— such that the Spf RV (p), for varying p, may all be obtained as the completions
of X at closed points. This allows us to reduce the theorem to the case in which p is
“distinguished”; this is a certain genericity condition. When p is distinguished we
can compute all of the RP (p, 7) by elementary arguments. As we also have a good
understanding of the representation theory of GL,(kr) in the quasi-banal case,
we can deduce the theorem. It seems likely that these methods could be pushed
further; we have just dealt with the simplest interesting case for general n.

Kisin [Kis09a] proved most cases of the original Breuil-Mézard conjecture, simul-
taneously with proving most cases of the Fontaine-Mazur conjecture for GLo/Q.
The point is that the information about the special fibres of local deformation rings
provided by the Breuil-Mézard conjecture is what is needed to prove automorphy
lifting theorems in general weight, using the Taylor—Wiles method as modified by
Kisin in [Kis09b]. The methods of [GK14], [EG14] and this article can be viewed
as implementing this idea “in reverse”, using known automorphy lifting theorems
(or, in the case of [EG14], assuming automorphy lifting theorems) to deduce the
Breuil-Mézard conjecture. We note, however, that no cases of the Breuil-Mézard
conjecture are known when [ = p and n > 2, the question being bound up with the
weight part of Serre’s conjecture and the Fontaine-Mazur conjecture.

2Strictly speaking, this proof works with Rg(GL,(OF)) replaced by the subgroup generated
by ‘K-types’.
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The other motivation behind our theorem is the “Ihara avoidance” method
of [Tay08], which arose in the | # p setting. Taylor’s idea is to compare the
special fibres of very specific RP(7,7), and combine this with the Taylor-Wiles—
Kisin method to prove non-minimal automorphy lifting theorems (i.e. automorphy
lifting theorems incorporating a change of level). The similarity to Kisin’s use of
the Breuil-Mézard conjecture to prove automorphy lifting theorems with a change
of weight is clear; thus it is natural to try to study local deformation rings when
l # p from the point of view of the Breuil-Mézard conjecture. Our proof actually
depends on Taylor’s results, as it makes crucial use of non-minimal automorphy
lifting theorems. We explain this example in detail in section subsection4.3.

In [Pas15], Paskiinas gives a purely local proof of most cases of the Breuil-Mézard
conjecture, relying on the p-adic Langlands correspondence (on which Kisin’s proof
also depends). He shows?® that the universal deformation ring R(p) of the residual
representation p can be realised as the endomorphism ring of the projective envelope
P, in a suitable category, of the representation 7 of GLo (Qp) associated to p by
the mod-p Langlands correspondence. Then the functor

0= Homoyar, (z, ) (P,0")"

plays the same role in [Pag15] that the functor 6 — H,(6) does in global proofs via
patching. Since the writing of this paper, Helm and Moss [HM16] have constructed
the local Langlands correspondence in families conjectured by Emerton and Helm
[EH11]. Tt may be possible to derive the results of this paper from their result, by
methods analogous to those of [Pas15], and we hope to return to this in the future.

Section section6 has a rather different focus. Certain of the representations of
GL,(Op) are more interesting than the others; these are the K-types. For ev-
ery inertial type 7 there is a corresponding K-type o(7), essentially constructed
by Schneider and Zink [SZ99]. These representations have an interesting ‘Galois
theoretic’ interpretation — see Theorem theorem3.7 below. We determine the mul-
tiplicities m(o(7),7’) when 7 and 7’ are inertial types; the answer is given in terms
of certain Kostka numbers. We also explain how to determine the mod [ reduc-
tion of the representations o(7) in terms of the mod ! reduction of representations
of certain general linear groups; in order to do this, we must work with a vari-
ant of the construction of [SZ99]. Sections subsection6.1 to subsection6.3 are used
in section section7, but otherwise the only place that section section6 is used in
the rest of the paper is to derive the multiplicity formula of Proposition proposi-
tion4.3; in particular, sections section6 and section7 are not required for the proof
of Theorem theorem4.6.

We briefly sketch the contents of the different sections. Section section2 is pre-
liminary, containing the basic definitions of the relevant local deformation rings.
Theorem theorem2.5 of this section, which is due to David Helm, gives some of
their basic geometric properties and is probably of independent interest. In sec-
tion subsection2.3 we cover some commutative algebra to do with multiplicities
and cycles. Section section3d deals with the stratification of the Bernstein centre by
inertial types and the associated fixed type deformation rings. We also, in Theo-
rem theorem3.7, introduce the K-types of [SZ99] and state their formal properties.
Section section4 contains the statement of the main theorem and its proof given the

3When p is ‘generic’ — the proof in the non-generic case is a little different.
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formal properties of the globally constructed patching functor. We also state a for-
mula for the multiplicity of a K-type in a generic smooth admissible representation
of GL,(F). Section sectionb constructs the patching functor needed to prove the
main theorem. Sections subsection5.1 and subsection5.2 setup the necessary spaces
of automorphic forms and associated Galois representations, section subsection5.3
follows the appendix of [EG14] to extend a local Galois representation 7 to a global
representation arising automorphically, and section 5.4 carries out the patching ar-
gument. Section section6 contains the proof, via Bushnell-Kutzko theory, of the
multiplicity formula for K-types and also a coarse description of their reduction
modulo [. Section section7 contains a local proof of the main theorem in a special
case.
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2. DEFORMATION RINGS

2.1. Definitions. Let F/Q, be a finite extension with ring of integers O, and
residue field kg of order q. Let F be an algebraic closure of F, kpr the induced
algebraic closure of kp, and Gr = Gal(F/F). Let Ir << Gr and Pr < Gp be,
respectively, the inertia and wild inertia subgroups of Gr. We have canonical
isomorphisms

Grp/lp =7
and

Ip/Pp = lim k* = [Tz,

k/kr I#p
where the limit is over finite extensions of kr contained in kp and the transition
maps are the norm maps. Let ¢ € Gr/Ir be arithmetic Frobenius, and denote also
by ¢ a choice of lift to Gr. Let o be a topological generator for I/ Prg; this choice
is equivalent to choosing a norm-compatible system of generators for the units in
each finite extension k of kg, or to choosing a basis for each Z;(1). Then, via these
choices, G /Pp is isomorphic to the profinite completion of

(2) (6,0ld0d™" = 0%) = T x Z%y

Let E/Qy be a finite extension with ring of integers @, uniformiser A and residue
field F. Let Co denote the category of artinian local O-algebras with residue field
F, and C{ the category of complete noetherian local O-algebras with residue field
F. If A is an object of Co or C§, let my be its maximal ideal.

Suppose that M is an n-dimensional F-vector space and that p : Gr — Autp(M)
is a continuous homomorphism. Let (€;)"_, be a basis for M, so that p gives a map
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Define two functors
D(p), D7(p) : Co — Set
as follows:

e D(p)(A) is the set of equivalence classes of (M, p,t) where: M is a free
rank n A-module, p : Gg — Aut 4 (M) is a continuous homomorphism, and

L MAF S M

is an isomorphism commuting with the actions of Gp;
e DY(p)(A) is the set of equivalence classes of (M, p, (e;)7,) where: M is a
free rank n A-module, p : Gp — Aut (M) is a continuous homomorphism,
and (e;)™_, is a basis of M such that the isomorphism ¢ : M @4 F = M
taking e; ® 1 to €; commutes with the actions of Gp.
In the first case, (M, p,¢) and (M’ p’, ') are equivalent if there is an isomorphism
a: M — M’ commuting with the actions of G, such that ¢ = ¢/ o in the second
case, (M, p, (e;);) and (M, p/, (e});) are equivalent if the isomorphism of A-modules
M — M’ defined by e; — ¢, commutes with the actions of Gp. There is a natural
transformation of functors D™(5) — D(p) given by forgetting the basis.
Alternatively, when p is regarded as a homomorphism to GL, (F), we have the
equivalent definitions

DY (p)(A) = {continuous p : Gg — GL,(A) lifting 7}
and
D(p)(A) = {continuous p : Gp — GL,(A) lifting p}/1 + M, (m4)
where the action of the group 1+ M,,(m4) is by conjugation.

The functor D(p) is not usually pro-representable, but the functor DM (7) always
is (see, for example, [Kis09b] (2.3.4)):

Definition 2.1. The universal lifting ring (or universal framed deformation ring)
of p is the object RU(p) of C/y that pro-represents the functor DY(5). The universal
lift is denoted pY : G — GL,(RP(p)).

2.2. Geometry of RP(75). Recall the following calculation from [BLGGT14] §1.2:

Lemma 2.2. The scheme Spec RZ(p)[1/1] is generically formally smooth of dimen-

sion n2. O

Let Ip — I/ PF be the maximal pro-I quotient of Ir. The next lemma enables
us to reduce to the case where the residual representation is trivial on Pg. Sup-
pose that 6 is an irreducible F-representation of Pp; write [0] for the orbit of the
isomorphism class of # under conjugation by Gr. By [CHT08] Lemma 2.4.11, 6
may be extended to an O-representation 0 of Gy where Gy is the open subgroup
{g € G : g0g~* = 0} of GF. For each irreducible representation 6 of Pr, we pick
such a 6. If M is a finite-dimensional F-vector space with a continuous action of
G, then define

Mg = HOmPF (9, M)
This has a natural continuous action of Gy given by (gf)(v) = gf(g~'v); the
subgroup P of Gy acts trivially. If 5: Gg — GL, (F) is continuous and corresponds
to some choice of basis for M, then choose a basis for each My to obtain a continuous
homomorphism p, : Go — GL,(F).
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Lemma 2.3. (Tame reduction) If R (py) is the universal framed deformation ring
for the representation py of Go/Pr, then

—

120) = (@, Fo70) ) X Koo o]
where ng = dim py.

Proof. This is a modification, due to Choi [Cho09], of [CHT08] Corollary 2.4.13 to
take into account the framings. See [Shol6] Lemma 2.3. O

The next result is due to David Helm, and will appear in a forthcoming paper
of his. I thank him for allowing me to include the proof here.

Definition 2.4. Suppose that R is a ring. Let Mec(n,q)r be the moduli space
(over Spec R) of pairs of matrices ¥, ® € GLy, r Xspec 8 GLn, g such that

NP~ =29,

It is the closed subscheme of GL;, r Xspec g GLn,r cut out by the n? matrix coef-
ficients of the above equation. Denote by 7y the morphism

TS @ MC(’I’L,(])R — GLn,R
(2,0) — ¥,

Theorem 2.5. The scheme Spec RV (p) is a reduced complete intersection, flat and
equidimensional of relative dimension n? over Spec O.

Proof. Suppose that k is an algebraically closed field of characteristic distinct from
p, and consider Me(n, q)i. Let X be a closed point in the image of 7y, let Zy be
the centraliser of ¥ in GL,, j (a closed subgroup scheme of GL,, ;) and let Cj be
the conjugacy class of ¥y in GL,, , a locally closed subscheme of GL,, ;, isomorphic
to GLy1/Zo. Then 7' (%) is (by right multiplication on ®) a Zy-torsor. Thus
the preimage ;" (Cp) in Mc(n, q);, has dimension

dim Cy + dim Zy = n? — dim Zp + dim Zp = n?.

Since the eigenvalues of any ¥ in the image of 7y must be (¢"' — 1)th roots of
unity, the number of conjugacy classes Cy of matrices in the image of 7y, is finite.*
Therefore

dim Mec(n, q)r = n?.

Now let R = O. We see that Mc(n,q)o — Spec O is equidimensional of dimen-
sion n?. But the smooth scheme GL, 0 xo GL, o has relative dimension 2n2 over
Spec O and Mc(n, q)e is a closed subscheme cut out by n? equations; it follows that
Me(n, q)o is a local complete intersection. In particular, it is a Cohen—Macaulay
scheme. As its fibres over the regular local ring Spec O are of the same dimension,
n?, it is flat over Spec O.

Now, by Lemma lemma2.3, the assertions of the theorem may be reduced to the
case in which p is tamely ramified (using Lemma 3.3 of [BLGHT11] to propagate
flatness, reducedness, and dimension from objects of Cj to their completed tensor
products). In this case, any lift of p to an object of Cp is also tamely ramified, as
Pp is pro-p. Our choice of topological generators ¢ and o for Gp/Pr satisfying

4Here we use that q > 1. It is unknown whether the moduli space of pairs of commuting
matrices over C is Cohen—Macaulay (or even reduced!), although this is conjectured to be the case
(see [Hai99]).
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the equation ¢o¢p~! = o9 provides a closed point of Mc(n,q)o corresponding to
7 and identifies RP(p) with the completion of the local ring of Mc(n, q)o at this
point (to see this, compare the A-valued points for A an object of C»). Therefore,
by the corresponding facts for Mc(n, ¢)o, we have shown that R7(5) is a complete
intersection and is flat over O. It is reduced since it is generically reduced (by
Lemma lemma2.2 and the fact that it is O-flat) and Cohen—Macaulay. g

We extract the following consequence of the proof:

Proposition 2.6. If k is a field of characteristic distinct from p that contains all
of the (¢™ — 1)th roots of unity, and C is a conjugacy class in GL, (k) that is stable
under the qth power map, then the Zariski closure in Mc(n, q)y of WEI(C) 8 an
absolutely irreducible component of Mc(n,q), denoted Mc(n,q, % ~ C)i. Every
irreducible component of Mc(n, q)x is of this form.

Proof. As C is stable under the gth power map and k contains the (¢™ — 1)th roots
of unity, C contains a k-point. Then C'is absolutely irreducible and the fibres of s,
above points of C' are all absolutely irreducible of dimension dim Mc¢(n, ) —dim C.
Therefore the closure of 7751(0) is absolutely irreducible of the same dimension as
dim Mec(n, q)k, and is therefore an absolutely irreducible component.

As every point of Mc(n, q)x is in 74" (C) for some C, we obtain the final state-
ment. ([

2.3. Cycles. Suppose that X is a noetherian scheme and that F is a coherent sheaf
on X. Let Y be the scheme-theoretic support of 7, and let d > dim Y. Let Z¢(X)
be the free abelian group on the d-dimensional points of X; elements of Z¢(X)
are called d-dimensional cycles. If a € X is a point of dimension d write [a] for
the corresponding element of Z¢(X) and define the multiplicity e(F,a) to be the
length of F, as an Oy, g-module (this is zero if a ¢ ).

Definition 2.7. The cycle Z¢(F) associated to F is the element

Z e(F,a)[a] € Z4X).

a

If X = Spec A is affine and F = M is the coherent sheaf associate to a finitely
generated A-module M, then we will write Z4¢(M) for Z4(F). If X is equidi-
mensional of dimension d, then we will usually drop d from the notation, so that
Z(X) = Z4X), Z(F) = Z%F) etc.

If i : X — X' is a closed immersion of X in a noetherian scheme X', then there
is a natural inclusion i, : Z4(X) — Z¢(X’) for each d. For a coherent sheaf F on
X whose support has dimension at most d, we then have

i (ZU(F)) = Z%(ix(F))-
We will often use this compatibility without comment.
If X is a noetherian scheme of dimension d and X — Spec O is a flat morphism,
then let
7 X=X XSpec O SpecF — X
be the inclusion of the special fibre and denote by red the reduction map

red : Z(X) = 2(X)

which takes a d-dimensional point a with closure Y to the cycle Z¢471(j*Oy ). The
following is a special case of [EG14] Proposition 2.2.13:
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Lemma 2.8. In the above situation, if F is a coherent sheaf on X such that
multiplication by X\ is injective on F, then

red(Z*(F)) = Z*(5*(F)). U

If f: X — Y is a flat morphism of noetherian schemes, with X and Y equidi-
mensional of dimensions d and e respectively, then we define a map

fr:2e07) = 24X)
by taking a point a € Y with closure Z of dimension e to the cycle
ZUfr0z) € 24X).
Lemma 2.9. In the above situation, if F is a coherent sheaf on'Y then
F1(2UF) = Z(f*(F)).

Proof. We may suppose that X = Spec S and Y = Spec R for noetherian rings R
and S, so that f induces a flat map f*: R — S, and F = M for a finitely generated
R-module M. If b is a minimal prime of S and a = b N R, then a is a minimal
prime of R (by the going down property of flat morphisms) and we must show:

lengthp (M,)lengthg, ((R/a ®r S)e) = lengthg, (M ®@r S)e)-

Replacing R by Rq, S by Sp, and M by M,, we may assume that R, S are local
and artinian and that f is a local map of local rings, in which case we must show
that

lengthg(M ®p S) = lengthp (M) lengthg(R/a ®pr S),

which is true as S is flat over R and M has a finite composition series whose factors
are all isomorphic to R/a. O

Recall from [BLGHT11] lemma 3.3 that an object R of Cj} is geometrically inte-
gral (resp. geometrically irreducible) if, for every finite extension E’'/E, Spec R ®
Op is integral (resp. irreducible). Since F and E are perfect, geometrically integral
is equivalent to reduced and geometrically irreducible.

Lemma 2.10. Suppose that R and S objects of Cly that are either

(1) flat over O; or
(2) F-algebras,

and that R and S are equidimensional of dimensions d and e respectively. Suppose
that every minimal prime p of R has the property that R/p is geometrically integral,
and that the same is true for S. Then

Z(R&S) = Z(R) ® 2(S).

Proof. In case 1, by [BLGHT11] lemma 3.3 part 5, every minimal prime p of R®S
is of the form (q;®S + R&®qz) for uniquely determined minimal primes q; and g3
of R and S. By [BLGHT11] lemma 3.3 part 2, (R®S)/p has dimension d + e — 1,
so that R®S is equidimensional of dimension d + e — 1. The map taking [p] to
[q1] ® [q2] is the required isomorphism.

The proof of case 2 is the same, appealing to [BLGHT11] lemma 3.3 part 6 rather
than part 5. (]
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3. TYPES.

In this section, unless otherwise stated all representations will be over a fixed
algebraic closure E of E. We say that a representation of Wp or Ir on a finite-
dimensional E-vector space V is smooth if it is continuous for the discrete topology
on V, and continuous if it is continuous for the [-adic topology on V.

3.1. Inertial types. A Weil-Deligne representation of the Weil group Wr is a pair
(r, N) where
e r: Wpr — GL(V) is a smooth representation on a finite-dimensional vector
space V;
o N € End(V) satisfies

r(g)Nr(g)~" = |lglIN

where || - || : Wg — Wg/Ip — ¢* takes an arithmetic Frobenius element
to q.

If p: Wp — GL(V) is a continuous representation of Wr on a finite-dimensional
vector space V', then there is an associated Weil-Deligne representation (see for
example [Tat79]) that we denote WD(p).

If p: Wp — GL(V) is a smooth irreducible representation of Wr on a finite
dimensional vector space V and k > 1 is an integer, then define a Weil-Deligne
representation Sp(p, k) by

Sp(p,k)=VeoeVl)e...eaV(k—-1),N)

where for 0 < i < k-2, N : V(i) = V(i + 1) is the isomorphism of vector
spaces induced by some choice of basis for F(1), and N(V(k — 1)) = 0. We define
Sp(p,0) = 0.

Every Frobenius-semisimple® Weil-Deligne representation (r, N) is isomorphic
to one of the form

j
P sp(pi, ki)
=1

for smooth irreducible representations p; : Wp — GL(V;) and integers j > 0 and
k; >1fori=1,...,j. Up to obvious reorderings, the integers j and k; are unique,
and the representations p; are unique up to isomorphism.

Definition 3.1. An inertial type is an isomorphism class of finite dimensional
continuous representations 7 of I such that there exists a continuous representation
p of Wg with p|r, & 7.

3.2.  The classification of (Frobenius-semisimple) Weil-Deligne representations yields
a classification of inertial types, which we now describe.

Definition 3.2. The set Zy of basic inertial types is the set of inertial types g
that extend to a continuous irreducible representation of Gp.

Note that the 79 do not need to be irreducible representations of Ip.
SRecall from, for example, [Tat79] (4.1.3) that a Weil-Deligne representation (r, N) is

Frobenius—semisimple if r is semisimple. These representations form the Galois side of the lo-
cal Langlands correspondence.
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Lemma 3.3. Suppose that t,t' are positive integers, p1,...,pe, Ph, ..., Py are irre-
ducible representations of Wg, and k1, ..., ki, k7, ..., k}, are positive integers. Then
the representations of Wg associated to

t
P So(pi, ki)
=1
and
tl
P sv(p}. k)
=1

have isomorphic restrictions to Ir if and only if t = t' and there is an ordering
Jis-- gt of 1,...,t such that k; = K}, and pi|1, = pf; |1, for each 1 <i <t.

Proof. The “if” direction is clear. We show the “only if” direction. If p is a continu-
ous representation of Wr with WD(p) = (r, N), then r|;,. and the r|;,-equivariant
endomorphism N are determined up to isomorphism by p|r, (this follows from the
construction of WD(p), see [Tat79] Corollary 4.2.2). So we may assume that p = r,
so that all the k; are zero. Now use the fact (proved by an exercise in Clifford
theory) that, if p is an irreducible representation of W, then

Plip Ep1 & ... B ps

for some integer s and pairwise non-isomorphic irreducible representations p; of I
which are in a single orbit for the action of Gg/Ir on irreducible representations
of Ir; the representation u; determines p|;,.. Therefore, if

t t
@Pihp = @p;hF
i=1 i=1

then pi|r, has an irreducible component in common with some p’ |7, and so
pilry = p 1. The lemma follows by induction. O

Let Part be the set of integer sequences P = (P(1),P(2),...) which are de-
creasing and eventually zero. We regard P € Part as a partition of the integer
deg(P) =Y .2, P(i). For each 7y € Iy, choose an irreducible extension p,, of 7y to
Wp.

Definition 3.4. Let Z be the set of functions P : Zy — Part with finite support.
For P € 7 we can form the Weil-Deligne representation

@ @ Sp(p7'07 P(TO)(Z))

T0€TLo i=0

We define 7p to be the restriction to Ir of the associated representation of Wg; it
is an inertial type.

By Lemma lemmad.3, the isomorphism class of 7p is independent of the choices
of the p,,, and the map P +— 7p is a bijection between 7 and the set of inertial types.
To P € T we associate the ‘supercuspidal support’, the function scs(P) : Zg — Z>g
given by scs(P)(9) = deg P(19). If 7 = 7p we write scs(7) = scs(P).
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Let > be the dominance order on Part; that is, the partial order defined by
P, = P, if and only if deg P, = deg P, and, for all £ > 1,

k k
> Pii) = > Pali).
i=1 i=1

Then > induces a partial order on Z for which P > P’ if and only if P(r9) = P’(70)
for all 79 € Zp; we also sometimes regard > as a partial order on the set of inertial
types.

3.3. Fixed type deformation rings. Let p : Gp — GL,(F) be a continuous
representation and let 7 be an inertial type. Suppose moreover that 7 is defined over
E, and that E contains all the (¢™ — 1)th roots of unity. We say that a morphism
x : Spec E — Spec RV (p) has type 7 if the corresponding Galois representation
pz : Gp — GL,(E) does. Since 7 is defined over E this only depends on the image
of z.

Definition 3.5. If 7 and 7 are as above, then RV (p, 7) is the reduced quotient of
RP(p) such that Spec RP (5, 7) is the Zariski closure in Spec RP(p) of the E-points
of type 7.

If 2 is an E-point of Spec RP(p, 7), say that = is non-degenerate if the associ-
ated Galois representation p, satisfies WD(p,) = r;(7) for an irreducible admissible
representation 7 of GL,, (F) that is generic® (see below for the defininitions of r
and generic).

Proposition 3.6. For each inertial type T defined over E:
(1) Spec R™(p,7) is a union of irreducible components of Spec RP(p);
(2) if x is a non-degenerate E-point of Spec RO(p), then x lies on a unique
irreducible component of Spec RE(p) and RZ(p)[1/1] is formally smooth at
;
(3) the non-degenerate E-points are Zariski dense in Spec RP(p);
(4) if x is a non-degenerate E-point of Spec RO(p,7), then p, has type T.

Proof. Parts 2—4 follow from [BLGGT14] Lemmas 1.3.2 and 1.3.4. To show the first
part we use Proposition proposition2.6. Firstly, note that under the isomorphism
of Lemma lemma2.3 we have that

—

197.7) % (@), o700 ) 100 X1

for some tamely ramified inertial types 79. We have to check that every minimal
prime ideal of R™ (5, 7) pulls back to a minimal prime ideal of RP (7). This property
may be checked after enlarging E to a finite extension E’ with ring of integers O,
which we choose so that every irreducible component of RP(5,7) ®o O and of
every RO(p,7') is geometrically integral. Then, by [BLGHT11] lemma 3.3 part 5
(see also Lemma lemma2.10), it suffices to prove the claim in the case that p is
tamely ramified.

So suppose that p is tamely ramified. From our choices of topological generators
0,¢ of Gp/Ir we have, as in the proof of Theorem theorem2.5, that RY(p) is the

6The significance to us of non-degenerate/generic representations is that they are contained in
a unique component of the deformation rings (Proposition proposition3.6 part 4) and the theory
of K-types works well (Theorem theorem3.7 part 3).
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completed local ring of Mc(n,q)o at the closed point of the special fibre corre-
sponding to 7; in particular we have a flat morphism i : Spec RP(5) — Mc(n, q)o.
Let C be the conjugacy class in GL,,(E) of 7(¢). Then in Proposition proposi-
tion2.6 we defined the irreducible component Mec(n,q, X ~ C)g of Me(n, q)g; let
Me(n,q, % ~ C)o be its closure in Me¢(n, q)o, which is an irreducible component.
Then

Spec RE(p,7) =i ' (Mc(m, ¢, % ~ C)o) € RE(p)

is a union of irreducible components of Spec R~ (p) by the going down theorem. [

3.4. K-types. Recall the local Langlands correspondence recy of [HT01] Theo-
rem A, which is defined over the complex numbers. If 7 is an irreducible admissible
Q-representation of GL,,(F) and ¢ : Q, = C is our choice of isomorphism, let

r(m) =1  orecp (1o (@ |det |%))

Then 7;(7) is an n-dimensional Frobenius-semisimple Weil-Deligne representation
of Wr over Q; and is independent of the choice of ¢ (see [Hen01] §7.4).7
If S : Ty — Z>o is a function with finite support such that

Z dim 708 (19) = n,

T0€Zo
then we can consider the full subcategory Qs of Repz(GL, (F)) all of whose irre-
ducible subquotients 7 satisfy

ses(ry(m)|r,) = S.

The category Repg(GLy(F')) is then the direct product of the Qg; these are the
Bernstein components of Repz(GL,(F)). See, for example, [BK98] §1. If S is
supported on a single 79 and maps it to 1, then we say that Qs is supercuspidal.
This is equivalent to every irreducible object of 25 being supercuspidal.

It is one of the main results of the theory of Bushnell and Kutzko developed
in [BK93] and [BK99] that, for each Bernstein component 2 of

Repz(GL,(F)),

there is a compact open subgroup J C GL,(F) and a representation A of J with
the following property: if 7 € Repz(GL,(F)) is generated by its A-isotypic vectors,
then 7 is in Q. We call (J,\) a type for the Bernstein component Q. If K D J
is a maximal compact subgroup of GL,,(F) and  is supercuspidal, then Ind% X is
irreducible and is a K-type for €.

In [SZ99], Schneider and Zink refine this by providing K-types for a certain
‘stratification’” of Repz(GLy,(F)). We use their results in the following Galois—
theoretic form (c.f. [BC09] Proposition 6.3.3):

Theorem 3.7. Let 7 be an inertial type of dimension n. Then there is a smooth
irreducible E-representation o(7) of GL,(OFp) such that, for each irreducible ad-
missible E-representation © of GL, (F), we have:

(1) if mlar, (0r) contains o(7), then ()|, = 7;

(2) if ri(m)|1n &7, then 7|qr, (0, contains o(T) with multiplicity one;

(3) if ri(m)|1 X 7 and 7 is generic, then 7|gr, (o) contains o(T).

"This normalisation is convenient for local—-global compatibility; the notation agrees with that
of [CEGT13] but differs from that of [HT01] — our r;(7) is their ry(7V ® | det |1 9).
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Proof. This is [BC09] Proposition 6.3.3, except that we have replaced the hypoth-
esis ‘tempered’ with ‘generic’. That we can do this follows from the proof of [SZ99]
Proposition 5.10 — the only property of tempered representations that is used is
that they occur as the irreducible parabolic induction of a discrete series repre-
sentation, and this continues to hold for generic representations. See also Corol-
lary corollary6.21 below. U

Example 3.8. Let Py, P; € T be the maps that take the trivial representation
to (respectively) (1,1,0,0,...) and (2,0,0,...), and everything else to zero. Let
7o and 71 be the corresponding inertial types; they are respectively the trivial
two-dimensional representation and the non-trivial unipotent two-dimensional rep-
resentation of Irp. We have Py < P; and they are not comparable to any other
elements of 7.

The representation o(7p) is the trivial representation of GLy(OF), while o(11)
is inflated from the Steinberg representation of GLy(kp).

Then 7 contains o(7p) if and only if 7 is unramified, and so if and only if
ri(m)|r, = 70. On the other hand, 7 containing o(71) implies that r;(7)|r, is
unipotent — that is to say, that r;(7)|r, < 7 — but the converse is false for 7 an
unramified character (these are non-generic).

Remark 3.9. In general the representation o(7) is not determined by the above
properties — this already happens when n = 2 if |kr| = 2, see [Hen02], A.1.5, (3). Tt
is known to be unique when 7 corresponds to a supercuspidal Bernstein component,
see [Pas05], and expected to be unique if p > n, see [EG14] Conjecture 4.1.3.

We will give an explicit construction of ¢(7) in section section6, and see Corol-
lary corollary6.21 for a proof that the representations we construct have the desired
properties (modulo the translation into Galois theoretic language, which is straight-
forward and exactly as in [BC09]). Our construction follows closely that of [SZ99],
and it seems likely that the two constructions yield the same representations o (1),
but we do not need this and have not checked it. When n = 2 it is not hard to
check that both constructions do agree, and that they agree with the construction
of [Hen02] (even when |kp| = 2).

3.5. The Bernstein—Zelevinsky classification. It will be useful to recall a little
notation to do with the Bernstein—Zelevinsky classification of irreducible admissible
representations of GL, (F); we follow [Rod82]. For definiteness, fix a choice of
square root of ¢ in E. Then if P C GL,(F) is a standard parabolic subgroup
with Levi factor M = Hle M; and unipotent radical U, and if p; are smooth
representations of M;, we can regard ®;p; as a representation of P by allowing U
to act trivially and then form the normalised parabolic induction of ®;p; from P
to GL,(F); call this representation

p1 X ... X Pg.

If 7 is an irreducible supercuspidal representation of GL,,(F) and k > 1 is an
integer, let
A, k) = {m, 7@ |det|,...,m @ |det [F71}.

A set of this form is called a segment. Two segments A; and A, are called linked
if Ay & Ao, Ay ¢ Ay and Aj UA, is a segment, and we say that A(m, k) precedes
A(w', k') if they are linked and 7’ = 7 ® | det |* for some s > 1. If A = A(m, k) is a
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segment, let L(A) be the unique irreducible quotient of
mx (@ |det]) x ... x (7 ® |det|*71);

it is an irreducible admissible representation of G Ly, (F). If Aq,..., A are seg-
ments then we may reorder them so that, for ¢ < j, A; does not precede A;.
Then

L(Ay) x ... x L(Ay)

is a representation of GL,(F) for suitable n, with a unique irreducible quotient
L(Aq,...,Ay), which is independent of the ordering chosen (so long as the ‘prece-
dence’ condition is satisfied). Every irreducible admissible representation of GL,,(F')
is of this form, uniquely up to reordering the A;. The representation

L(Aq) x ... x L(Ay)

is irreducible if and only if no two of the A; are linked. In this case L(Aq,...,A;) =
L(A1) x ... x L(A;) is generic, and moreover every irreducible generic represen-
tation is of this form (see [Zel80] Theorem 9.7).

The compatibility with the above classification of Frobenius-semisimple Weil—
Deligne representations is as follows. If dy, ..., d; are positive integers with Y d; =
n, m,..., T are supercuspidal representations of GLg, (F'), and kq,. .., k: are pos-
itive integers, then for

A= Alm; ® |det | =, k)
we have:
! 1
(3) P Sp(ri(m), ki) = (| det |7 @ L(Ay,..., Ay)).
i=1

The next two paragraphs are only required in section section6. A supercuspidal
pair is a pair (M, w) where M is a Levi subgroup of some GL,,(F) and 7 is a super-
cuspidal representation of M. We say that supercuspidal pairs (M, n) and (M’ 7’)
are inertially equivalent if there is an element g € G and an unramified character
a of M’ such that M’ = gMg~! and 7’ = a ® 79. We write [M, 7] for the inertial
equivalence class of (M, ). If Q is a Bernstein component of Repg(G L, (F)), then
there is a unique inertial equivalence class of supercuspidal pair [M, 7] such that
every irreducible object of €2 is a subquotient of a representation parabolically in-
duced from a supercuspidal pair (M, ) in that inertial equivalence class (for some
choice of parabolic subgroup).

The essentially discrete series representations® of G L, (F) are precisely those
of the form L(A) for some segment A. Define a discrete pair to be a pair (M, )
where M is a Levi subgroup of some GL,(F) and 7 is an essentially discrete se-
ries representation of M; say that discrete pairs (M, ) and (M’ 7’) are inertially
equivalent if there is an element g € G and an unramified character o of M’ such
that M’ = gMg~! and 7’ = a ® 79, and write [M, 7] for the inertial equivalence
class of (M, x). If 7 is supercuspidal this agrees with the notion of inertial equiva-
lence for supercuspidal pairs. If P € Z then we can associate an inertial equivalence
class [M, 7] of discrete pairs to P as follows: for every 79 € Zy pick a supercuspidal

8That is, the unramified twists of discrete series representations
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representation 7., of G Lgim(ro)(F) With 7y(77,)|1, = T0. Then

[T GLrtyiydimenF), Q) L(A(wr,, P(10)(i)))

T0€Zo,i€EN TOEIU,zeN

is the required class of discrete pairs. If (M,m) = ([[i_; M;,@._; L(A;)) is
a discrete pair, then we can define L(M,) to be L(Ai,...,A,). From equa-
tion (equation3d) we see that, if P € T has degree n, and [M, 7] is the associated
inertial equivalence class of discrete pair, then the irreducible admissible represen-
tations m of GL,(F) such that r;(7) has type 7p are precisely the L(M,r) for
(M, ) in the inertial equivalence class [M, 7].

4. THE BREUIL-MEZARD CONJECTURE.

4.1. Reduction maps. Let p : Gp — GL,(F) be a continuous representation,
and suppose that F is large enough that, for every inertial type 7 that is the type
of some lift of p, both 7 and o(7) are defined over E. We have defined the framed
deformation ring RV (p), which is flat and equidimensional of relative dimension n?
over @. Thus we have the free abelian groups Z(R"(p)) on the irreducible compo-
nents of RE(p), Z(RP(p)) on the irreducible components of RP(p) = RP(p) @ F,
and a reduction map
red : Z(R™(p)) = Z(R"(p)).

Let Rg(GL,(OF)) be the Grothendieck group of finite-dimensional smooth repre-
sentations of GL,, (OF) over E, and let Rp(GL,(OF)) be the Grothendieck group of
finite-dimensional smooth representations of GL,,(O) over F. Then the operation
of choosing a GL,(Op)-invariant lattice and reducing modulo A defines a group
homomorphism:

red : Rg(GL,(Of)) — Ry(GL,(OF))
that is independent of the choice of lattice.

4.2. Cycle map.

Lemma 4.1. If m and 7' are generic irreducible admissible representations of
GL,(F) such that ri(m)|r, = ri(7')|15, then

TlaL,0r) =T aL, o8-

Proof. Let P € T be such that r(7)|;, = r(7')|;» = 7p and let 7,..., 7, be the
elements of Zy with degP(7;) = d; # 0. Pick supercuspidal representations 7; of
GLqgim r, (F) such that r;(m;)|r. = 7 and let A;; be the segment A(m;, P(7:)(j))
for each j such that P(7;)(j) # 0. Then every generic irreducible admissible repre-
sentation m of GL,,(F') such that (7). = 7 is of the form

(01171 o det)L(ALl) X ... X (ai,j ] det)L(AM) X ...

for unramified characters o, ; of F*. The lemma follows from the following con-
sequence of the Iwasawa decomposition: for any parabolic subgroup P C GL,(F)
and representation p of P,

GL,(O
(Indg Plcr.or) = IndeG(LnF(zgp)(P|PmGLn(OF))- O
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Definition 4.2. If 0 is a finite-length representation of GL,(Op) and 7’ is an
inertial type, then m(0,7’) is defined to be the non-negative integer

dim Homzi, (0, 0, 7|eL, o))
for any generic irreducible admissible representation 7 of GL,(F') such that
ri(m)|r. 27
Proposition 4.3. Suppose that P, P’ € Z. Then
m(o(rp),mpr) = [ m(P(r), P'(r0))
To€Zo

where m(P(10), P’ (1)) is the Kostka number (Definition definition6.2) for the pair
of partitions P(1o),P'(10) (and is in particular zero if degP(1o) # degP’(70) for
some Tg ).

Proof. This is proved as Corollary corollary6.22 below. (]

Definition 4.4. Define a homomorphism
cye : Rg(GL,(OF)) — Z(RP(p))

given (on irreducible E-representations o of GL,(OF)) by:

cye(o) = Y m(a¥,7p)Z(R7(p, 7p)).
=

This sum makes sense since m(c", 7p) is non-zero for only finitely many 7p.

Conjecture 4.5. There exists a unique homomorphism

oye : Re(GL,(OF)) — Z(R™(p))
making the following diagram commute:

Rp(GLn(Or)) —— Z(R"(p))

(4) rEdl redl
Rs(GL,(0r)) —2 Z(R"(p)).

Certainly there is at most one map €yc¢ making diagram (equation4) commute.
This is because the map red : Rp(GL,(OF)) = Rr(GL,(OF)) is surjective, which
follows from the corresponding fact for finite groups (see [Ser77] Theorem 33) be-
cause every smooth E- or F-representation of GL,(Op) factors through a finite
quotient.

The main result of this chapter is:

Theorem 4.6. If > 2 then Conjecture conjectures.5 is true.

Proof. To prove the existence of the map Tyc, we must show that ker(red) C
ker(cyc); this may be checked after making a finite extension of E. Therefore
we can and do assume that every irreducible component of RM(5) and of R (p) @ F
is geometrically irreducible.
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Let Repég (GL,(OF)) be the category of finitely generated O-modules with a
smooth action of GL,(Op). In the next section, we will show (using the Taylor—
Wiles—Kisin patching method) that there are positive integers ¢ and d, a geometri-

cally integral object A of C{, and an exact functor Hy, from Repfog (GL,(OF)*%)
to the category of finitely generated modules over
R7(p)*®A
with the following properties:
e for all o € Repl{ (GL,(OF)*%),

Hy (0 @0 F) = Hoo(0) @0 F;

o ifo € Repég is A-torsion free, then so is Hoo(0);
o ifoc = ®j:1 o; € Repég(G’Ln(OF)Xd) is finite free as an O-module, then

Z(Hoo(0)) = ¢- cye®(o).

Here the left hand side is an element of Z(RY(5)®?®A)), the right hand
side is an element of ®§l:1 Z(RP(p)), and we identify these groups using
Lemma lemma2.10 and the fact that A is geometrically integral.

The last of these is Corollary corollary5.21.

Let A = A®F, and let C = Z(A) € Z(A); clearly C # 0. We identify
Z(R(p)®19A) with ®?=1 Z(R"(p)) ® Z(A) using Lemma lemma2.10. Now,
Z(-) is additive on short exact sequences (see [EG14] Lemma 2.2.7) and, using
Lemma lemma2.8 and the first two properties above, we find that the following
diagram commutes (the horizontal maps are well defined since Ho(+) is exact):

Ri(GL,(0p))®d ZU=0) z(RD(5))d

red®dl red®d ®cl

Re(GL, (0p))®d 2= 2(RO@G))8d g 2(A).

Moreover, the topmost map is just ¢ - cyc®? by the third listed property of Huo.
We deduce that ker(red) C ker(red ocyc); if not, then we may pick a € ker(red)
with § = red(cyc(a)) # 0. But then

c-1ed®(cyc®(a®...00)C=c(f®...0 C)#0
and also
c-red®(cyc®(a®...® ) ® C = Z(Hu(red(a) ® ... @ red(a))) = 0,
a contradiction. (]

Remark 4.7. Let T be the subgroup of Rg(GL,(OF)) generated by the o(7) for
inertial types 7, and let T be the subgroup of Rg(GL,(OF)) generated by those
irreducible representations appearing as a constituent of some red(c(7)). Then
red : T — T is surjective, by Theorem theorem6.23 below. It follows that the
version of Theorem theorem4.6 in which Rg(GL,(OF)) (resp. Rp(GL,(OF))) is
replaced by T (resp. T) is also true — the only possible issue being the uniqueness
of eyc. When ! >n, 1| ¢—1, and ﬁ|15F is trivial, we prove a version of the theorem
with a still further restricted choice of 7 in section section? below, using local
methods.
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It is natural to ask to what extent Theorem theorem4.6 gives a ‘formula’ for the
cycle red(Z(RY(p,7))). This is answered by:

Proposition 4.8. The image of cyc is the subgroup H of Z(RP(p)) spanned by
the cycles Z(RP(p, 7)) for varying T. Moreover, the restriction of cyc to T (see the
previous remark) is a bijection onto H.

Proof. Tt is clear that the image of cyc is contained in H. By Proposition proposi-
tion4.3 and basic properties of Kostka numbers, the matrix of multiplicities m(o (1), 7’)
is upper triangular with ‘1’s on the diagonal (for an appropriate ordering of the var-
ious 7). It follows that cyc restricted to 7 is a bijection onto #, and thus that the
image of cyc is all of H. O

Let cyc™! be the inverse of cyc : T — H. For 7 an inertial type, let r(7) =
cyc~Y(Z(RP(p,7))); then

r(r) =Y m Y (o(r), 7)o (r)

where m~1 (o (7),7’) is the (7, 7/)-entry of the inverse of the matrix (m(o(7),7'))r.-.
Using Proposition proposition4.3, m~!(o(7),7’) can be written as a product of
entries of the inverse to the matrix of Kostka numbers; moreover, it is zero unless
7 and 7’ have the same semisimplification. If 7 is semisimple then r(7) = o(7),
but in general it is only an element of the Grothendieck group. As an immediate
consequence of Theorem theorem4.6 we have:

Corollary 4.9. For each inertial type T,
red(Z(R™(p, 7)) = eye(red(r(r))).

This expresses red(Z(RP(p,7))) in terms of the cyc(f) for § running over the
irreducible F-representations of GL,(OFr). We say nothing here about the deter-
mination of the ¢yc(6).

Example 4.10. Let n = 2. Asin Example example3.8, let 7 and 71 be respectively
the trivial and non-trivial two-dimensional unipotent representations of I. Then
o(1p) = 1 is the trivial representation and o(71) = St is inflated from the Steinberg
representation of GLo(kp). In this case, cyc(l) = Z(R%(p, 7)) and cyc(St) =
Z(R®(p,m)) + Z(RP(p,70)). Inverting this map, we find that r(ro) = 1, while

r(m) =St—1.

Example 4.11. Let n = 3. Let 79, 71 and 7 be the three-dimensional unipotent
representations of Ir for which the Weil-Deligne monodromy operator N has rank
0, 1 and 2, respectively. Then o(79), o(72) are the inflations to GL3(OF) of,
respectively, the trivial representation and the Steinberg representation of GL3(kr);
o(71) is then inflated from the remaining irreducible unipotent representation of
GL3(kp). Then the representations r(7;) are as follows:

r(10) = (7o)
r(m) =o(m) — 20(70)

r(r2) = o(m2) — o(m1) + o(70).
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Remark 4.12. If multiple components of Spec R~ () have the same type, then
H will be a strict subgroup of Z(RY(p,7)); this happens, for instance, if n = 2,
p = 1 @ x where x is the cyclotomic character, and ¢ = —1 mod ! (see [Shol6]
Proposition 5.6).

Remark 4.13. It is also natural to ask what the image of ¢yc is. One can obtain
a result similar to Proposition proposition4.8. For every isomorphism class of irre-
ducible representation 7 of Ir over F that extends to a representation of G, one
can say what it means for an irreducible component of RD(E) to have inertial type
T and consider the cycle Z(7) equal to the formal sum of the irreducible compo-
nents of type 7. Then the image of &y¢ is the subgroup of Z(RY(p)) spanned by
the cycles Z(7). This can be proved by constructing a ‘minimal lift’ 7 of 7 (this is
related to the ‘minimal deformations’ of [CHTO8] section 2.4.4) and showing that
red(Z(RY(p,7))) = Z(7) using the methods of section subsection?.1.

Remark 4.14. An explicit description of ¢yc(o) for irreducible F-representations
o of GL,(kr) would make computing the decomposition numbers of GL,,(kr) in
characteristic [ equivalent to computing the reduction map Z(R"(5)) — Z(RP(p))
for the case of a tamely ramified p. On the other hand, I do not know whether it is
realistic to expect such an explicit description. Note that, when [ = p, determining
cyc (or at least, the irreducible representations for which it is non-zero) is essen-
tially the weight part of Serre’s conjecture — compare for instance Remark 5.5.3
of [EG14].

Remark 4.15. In the | = p setting, [EG14] Conjectures 4.1.6 and 4.2.1 deal only
with the potentially crystalline situation; this corresponds to working only with
semisimple 7, so that 7(7) = o(r). Comparing with their Conjecture 4.2.1, for
suitable definitions of cyc and ¢yc in the | = p setting we would have (in their
notation) that

cyc(o(r) @ Ly) = Z(Rpy ;)
for a semisimple inertial type 7 and dominant weight X\, and that
eye(Fa) = Ca
for a Serre weight a. Conjecture 4.2.1 of [EG14] can then be reformulated as
(5) eye(red(o(r) @ Ly)) = red(cye(a(r) @ Ly)).

To generalise their conjecture to the potentially semistable case, the map cyc should
be extended to representations of the form o(7)® Ly for 7 not necessarily semisim-
ple using a formula like that of Proposition 4.3. Then we would conjecture that
equation (equation5) continues to hold.

4.3. Thara avoidance. We explain the relation between our results and the Thara
avoidance deformations of [Tay08]. Suppose that [ > n, that ¢ =1 mod [, and that
p is trivial. In this case let 7,5 be the tame inertial type for which the eigenvalues
of a generator of tame inertia are distinct [th-roots of unity, and for P a partition
of n let 7p be the unipotent inertial type corresponding to P. Then one finds

(6) red(o(mps)) = Z m(P, (1™)) red(o(7p)).
P
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Combining this with Proposition proposition4.3 and using properties of the Kostka
numbers, Theorem theorem4.6 shows that

28G5 97 = ¥ (1) 28y 0

where (;) is the multinomial coefficient; in particular RP (7, Tps) @ F is highly non-

reduced. We prove this formula locally in section section?.

The other ingredient of Thara avoidance is that R (p, Tps) is irreducible, which
must be verified by other means (by showing that the generic fibre is smooth and
connected). Granted this, the level-changing method can be described as follows.
To simplify matters, imagine that we are in a global setting in which patched mod-
ules H,, can be defined as modules over RP(p). If o is a representation of GL,,(Or)
over E or F, let Zout(0) = Z(Hoo(0)). Then Z,, is additive and compatible with
reduction modulo [, and we always have an inequality of cycles

(7) Zaut (U) S CyC(O’)
if o is defined over E.

Suppose that some Z,,;(0(7¢g)) is non-zero. Then Z,,(o(7g)) is non-zero and so
Zaut (0(7ps)) is non-zero by equation (equation6). Since cyc(o(7,s)) = Z(RZ (P, Tps))
is irreducible, by inequality (equation?) we must have Zny (0(7ps)) = cyc(o(7ps)).
But now Theorem theorem4.6 and equation (equation6) imply that

> (P, (1) Zaue (a(rp)) = D m(P.(1")eye (o(rr) ) -
P P

Since every m(P, (1™)) is non-zero, this together with (equation?7) implies that, for
every P,
Zaut(U(TP)) = CyC(U(TP))'

This is exactly ‘change of level’: we started by assuming that the globalisation of p
was automorphic of type 7 and deduced that it is automorphic of type 7p for every
P. Note that this argument is circular with our global proof of Theorem theorem4.6,
since that theorem relies on non-minimal modularity lifting theorems that in turn
depend on [Tay08], but is valid with the local proof of section section?.

5. GLOBAL PROOF.

For the entirety of this section, we assume that [ > 2.

5.1. Automorphic forms. We define the spaces of automorphic forms on definite
unitary groups that we will patch using the Taylor—Wiles—Kisin method. See also
[CHTO08], [EG14], [Ger10], [Thol2]. Our reason for reproducing this now standard
material here is that we need to allow more general level at places v { I than is
considered in those references; hopefully it will be clear that there is no essential
difference.

5.1.1. Let L be an imaginary CM field with maximal totally real subfield LT
satisfying the following hypotheses:

(1) [L* : Q] is divisible by 4;

(2) L/L™T is unramified at all finite places;

(3) every place v | [ of L™ splits in L.
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Let 61,1+ be the non-trivial character of Gz, that is trivial G+, and let ¢ be the
non-trivial element of Gal(L*/L). Then as in [Thol2] section 6 (see also [CHTOS§]
section 3.3), we may choose a group scheme G over Oy + and an LT-linear involution
x on M, (L) such that:

(xy)* = y*z* for all x,y € M, (L) and z* = z¢ for x € Z(M,(L)) = L;
for any LT-algebra R,

G(R)={g € My(L)®r+ R:g"g=1};

for every finite place v of LT, G x .+ L} is quasi-split;

e for every infinite place v of LT, G(L}) = U,(R), the compact unitary
group;

e there is a maximal order A C M, (L) with A* = A and G(Or+) = G(LT)N
A;

for v a finite place of L™ split as ww® in L there is an isomorphism
tw : G(LT) = GL,(Ly,)
such that 1,(G(Op+)) = GL,(OL,,) and tye(z) = (“u(2)) 7"

Let S be a set of finite places of L split in L, and let .S; be the set of places of
L™ above [. Suppose that SN S; = 0 and write T' = S U S;. Suppose that U is a
subgroup of G(A%% ), and write U, for the image of the projection of U to G(L;").

For each v € T we choose a place © of L above v, and let S, S;, T be the sets of ©
for v in S, S; and T respectively. Call U good if it is compact and if:

o forveT, U, CG(O.+);

e for some v € S, U, contains no elements of finite order [.

5.1.2. Forv € S, let M, be an O-module with an O-linear action of G(O,+) which
is continuous for the discrete topology on M,,.

Suppose that F contains the images of all embeddings L — E. Let I, =
Hom(L™, E), so that I; surjects onto S; with # € I; mapping to a place v(6) of
LT above I. Let I; be the set of embeddings L < E inducing a place of Sj.
Restriction to Lt defines a bijection I; = I;. Now let

2 ={( A1, An) €Z" X1 > 00> A )
As in [Ger10] definition 2.2.1, we associate to each A € Z’ a representation &
(defined over O) of GL,, /O, and let My = £,(O) and Vy\ = {\(E).
Now suppose that A = (Ag)s € (Zfﬁ)fl is a tuple of elements of Z} indexed by
0 € I,. Then we define
My = ®o M,

and regard this as a representation of [[ . G(O,+) via the product of the com-
posites of the maps

GO+ )2 QLA (OL,,) 2 GLa(0) 2% GL(My,).

w6 5(0)

Finally let M = @5 My, a representation of [[ .4 G(Op+) and hence (by
projection) of any good subgroup U; we also consider the representation M ® M)
of [[,er G(Op+) and hence of U.



THE BREUIL-MEZARD CONJECTURE WHEN | # p. 23

Definition 5.1. Suppose that U is a good open subgroup. Then Sy (U, M) is the
space of functions
[ GL\GAL) - M @ My,

such that f(gu) = u~1f(g) for allu € U.

If V is a good subgroup of G(A%% ) then define

S(V, M) = lim 55 (U, M)

where the limit runs over all good open subgroups U containing V.

If M is a finitely generated O-module then S)(U, M) is a finitely generated
O-module, because G(L1)\G(A%,)/U is a finite set.
Lemma 5.2. Let U be a good open subgroup.

(1) The functor
(MU)UET — SA(U7 ® Mv)

15 exact.
(2) If V C U is a normal, good, open subgroup, then there are isomorphisms of
O-modules
Sx(V, M) — Sx\(U, M) ®0 O[U/V]
and

trU/V

S\(V, M)y py —— Sx(U, M)
where S\(V, M)y v denotes the U/V -coinvariants in Sx(V, M).

Proof. This may be proved by the argument of [Thol2] Lemmas 6.3 and 6.4, using
the assumption that U has no elements of order . g

5.1.3. Hecke operators. Now suppose that U = UsU® where Us C [],cg G(Op+)
and US = vas U, where U, C G(L;") for each v ¢ S. Suppose also that SN.S; =0
and that for finite places v € T of LT split in L we have U, = G(Op+). We define
Hecke operators, following [Ger10], section 2.3.

Definition 5.3. (1) Let v € T be a place of LT splitting as ww® in L. Then
for 1 < j < n define the operator T on Sx(U, M) as the double coset

operator:
G _ |y, (Fels 0
T = [mw ( . 1n_j) U]

for some (any) choice of uniformiser w,, of Opr,, where 1; is the j x j
identity matrix.
(2) For v € Sj, w a place of L above v, and w,, € Or, a uniformiser, define:

—1
(4) ww]-j 0 )> |: —1 (wwlj 0 > :|
T = [ (woA U, U
A (( 0 )< 0 1, w07 1.

where woA is the conjugate of A by the longest element wy of the Weyl
group.
Let T” be the polynomial ring over © generated by all the quj ) and (qu,n))_l,
and T7 the polynomial ring over T generated by all T A(j;w forw e 5;,0< 5 <
n. Let T (U, M) and Tf(U, M) be, respectively, the images of T? and T7 in
End(S\(U, M)).
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5.1.4. Ordinary forms. (see [Gerl0] section 2.4) Say that a maximal ideal m of
T{(U, M) is ordinary if each T)(j;w has non-zero image in ’]~I‘§(U, M)/m.

Definition 5.4. Let
s, M) = J[ SWU, M)
m ord
where the product is over ordinary maximal ideals m of TZ (U, M).
Let
T, (U, M) = im(T? — §°4(U, M)).

There is an idempotent eq € T% (U, M) such that S°(U, M) = e, S(U, M), and
the formation of ey is compatible with changing U away from places above [ or
changing M.

5.1.5. Base change. Keep the assumptions of the previous section, and suppose
also that U, is a hyperspecial maximal compact subgroup of G(L;") for each place
v of LT inert in L and that M is a finite free O-module. Suppose that A is the
space of (complex-valued) automorphic forms on G(Ap+) and that 7 = ®/U Ty 1S an
irreducible constituent of A4 with weight Ao € (Zi)Hom(L+’C) such that (recalling
the fixed isomorphism ¢ : E = C):

e for € Hom(L1,C), (Aac)o = Aos;

e for v ¢ S a place of LT, 7lv £ 0;

e for v € S a place of LT spht as ww® in L, Téf) acts as a scalar ¢(a (])) for

some agf, ) e E.

Let fr : TT — E be the homomorphism taking Té,j) to aS,Z').

Lemma 5.5. Suppose that w, U, A and M satisfy the above hypotheses. Then we
have the formula:

dim (S\(U, M) @pr ;. E) = dim Homy, ( (M ®0 E) ® To ®c -1 E)
vES

Proof. (sketch) As in [CHTO08] Proposition 3.3.2, we have:
SA(U. M) ®o,, C = Homy,_ 1 ((M %0, C)V VY, Ays)

where V, is an algebraic representation of G(LZ,) constructed from A. It suffices

to show that any other irreducible 7’ C A satisfying the above three conditions (for

the same values of a )) is actually equal to w. By [Labll] corollaire 5.3, such =

and 7' have base changes IT and I’ to GL, (Ar) such that for each place w of L
above a place v of L*, II,, is the local base change of 7,,. By strong multiplicity
one for GL,(AL), I, = II/, for each place w of L. Since each place of S is split
in L and 7 and 7’ are assumed U,-spherical at places v € S, we deduce that

m = 7' as representations of G(Ap+). But by [Labll] Théoréme 5.4, m appears
with multiplicity one in A, so that = = 7', O

In a similar vein, suppose that II is a regular algebraic conjugate self-dual cusp-
idal automorphic representation of GL,,(Ar) which is unramified outside of places
dividing S, and let U® be as above. The following is also a consequence of [Lab11]
Théoreme 5.4, Corolllaire 5.3, and strong multiplicity one:
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Lemma 5.6. There is an automorphic representation © of G(Ar+) such that, at
each finite place v € S, ©V» # 0 and 11, is the spherical base change of m, (relative
to our chosen hyperspecial maximal compact U, if v is inert). (]

5.2. Galois representations.

5.2.1. Recall some notation from [BLGGT14] section 1.1. Let G,, be the algebraic
group (GL, x GLy) x {1,j} where j(g,a)j~' = (a'g~*,a), GO be the connected
component GL, x GLy of G,, and v : G, — GL; be defined by v(g,a) = a,
v(j) = —1. If T is a group, A is an index 2 subgroup, and p : I' — G,(A) is
a representation (for some ring A) such that p=1(G%(A)) = A, then let p be the
composition of p|a with the projection G%(A) — GL,(A).

5.2.2. Ordinary deformations. Suppose that k/Q; is a finite extension and that F
contains the images of all embeddings k < E. If A € (27 )Hem®E) and 7, : G, —
GL, (F) is a continuous representation, denote by RECr_Ord (77) the ring called R-°"
in [Ger10].

Proposition 5.7. The scheme Spec RECr_Ord (7)) is reduced, O-flat and equidimen-
sional of relative dimension [k : Ql]w +n? over O (if it is non-zero). The
E-points of Spec REcr_ord(Fl)[l/l} are those E-points x of Spec R(7;)[1/1] such
that the associated Galois representation 114 is ordinary of weight A (in the sense
of [Ger10] Definition 3.3.1) and crystalline.

Proof. This can all be found in [Ger10] section 3.3. O
Lemma 5.8. If k = Qy, 7 is trivial and A= (({—2)(n—1),(1—-2)(n—2),...,(l—

2),0), then RECY_Ord (7)) is geometrically integral and non-zero.

Proof. The representation V. = @, O(—(i — 1)(I — 1)) is a lift of 7, such that
V ® E is crystalline and ordinary of weight A. By [Ger10] Lemma 3.4.3,

$pec (RS creona(F)[1/1])

is irreducible, and in fact the proof of that Lemma shows that it is geometrically
irreducible. Since RE,cr—ord (71) is O-flat and reduced, R)D\,cr-ord(Fl) is geometrically
integral, as required. O

5.2.3. Global deformations. Suppose that !’ is a prime, L, /Qy is a finite extension,
7y : G, = GL,(F) is a continuous representation and C, is a finite set of irreducible
components of Spec RY(7,) (if I # 1) or of R%Cr_ord (7y) for some A (if I’ =1). Then
by [BLGGT14] Lemma 1.2.2, C,, determines a local deformation problem for 7,.
We recall some notation for global deformation problems from [CHTO08], section

2.3. Suppose that L, LT, T and T are as above and that:
e 0 : G+ — G,(F) is a continuous representation, unramified outside T,
with 57 (G)(F)) = Gr;
e 1:Gr+ — O is a continuous lift of v o p;
e for each v € T, C, is a non-empty set of components of R™ (ﬁc%) (ifvtl)
or of some REMCr_Ord(ﬁ\GLD) (ifv]l).
Then the data
S§= (L/L+a T, T? 0,7, 1, {Cu }ver)
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determines a deformation problem for p; if 5 is absolutely irreducible, then there is
a universal deformation ring R and universal deformation

& Gy = Gu(RE™)
of type S, defined in [CHTO08] section 2.3.
Proposition 5.9. If u(c,) = —1 for all v | co (where ¢, is complex conjugation

associated to v) then
dim R > 1.

Proof. This follows from [CHTO08] Corollary 2.3.5 and the dimension formulae for
the Cy; see [BLGGT14] Proposition 1.5.1. O

Define also the T-framed deformation ring RET as in [CHTO08] Proposition 2.2.9;

it is an algebra over &) Ra where RCDv is the quotient of RP(p|¢ ., ) correspond-

ing to C,.

veT

5.2.4. Now let L, \, T, U and M be as in section subsubsection5.1.3, and suppose
that M is finitely generated as an O-module. Suppose that m is a non-Eisenstein
maximal ideal of Tz’ord(U, M).

Proposition 5.10. There is a unique continuous homomorphism
rm: G = Gu(TX (U, M)im)
such that
_ T ,ord
(1) ra " (GUTY (U, M)wm)) = Gr7:
(2) vorm= el_n‘sz/ﬁf
(3) if v €T splits as ww® in L, then ru(Froby,) has characteristic polynomial
S (~1)7 Nm(w) G072 x 73,

j=0
(4) for each v € Sy, rm|c,, factors through REcr—ord(?m‘GLg)'

Proof. Suppose first that M is finite free as an O-module. Then the construc-
tion of ry is standard (see [CHTO08] Proposition 3.4.4). The first three properties
are deduced as in that reference, and the final property is proved as in [Gerl0]
Lemma 3.3.4.

In general, note that M admits a surjection from an O[U]-module P that is
finite free as an (O-module. Indeed, the action of U on M factors through a
finite quotient U of U, and we may take P to be the projective envelope of
M as an O[U]-representation. Then there will be a ’]NI‘Tfequivariant surjection
Sx(U, P) — S\(U, M) inducing a surjection T1 (U, P)y — T2 " (U, M)y. The
Galois representation for M is then the representation for P composed with this
surjection. O

5.3. Realising local representations globally. Recall that we have a represen-
tation p : Gp — GL,(F). The aim of this section is to globalise p, as in Proposi-
tion proposition5.13 below. We follow [EG14] Appendix A closely, and the reader
wishing to follow the arguments will need to have that paper to hand. Note that
in [EG14] the residue characteristic of the coefficient field is called p, whereas here
it is called [.
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5.3.1. Adequacy. Thorne, in [Thol5] Definition 2.20) has modified the definition of
adequacy from that in [Thol2] to allow some cases where [ | n — the definitions
coincide if [ f n. Let us repeat the new definition here:

Definition 5.11. Let V be a finite-dimensional vector space over F. A subgroup
H C GL(V) is adequate if it acts irreducibly on V and if:
(1) HY(H,F) = 0;
(2) HY(H,End(V)/F) = 0 where H acts on End(V) by conjugation and F is
the subspace of scalar endomorphisms;
(3) For each simple F[H]-submodule W C End(V), there is a semisimple ele-
ment o0 € H with an eigenvalue a € F such that tre, W # 0, where e, o
is the projection onto the a-eigenspace of o.

With this definition, the main theorems of [Thol2] (Theorems 7.1, 9.1, 10.1 and
10.2) continue to hold, by [Thol5] Corollary 7.3.

Lemma 5.12. Let GL,.2 be the smallest algebraic subgroup of GLs, contain-
ing the block diagonal matrices of the form (g,'g~') and a matriz J such that
J(g,tg7 )Tt = (t971,g). Then for m sufficiently large, both

(GL,.2)(Fim) C GLoy(TF)
and
GL,(Fm) C GL,(F))
are adequate. In other words, Lemma A.1 of [EG1j] continues to hold with the

revised definition of adequate.

Proof. This is a consequence of [GHT14] Theorem 11.5, remembering our running
assumption that [ > 2. (]

5.3.2. The main result of this section is:

Proposition 5.13. There is an imaginary CM field L with mazimal totally real
subfield LT, and there are continuous representations

7:Gre — Gu(F)
and
r:Gr+ — Gu(E)
satisfying the following hypotheses:
(1) r is a lift of 7;
(2) 7HG(F)) = GL;
(3) 7 is of the form v (7w, x) for a regular algebraic, cuspidal, polarized au-

tomorphic representation (m,x) (see [BLGGT14], Theorem 2.1.1 for the
notation i, );

(4) 7(Gr(c)) = GLn(Fym) form large enough that the conclusion of Lemma lemma5.12

holds (in particular, ?(GLHQ)) is adequate);

(5) vor= 61_"5Z/L+ and similarly for T (note that this determines x);

(6) Ewvery place v of L™ dividing lp splits completely in L;

(7) For each place v of L™ dividing p, there is an isomorphism L = F and a
place v of L dividing v such that %|GL5 >~ p;



28 JACK SHOTTON

(8) For each place v of Lt dividing 1, we have that L} = Q; and there is a
place © of L dividing v such that ﬂg% 18 trivial and 7“'|GL73 is ordinary of
weight \ for A as in Lemma lemmab.8;

(9) I does not contain L(¢);

(10) if v is a place of LT not dividing lp, then T and r are unramified at v;

(11) [L* : Q) is divisible by 4, and L/L" is unramified at all finite places.

We will prove this over the course of the next three lemmas. The first step is to
realise T as the local component of some (not yet automorphic) representation 7,
using [Call2] Proposition 3.2.

Lemma 5.14. There exist a CM field Ly with mazimal totally real subfield LT and
a continuous representation T : GL1+ — G(F) satisfying properties 2 and 4—11 of
Proposition proposition5.13 (at least as they pertain to T).

Proof. This is a straightforward modification of the proof of [EG14] Proposition A.2
to include conditions on L; and 7 at places dividing p. (]

Now we show that 7 is potentially automorphic over some CM extension L/L;.
This basically follows the proof of Proposition 3.3.1 of [BLGGT14], making modi-
fications to control the splitting in L of places of L; above [ and p (as in [EG14]).
The first step is to show that this 7 lifts to a characteristic zero representation with
good properties.

Lemma 5.15. Let 7 be as in Lemma lemmab.14. Then there is a continuous rep-
resentation r : GL;r — G (Q)) lifting T satisfying all of the properties of Proposition
proposition5.13 except possibly automorphy (property 3).

Proof. This is proved in [BLGGT14], Proposition 3.2.1, under the hypothesis that
I > 2n+ 1. We examine the proof of that proposition and show that in our
case we may remove the hypothesis on [. The only way in which this hypothesis
is used is to verify, using Proposition 2.1.2 of that paper, the adequacy of the
image of the induction of 7 from Gr,) to GLT(Q)' However, by property 4 of
Proposition proposition5.13 we can use Lemma lemmab.12 instead of [BLGGT14]
Proposition 2.1.2. (Note that Theorems 9.1 and 10.2 of [Thol2] remain true with
this definition, and so in [BLGGT14], Theorems 2.4.1 and 2.4.2, and hence also
Proposition 3.2.1 remain true.) ([l

—ker7

Lemma 5.16. There is a CM extension L)Ly, linearly disjoint from Ly ()
over Ly, such that every place of Ly dividing lp splits completely in L and such
that L and 7|, satisfy all the properties required in Proposition proposition.13.
In particular, Proposition propositiond.13 is true.

Proof. The proof of [EG14] Proposition A.6 goes through with the following modifi-
cations — we temporarily adopt the notation of their proof to indicate what must be
changed. The field (I’)™ must be chosen so that, for each place v | p of (L')*(¢n) T,
there is a point P, € T((L')T(¢x);). The field extension F*/L* can then be cho-
sen so that all the places of L™ above p split completely (as well as all those above
1). Finally, instead of using Theorem 4.2.1 of [BLGGT14] we use Theorem 2.4.1 of
that paper, which applies by our assumption that r is ordinary. ([l

5.4. Patching.
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5.4.1. Let7:Gp+ — G,(F) be the representation provided by Proposition propo-
sition5.13, and (enlarging E if necessary) assume that 7 is valued in G, (F). Thus 7
is the reduction modulo A of the Galois representation 7, (7, x) associated to some
regular algebraic polarized cuspidal automorphic representation (m, x) of GL, (ArL).
Use property 9 of Proposition proposition5.13 and the Chebotarev density theorem
to choose a place vy of Lt such that vy splits in L, the residue field of L] has order
# 1 mod [, T is unramified at vy, and ad(7(Frob,, )) = 1. Then every lift of F|GL®1
is unramified, so that R™(7|¢ Lo ) is equal to the unramified deformation ring, and
is in particular formally smooth. Take S to be the set of places of Lt dividing p
together with the place v1, and recall that 7= S U S; and T is a choice of a place
¥ of L above each v € T. Let A € (Z})! have all components equal to the weight
in Lemma lemma5.8. Let U =[], U, where:

o for v a place of L split in L, U, = G(Op+);

e for v a place of LT inert in L, U, C GL,(L}) is a hyperspecial maximal

compact subgroup;
e for v = vy, U,, is the preimage under i3, of the Iwahori subgroup of
GLn(Op+).
Then the assumptions on v; imply that U,, has no I-torsion and so U is good.
For v € T a place of Lt dividing & € T, let Ry be:
e R; = RD(?\G%) ifves;
o Ry =RY  a(Flg,,) ifves).

Let R = ®,_; Rs.
There is a global deformation problem

§= (L/L+7 T7 Ta 07 Fa 617”'62/[/4” {Rf)}'uET)

with universal deformation r@™ : Gr+p — Gn(R¥Y). Let fr : TV — O be

the homomorphism such that ¢ o fW(Té,j )) gives the eigenvalue of T&j ) acting on

7 GEnOLw) Gia . for w above a split place of L™ not in 7.

54.2. LetU, =1]],,G(Ops) and Us = [],c g Uy = UpUv, . Let R be the category
of smooth representations of U, on finitely generated O-modules and let RS be the
category of smooth representations of U, on finite-length O-modules. If 0 € R
then let M, be the underlying module of ¢ regarded as a representation of Ug by
letting U, act through o and U, act trivially. We define an Rg“i"—algebra T(o)
and a T(c)-module H (o) by:
e T(o) = Tf’ord(U , M,)m with the R V-algebra structure provided by Propo-
sition proposition5.10;
o H(o)=S¢YU, My)w.
Note that Tf’crd(U, M)m # 0 whenever S(U, M) contains an eigenform on which

T7 acts through f,, by property (8) of Proposition proposition5.13 and Lemma 5.2.1
of [Gerl0].

5.4.3. By Lemma lemma5.12 and property (4) of Proposition proposition5.13,
%‘GL(Q) is adequate. We follow the proof of [Tho12] Theorem 6.8, but apply the or-
dinary projector e to everything — this makes no difference. Using Proposition 4.4
of [Tho12], we obtain an integer r > [L* : Q]@ and, for each N > 1, a set Qy,
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disjoint from 7', of r finite places of LT split in L and a set Qn of choices of places
of L above those of @Qx. As in [Thol2], for each N and each o we can find rings
R and R%T, an Ry'"V-algebra Ty(o) and a finitely generated Ty (o)-module
Hpy (o) enjoying the following properties:

e There is an isomorphism R¥Y&O([y1, . . ., ynz41]] = RY.

e For each v € Qn, Nmv =1 mod V. Let Ay be the maximal I-power-
order quotient of x(9)*, where x(?) is the residue field of ¥, and let ay be
the augmentation ideal in the group ring O[Ay].

e There are natural homomorphisms O[Ay] — RWY and O[Ax]| — End(Hy (o))
such that the composite RW"Y — Tx(o) — End(Hn(0)) is an O[Ax]-
algebra homomorphism.

e With the above O[A y]-algebra structures, there are natural isomorphisms
RWW/ay = RV, Ty(o)/ay — T(o), and Hy(o)/ay — H(o) (this
relies on Lemma lemma5.2).

e The map O[Ayx] — RV — Ty (o) makes Hy (o) into a finite free O[Ay]-
module.

e We may and do choose a surjective O-algebra homomorphism

R°[[z1,..., 2] - RY”

where g =r — [LT : Q]@
e The functor 0 — Hy (o) is a covariant exact functor from R to the category
of finitely generated R¥"V-modules.

Remark 5.17. Strictly speaking, the proof in [Thol2] that
wiv s End(Hy (o))
is an O[A]-algebra homomorphism, and the construction of the isomorphism
Hy(o)/ay — H(o),

require that o be finite free as an O-module (to apply Propositions 5.9 and 5.12
in that paper). However, we can remove this constraint by writing ¢ as a quo-
tient of a Up-representation that 4s finite free as an O-module, as in the proof of
Proposition proposition5.10.

Write HE[T (0) = Hn(0) @puniv R%T. We pick isomorphisms

RY" =5 RYNGO(ys, . ynzpr ]
and
Rg" = REVEO(yr, - ynrger]
compatible with reduction modulo ay. Let
R = R([z1, ..., 2]]
and

2 O[x1, -y Try Y1y - s Yn21)]
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and note that (by Theorem theorem2.5 and Proposition proposition5.7) we have

n(n n—1)

dim Reo :1+n2#T+[L+SQ]%n+T* [L+:@]n( 5

=dim S.

Write a for the kernel of the map S, — O taking z; and y; to zero. Thus R%T/a =
R and H{" (0)/a =5 H(o).

5.4.4. We patch the modules H]%’T (o) following the proof of the sublemma in
[BLGG11], Theorem 3.6.1. Pick representations o1, 09, ... such that each of the
countably many isomorphism classes in R/ is represented by exactly one o;. For
h e N, let Réh be the full subcategory of R7 whose objects are oy, ..., 0.

Choose a strictly increasing sequence (h(N))y of positive integers. Let ¢y =
ker(Se = O[AN]®O|[y1, . .., Yn247]]) and choose a sequence by D by D ... of open
ideals of So such that by D ¢y for all N and ()5 by = (0). Choose also open
ideals 91 D 02 D ... of R with by R + ker(R4™Y — T(0)) D 0n D by REMY
for all 0 € RL, ) and Ny on = (0).

Define a patching datum of level N to be:

e a surjective O-algebra homomorphism

¢ : Roo — REV /O,

e a covariant, exact functor Mcy from RJ;h( N) to the category of Roo®Seo-
modules that are finite free over S /by;
e for o € RQ h(N)? functorial isomorphisms of R..-modules

Men(o)/a =5 H(o)/by
(the right hand side being an R..-module via ¢).

Since Soo /by, R /0N, H(o)/on are finite sets and the sets of objects and
morphisms in Ri h(N) are finite, there are only finitely many patching data of level
N. Note that if N’ > N then from any patching datum of level N’ we can get one
of level N by reducing modulo by and 0y and restricting Mcy- to RZ(N).

For each pair of integers M > N > 1 define a patching datum D(M, N) of level
N by taking:

e ¢: R — R%T — R/0xn where the first map is our chosen presentation of
R%T over R'°¢ and the second is induced by R%T Ja = Rg“iv;

e Mcn(o) = HJET(O')/bN7 which is finite free over S /by and is an Roo-
module via Ry, — RZ\D/[T — T%'f (clearly Mecy is a functor);

e the isomorphism v : Mey/a = H(o)/by coming from the natural isomor-
phism H7 (0)/a = H(o)/by.

Since there are only finitely many isomorphism classes of patching datum of each
level N, we may choose an infinite sequence of pairs (M;, N;);>1 with M; > Nj,
M;i1 > Mj and Nji1 > N; such that D(M;11,Nji1) reduces to D(M;, N;) for
each j. We may therefore define a functor H. from R/ to the category of Ruo®Sao-
modules by the formula:

Hoo(0) = lim Hy (o) /by,
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(and extending to the whole of R/ by picking an isomorphism from each object to
one of the ¢;). Note that the terms in the limit are defined for j sufficiently large.
Extend H, to R by setting HOOQiLn 0;) = @Hoo(ai).

5.4.5. We need to verify that H,, has the properties needed for the proof of The-

orem theorem4.6. The functor H., is exact and covariant, and for all & we have
Hy(o®@oF)=Hy(o)®F

(these statements all follow from the corresponding statements at finite level).

Lemma 5.18. For each o, the support suppr_(Hoo(0)) is a union of irreducible
components of Spec Ry .

Proof. We may factor the map Soc — Endp_ (Hx (o)) through a map Soe — Reo
(since we may do this at finite level by definition of the action of S). So we have
a map So — Re and a finitely generated R..-module H. (o) that is finite free
over the regular local ring S. Thus we have:

depthp_(Hoo(0)) > depthg  (Hoo(0))
= dim S
= dim R
> depthg_ (Hoo(0)).

Therefore by [Tay08], Lemma 2.3, suppp_ (Hoo(c)) is a union of irreducible com-
ponents of Spec Ro. a

The argument of the next lemma goes back to [Dia97]:

Lemma 5.19. Let q be a prime ideal of Ro such that (R )q is regular. Then
Hoo(0)q is finite free over (Ru)q-

Proof. We may suppose that q € suppp_ Hoo. Since (Ru)q is regular, it is a
domain. By the previous lemma, (Rs)q acts faithfully on (Hoo(0))q. Thus (Rs)q
is finite over (Ss)s..nq. The argument of the previous lemma now shows that

depth(p_ ), (Hx(0)q) = depth(Roo)q.

The module Ho (0)4 has finite projective dimension over (R )q and the Auslander—
Buchsbaum formula holds:

depth(p_, (Heo(0)q) + Pd(g_.), (Hx(0)q) = depth(Ru)q.
Therefore Hoo(0)q is a finitely generated projective (R )q-module as required. [

5.4.6. Assume now that O is large enough that every irreducible component of
RE(p) is geometrically integral. Note that, by Lemma lemma5.8 and the fact that
Rj, is formally smooth, R is a completed tensor product of the ring

®r:

vlp

with a geometrically integral, O-flat ring

A= ®UGT,UJ(pRﬁHZh . ,Zg]]
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in C{3. Then, by [BLGHT11] Lemma 3.3, giving a minimal prime of R, is the same
as giving a minimal prime of each

R; = R™(Fle,,) = R~(p).

Proposition 5.20. Let o € R be finite free as an O-module and of the form ®,,0,
for representations o, of U, 2 GL,(OF). For each place v of L, above p let p be a
minimal prime of Reo and let p, be its pre-image in the copy of RP (p) corresponding
to v. Each p, is a minimal prime of RD(ﬁ, Ty) for a unique inertial type T,.

Then Hoo(0)/p is generically free of rank

n! Hm((av ®E)Y, 1)
v|p

over Roo/p.

Proof. Let &' be the deformation problem
(l//l/"k7 T, T, O, F, 6177152/114,, {R%}'UET)

where R} = Rj; unless v|p, in which case R} = R;/p,. Then R4 is a quotient of
Rg‘niv.
By Proposition proposition5.9,
dim RZY > 1.
By [Thol2], Theorem 10.2, R&Y is a finite O-module; it therefore admits an
(O-algebra homomorphism
r: REY — O
for a finite extension O’/Q; enlarging E, we may assume that O’ = O. There is a
corresponding representation 7’ : G+ — G,(O). By [Thol2], Theorem 9.1, 7’ is the
representation attached to some regular algebraic polarized cuspidal automorphic
representation (7,07 ;1) of GLy(AL) with 7' = @7, such that m;, is unramified
and t-ordinary (see definition 5.12 of [Ger10]) for v | I. By Lemmas lemma5.5 and
lemma5.6 we see that the fibre of H (o) at = (for any o = @,, o) has dimension:

dim Homy, ((a ®E)Y, ® Ty ®c,,-1 E)
veS
= dim wg"l H dim Homy, ((0, ® E)Y, 7} ®c,—1 E)

vlp

= ! [[m(on @ E) 7).

vlp

To see the last equality note that, for each v | p, 75 ®<(:,L71E is a local component of a
unitary cuspidal automorphic representation of GL,, (AL ), and so generic by [Sha74],
and by local-global compatibility (see, for instance, [BLGGT14] Theorem 2.1.1) it
has type 7,. The factor of n! is the contribution from the Iwahori invariants in the
unramified principal series representation 77%1.

Now choose an O-point & of Spec R™® above x. As Z is (in the terminology of
Proposition proposition3.6) a non-degenerate point of each factor RE of Ry, we
see that Spec Ry, is formally smooth at . By Lemma lemma5.19, we see that
H(0)z is free over (R )z. To determine the rank, note that Hoo(0)z/a = H(0),,
and applying the above calculation we get the proposition. [



34 JACK SHOTTON

Corollary 5.21. Identify Z(Re) with @, Z(R(p)) using Lemma lemma2.10.
If 0 € R is finite free as an O-module, then

Z(Hoo(0)) = nlcyc® (o).

Proof. Tt suffices to prove this for o of the form ®U|p 0y. If p is a minimal prime

of R, corresponding to minimal primes p, of RY (p) of inertial type 7, then by
Proposition proposition5.20 the coefficient of [p] in Z(Hu(0)) is

n! Hm((av ® E)Y, 7).

vlp

As m((o, ® E)V,7,) is the multiplicity of p, in cyc(o,), we obtain the required
formula. 0

We have therefore shown that H., has all the properties needed for the proof of
Theorem theorem4.6. To be specific, in the notation of that proof we take d equal to

the number of places v of L™ dividing p, ¢ =n!, and A = ®'L}GT,U@R5HZ1’ ey Zg]]

Remark 5.22. The reasons we work with ordinary automorphic forms are the
following:

(1) We can ensure that the local deformation rings R; for v | [ are (geomet-
rically) irreducible, which is necessary for the argument. This could be
difficult to arrange with low weight crystalline deformation rings if [ < n,
as then Fontaine—Lafaille theory would break down.

(2) In globalising p and in arguing that every component of R, is automorphic
we can appeal to the ordinary automorphy lifting theorem Theorem 2.4.1
of [BLGGT14] (which is Theorem 9.1 of [Tho12]), which only requires [ > 2
(once the new definition of adequacy is used) rather than Theorem 4.2.1 of
[BLGGT14] which requires I > 2n+1, as well as a potential diagonalizability
assumption.

6. K-TYPES.

We construct representations o(7) satisfying the conclusion of Theorem theo-
rem3.7, and compute their reduction modulo ! and their multiplicities in generic rep-
resentations of GL, (F). Such representations were already constructed in [SZ99],
and our construction follows theirs closely with minor modifications to make things
work modulo [. It seems likely that the two constructions yield the same rep-
resentations o(7) but we have not tried to prove it. The multiplicity formula,
Corollary corollary6.22, could be shown by our methods to hold with either con-
struction.

We outline the contents of this section as an aid to the reader. Bushnell-Kutzko
theory (recalled in sections subsection6.4-subsection6.7) provides various compact
open subgroups J! C J inside K = GL,,(OF) such that J! is pro-p and J/J! is a
finite general linear group, and representations x of J such that | is irreducible.
Then the K-types are constructed as Indf]{ (k ® v) for irreducible representations
n of J/J', at least for those Bernstein components with only one representation
in their supercuspidal support (the general case requires ‘G-covers’). The key con-
structions are Definition definition6.15 which constructs the representations and
Definition definition6.17 which relates them to inertial types. In section subsec-
tion6.10 we apply the functor Hom j(k, -) to reduce the calculation of multiplicities
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in parabolic inductions for GL,,(F) — Theorem theorem6.20 — to a calculation
with finite general linear groups, which is worked out in sections subsection6.1-
subsection6.3. In section theorem6.23 we show that the reduction mod [ of types is
controlled by the reduction mod [ of representations of finite general linear groups,
which is essentially tautologous given our construction and Theorem theorem6.16.

6.1. Symmetric groups. If P € Part with deg P = n, for each 7 € N let Tp; be
the subset

1+iP(j),HiP(j),---,ZP(j)

of {1,...,n}. Let Sp be the subgroup of S,, stabilising each Tp;, so that Sp =
Hi SP(’L) Let
Tp = Indé; (sgn)

where sgn is the sign representation.

Definition 6.1. Let o} be the unique irreducible representation of S, that appears
in 7% and that appears in no 7%, for P’ > P (see the proposition [SZ99] §3) .

Every irreducible representation is of the form o% for a unique P. Note that this
is not the standard association of representations of S, to partitions, but rather its
twist by the sign representation.

Definition 6.2. The Kostka number m(P, P’) is the multiplicity with which 0%
appears in mp,.

We adopt the conventions that if deg P # deg P’ then m(P, P’) = 0, while if
deg P = deg P’ = 0 then m(P, P’) = 1. Thus m(P,P’) > 0 if and only if P = P/,
and if P = P’ then m(P, P’) = 1. This does coincide with the standard definition
of Kostka numbers.

6.2. PSH-algebras. For our calculations of multiplicities we will require the no-
tion of a PSH-algebra, due to Zelevinsky [Zel81]; see also chapter 3 of [GR14] and
the proof of the Proposition in [SZ99] section 4.

Definition 6.3. A positive self-adjoint Hopf (or PSH-) algebra is a graded
connected Hopf algebra
=@,

n>0

over Z, with multiplication m : R® R — R and comultiplication ;1 : R -+ R® R,
together with a Z-basis ¥ of homogeneous elements with the following property:
let (-,-) be the Z-bilinear form on R making ¥ an orthonormal basis. Then for all
01,09,03 € 3 we have

(m(o1 ® 02),03) = (01 ® 02, u(o3)) > 0.

Suppose that R is a PSH-algebra, with notation as in the definition. An element
o € R is primitive if (o) = o ® 1 + 1 ® 0. Say that R is indecomposable if
there is a unique primitive element in Y. The basic structure theorem is then:
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Theorem 6.4. ( [Zel81] Theorem 2.2 and Theorem 3.1g) Let R be a PSH-algebra
and ¥ its distinguished basis. For each primitive o € ¥ there is an indecomposable
sub-PSH-algebra R(o) of R such that

Q) R(o) = R

is an isomorphism of PSH-algebras.’

If R and R’ are indecomposable PSH-algebras then, after rescaling the gradings
so that each has a primitive element of degree one, there are precisely two isomor-
phisms of PSH-algebras between R and R'.

We can obtain an indecomposable PSH-algebra R® from the representation the-
ory of the symmetric group as follows: let RS be the Grothendieck group of repre-
sentations of 5, and take X to be the subset of isomorphism classes of irreducible
representations. The multiplication is given by induction: if o7 and o9 are irre-
ducible representations of degrees S,, and S, then

S’n n
m(o; ® 09) = Indsnf;szn2 (01 ® 02)

regarded as an element of the Grothendieck group. Similarly the comultiplication
is given by restriction: if ¢ is a representation of .S,, then

(o) = Z Resgsxsb o
a+b=n
where we have identified the Grothendieck group of representations of S, x S
with the tensor product of those of S, and S,. That this (with the obvious unit
and counit) is a Hopf algebra is an exercise using Mackey’s theorem (see [GR14]
Corollary 4.26), and the self-adjointness property is a consequence of Frobenius
reciprocity. The unique primitive element is the trivial representation of the trivial
group. The non-identity isomorphism R% — RS takes the trivial representation of
any S, to the sign representation.

6.3. Finite general linear groups. Let k be a finite field, n > 1 be an integer,
and G = GL, (k). For all unsupported assertions in this subsection see [SZ99] §4.

Definition 6.5. Let Z; be the union over ~all d of the set of isomorphism classes
of cuspidal representations of GL4(k). Let Z be the set of functions P : g — Part
with finite support.

The degree deg P of an element of Z is defined to be the sum

Z deg(P(0)) dimo.

aefg
Every irreducible representation of G has a cuspidal support, a function S : Zg —
N> with }° 7 S(o)dimo = n. For each such S, let Qs be the full subcategory
of Repz(G) whose objects are representations all of whose irreducible constituents
have cuspidal support S.

If o is a cuspidal representation of GLg(k) and ¢ is a positive integer, then define

the generalised Steinberg representation St(o,t) to be the unique non-degenerate

91f there are infinitely many primitive elements of X, this should be interpreted as the direct
limit of the tensor products over finite subsets of the primitive elements in 3.
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irreducible representation of G'Lg:(k) whose cuspidal support is ¢ copies of o. If
P € I with deg’P = n, define a Levi subgroup Mz of G by

Mf = H Gf(z) dimo*
UEfo,iEN

Definition 6.6. Let St(P) be the irreducible representation of Mf whose tensor
factors are the St(o,P(c)(i)) for each (o, i).

Choose a parabolic subgroup @ with Levi factor Mg and let
s = Ind% St(P).

Definition 6.7. Let 05 be the unique irreducible representation contained in 7
that is not contained in 7, for any PP,

Proposition 6.8. FEvery irreducible representation of G is of the form oz for a
unique P. ]

Let REY be the PSH-algebra defined by taking the dth graded piece RdGL to
be the Grothendieck group of representations of GL4(k), defining multiplication
via parabolic induction, comultiplication via Jacquet restriction, and taking X to
be the set of isomorphism classes of irreducible representation (see [GR14] §4 for
details). The primitive elements in ¥ are the cuspidal representations; for each
cuspidal representation o of some G Lg(k) let R(o) be the PSH-subalgebra of REF
spanned by those elements of ¥ having cuspidal support some number of copies of
o. Then we have (see the proof of the Proposition in [SZ99] section 4):

Proposition 6.9. The PSH-algebras R(c) are indecomposable and there is an iso-
morphism of PSH-algebras
R = Q) R(o).

aefo
For each cuspidal representation o there is (after rescaling the gradings) a unique

isomorphism of PSH-algebras R(c) = R® that takes St(o,t) to the sign represen-
tation of Sy for all t. |

Corollary 6.10. If P,P' € T both have degree n, then the multiplicity
m(P,P’) = dim Homg(op, 75 ,)

is equal to the product of Kostka numbers

Proof. First, observe that the bilinear form on R“" is given (on homogeneous ele-
ments of the same degree n in the N-span of ¥) by dim Homg(—, —). Thus we can
read off m(P,P’) from the PSH-algebra structure on R“*. By Proposition proposi-
tion6.9, we can reduce to the case where P and P’ are both supported on the same
cuspidal representation o; let P and P’ be P(c) and P’(c) respectively. Then it is
easy to see that, under the isomorphism R(o) = R® of Proposition proposition6.9,
o is taken to op and 75, is taken to 7%, The formula follows. g
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6.4. Simple characters. We recall a little of the theory of Bushnell and Kutzko
(for which see [BK93], [BK98], [BK99]). Let C be an algebraically closed field
of characteristic distinct from p (for the case when C has positive characteristic
we refer to the works of Vignéras [Vig96], [Vigd8] and Minguez, Sécherre, and
Stevens [MS14], [SS14]; we will not require much from the positive characteristic
theory).

Let V' be a vector space over F, let G = Autp(V), and let A = Endp(V). An
Op-lattice chain in V is a sequence £ = (A;);ez of Op-lattices in V' such that
A; D Ajqq for all @ € Z, and such that there exists an integer e > 1 (the period of
A) with Aj4. = prA; for all ¢ € Z. The hereditary Op-orders in A are those orders
2 that arise as the stabiliser of some Op-lattice chain (which is uniquely determined
up to shift by the order). The order 2 is maximal if and only if it stabilises a lattice
chain of period e = 1. A hereditary order 2l C A has a unique two-sided maximal
ideal 9B; if 2 stabilises A then P is the set {z € 2 : zA; C A;1; for all i € Z}. We
write U(2A) for the group of units in 2 and U(™A) = 1 + P.

In [BK93] §1.5, the notions of stratum, pure stratum, and simple stratum in A
are defined. We will only require simple strata in A of the form [, m,0, 5]; this
means that

e 2 is a hereditary Op-order in A;

e m > (0 is an integer;

e 3P\ P is such that F = F[B] is a field'® and E* is contained in
the normaliser of U (2);

o ko(B,2(E)) < 0 where ko(5,20(E)) is the integer defined in [BK93] §1.4.

If [2(,m, 0, 8] is a simple stratum then we may regard V' as an E-vector space and
write B = Endg (V). Any lattice chain defining 2 is then an Og-lattice chain and
B = AN B C B is its stabiliser; we define the groups U(B) and U'(B) as for 2.
To a simple stratum [2(, m, 0, 3] we may associate, as in [BK93] §3.1, compact open
subgroups J = J(B,2), J' = J1(B,2) and H = H'(3,) of U(A) such that

e J!is a normal pro-p subgroup of J;

e H! is a normal subgroup of J';

e U(B) C J and U'(B) C J!, and the induced map

U(B)/U (B) — J/J'
is an isomorphism.

There is a set C(2,0,3) of simple characters of H'(3,2) (see [BK93] §3.2). If
6 € C(A,0, ) is a simple character, then there is a unique irreducible representation
n of J*(,2l) whose restriction to H'(3,%2() contains f, and in fact this restriction
is a multiple of 8. There is then a distinguished class (the “B-extensions”) of
extensions x of 7 to J(B,2A) (see [BK93] §5.2 for char C' = 0; [Vig96] §4.18 for the
general case).

6.5. Types. Suppose that char C' = 0 and € is a Bernstein component of Rep~(G).
A type for Q is a pair (J,\) where J C G is a compact open subgroup and \ is
an irreducible representation of J with the property that 2 is equivalent to the
category of smooth C-representations of G generated by their A-isotypic vectors.
Recall that, for H a unimodular locally profinite group, K C H a compact
open subgroup, and p a smooth C-representation of K, then the Hecke algebra

10The coefficient field E used in the rest of this paper does not appear in this section.
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H(H, K, p) is defined to be the C-algebra
Endc (g (c-Ind (p)-

If (J,\) is a type for Q, then Hom (A, —) is an equivalence of categories between
Q and the category H(G, J, \) -Mod of left H(G, J, A\)-modules (see [BK93]).

It is the main result of [BK99] that every Bernstein component of Rep~(G) has
a type, and there is an explicit construction of these types.

Suppose that Q is a supercuspidal Bernstein component of Rep(G) (that is,
every irreducible object of © is supercuspidal). Then, by [BK93] §6 and Theo-
rem 8.4.1, we may construct a type (J, A) for Q such that: J = J(3,2) for a simple
stratum [, m,0, 8] in A in which 9B is a maximal Og-order, and A is of the form
k®v where & is a S-extension of an irreducible representation 7 containing a simple
character 6 € C(2,0, 3) and v is a cuspidal representation of J/J* = GLyg:r)(kE).
The integer m is unique and the pair (J, A) and order 2 are unique up to conjugation
in G. A type (J, ) arising in this way is called a mazimal type.

6.6. Recall the notions of ps-character and endo-equivalence from [BK99] §4. In
the situation of the previous paragraph, the character § determines a ps-character
(0,0, ) attached to the simple pair (0,5) — this is a function © on the set of
simple strata [, m,0, 5] taking such a stratum to an element O(2() € C(2(,0, ).
By [BK99] §4.5, the endo-class of this ps-character is determined by €. For each
endo-class of ps-character we fix a representative (0,0, 3). We may and do assume
that 6 and [ in the previous paragraph come from this chosen representative of the
endo-class associated to 2.

We will need to impose a certain compatibility on our choices of S-extensions.
Suppose that (0,0, 8) is a ps-character attached to the simple pair (0, 3) and write
E = F[B]. Suppose that F is embedded in A = Endp(V) so that V is an E-
vector space, and let Vi,...,V; be finite-dimensional E-vector spaces such that

= @2:1 Vi;. Let M be the corresponding Levi subgroup of G, let @ be the
parabolic subgroup with Levi M that stabilises the flag (of F-vector spaces) 0 C
VicVieVe C...CV, and let U be the unipotent radical of Q. For each ¢ let
A; = Endp(V;) and B; = Endg(V;) and let B = Endg(V). Suppose that, for each
i, there is an Og-lattice A; C V; whose stabiliser is 98;, a maximal hereditary Og-
order in B;. Let 2; be the corresponding hereditary Og-order in A;, with associated
groups J; D J} D H}. Let §; = ©(2,;) and let n; be the unique irreducible
representation of J} containing 6;. Let £ be the Opg-lattice chain in V whose
elements are the lattices

PEAML @ .. @pEA @ P A @ B pgTA,

for a € Z and 1 < b <t (cf [BK99] §7). Let B (resp. A) be the Op-order (resp.
Op-order) associated to £ and let B (resp. ) be the stabiliser in B (resp. A) of a
single lattice in £. Let J > J' > H! be the groups associated to 2, let 6 = @(Ql),
and let 7 be the irreducible representation of J J' containing #. Similarly define
J D J' D H' 6 and 7 to be the objects associated to 2 (and ©). By [BK93]
Theorem 5.2.3, the choice of a S-extension k of 1 determines a (-extension k of 7
such that

U(2A) A~ U(2A)
Ind ( ) IndU(%)Jl(KJ|U(‘B)J1)
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If Zy is the representation of J N M = H§:1 J; on the J N U-invariants of &, then
Ry = K1 ® ... ® k¢ for p-extensions k; of each n;. When k1,...,x; arise from a
single x in this way, we say that they are compatible.

6.7. Covers. Types for a general Bernstein component of G are constructed using
the formalism of covers. Suppose that M C G is a Levi subgroup, that J C G is
a compact open subgroup, and that p is an irreducible smooth representation of J.
Write Jyy = JN M and suppose that pyr = p|s,, is irreducible. The notion of (J, p)
being a G-cover of (Jar, par) is defined in [BK98] Definition 8.1.

By [BK98] Theorem 7.2, if (J, p) is a G-cover of (Jas, par), then for each par-
abolic subgroup @ of G with Levi factor M, there is an injective Hecke algebra
homomorphism

jQ : H(M, Jur, pM) — H(G, J, p).
Moreover, if every element of G intertwining p lies in M, then j¢ is an isomorphism,
by Theorem 7.2 and the remark following Corollary 7.7 of [BK98].

If [M, 7] is an inertial equivalence class of supercuspidal pair corresponding to a
Bernstein component 2 of Rep(G), then let (Jys, Aps) be a maximal type for the
supercuspidal Bernstein component Qs of Rep~(M) containing 7. By the results
of [BK99], there is a G-cover (J, A) of (Jpr, Aps). The pair (J, A) is then a type for
Q. For every parabolic subgroup @ C G with Levi subgroup M, the diagram

Ind§ (-
Y Inde®), Q

(8) Homy,, (AM,*)l JrHom,/()\,f)

H(M, Jar, Mar)-Mod  —22—  H(G, J, \)-Mod
commutes (by [BK98] Corollary 8.4).

6.8. SZ-data. We return to the case of arbitrary C' with characteristic distinct
from p.

Definition 6.11. An SZ-datum over C is a set
{(E“ Bh ‘/7,'7 %iy )\1)}7,,:1
where r is a positive integer and, for each i =1,...,r, we have:

e FE,;/F is a finite extension generated by an element j3; € F;;

e V; is an E;-vector space of finite dimension N;;

e B, C Endg, (V;) is a maximal hereditary Op,-order and 2; is the associated
Op-order in A; == Endp(V;);

o if m; = —vg,(6;), then [;,m;,0,5;] is a simple stratum and A; is a C-
representation of J; = J(3;,2l;) of the form k; ®v;. Here k; is a B;-extension
of the representation n; of J} = J1(;,2l;) containing some simple character
0; € C(2;,0, ;) of H = H'(B;,2;), and v; is an irreducible representation
of U(%,)/Ul(%,) = GLNi (qu) over C;

e no two of the 0; are endo-equivalent.

Suppose that & = {(E;, 8;, Vi, B, \i) }i_y is an SZ-datum, and adopt all of the
above notation (including the implied choices of S;-extensions ;).

Proposition 6.12. The representations \; are irreducible.
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Proof. Suppose that some )\; is reducible. Since (k; ® v;)] gy is a multiple of 6;,
we must have that any irreducible subrepresentation p of A\; = k; ® v; contains 6;
when restricted to H}!. Therefore, by [Vig96], 4.22 Lemme, p must also be of the
form r; ® v} for an irreducible representation v of J;/J!. But now by [Vig96], 4.22
“Entrelacement”, we have

/ /
Homy, (k; @ V), ki @ v;) = Hom, ,j2 (v;, v4)
and so we must have v/ = v;, as y; is irreducible. Therefore p = k; ® v; = A; as

required. ([

Let V = @;_, Vi (an F-vector space), A = Endp(V) and G = Autp(V). The
Levi subgroup M = [[;_, Autp(A;) C G has compact open subgroups J3; <1 Jaz,
where J}, = [[;_, J} and similarly for J. Let ny = @;_, 7; (a representation of
lew) and similarly define the representations xy; and Ap; of Jys. Then nys and Ky
are clearly irreducible, and A, is irreducible by the above proposition.

Since no two of the 6; are endo-equivalent, the constructions of [BK99] §8 (see also
[MS14] §§2.9-10) yield compact open subgroups J and J! of G and representations
n of J', k of J and X\ of J such that (J',n) (resp. (J, k), resp. (J,\)) is a G-
cover of (Ji;,ma) (resp. (Jar, k), resp. (Jar, Aar)), and J/JY = Jp/Ji, with
A=k ® (Q;_, ;) under this identification.

Remark 6.13. If char C # 0, then to see that these are G-covers we must modify
the proof of [BK99] Corollary 6.6 as explained in the proof of [MS14] Proposi-
tion 2.28. However, here we only need the case char C' = 0.

Let K be a maximal compact subgroup of G such that Jyy € K N M (and so
KNIl Bi=T1[_,U(B))).

Proposition 6.14. FEvery element of K that intertwines n lies in J.

Proof. By [MS14] Proposition 2.31, the G-intertwining of 7 is J([[;_, B;)J, and
so the K-intertwining of 7 is

J(HB})JnK:J. O
i=1

Definition 6.15. Let & be an SZ-datum over C' and let J, K and X be as above.
Then:
o(6) = Ind’ (V).

Theorem 6.16. The representation o(S) is irreducible.
Proof. We first show that
dim Hom ;1 (1, Ind’f \) = dim(v).

By Proposition proposition6.14, for g € J we have Hom 14 (1, A9) = 0. Therefore
by Mackey’s formula,

dim Hom ;1 (1, Ind’f \) = dim Hom j1 (1, )
= dim(v)
Now suppose that IndJK A is reducible, with
0¢ W & Inds X
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a K-submodule and W’ the quotient. We may write Res’i Ind5 A = W @ W, since
J1 is pro-p. Now, by Frobenius reciprocity we have that

dim Hom ; (W, A) > 1.
Since A is irreducible and A| j1 = dim(v) - n this shows that
dim Hom j1 (9, W) = dim Hom 1 (W, n) > dim(v).
But the same argument applies to W/, so that
dim Hom ;1 (, Ind’ (\)) > 2dimv > dim,

a contradiction! O

6.9. K-types. Now take C = E. Let P € Z, let scs(P) = S : Zy — Zxo be
as in section section3, and let 2 = Qg be the associated Bernstein component of
Repc(G). Let n=3"_ 7 dim7oS(79) and let G = Autr(V) for an n-dimensional
F-vector space V. Let (M°,7) be a supercuspidal pair in the inertial equivalence
class associated to . Write MY = Hle MY with each MY the stabiliser of some
n;-dimensional subspace V? of V, write 7 = ®§=1 m;, and let €; be the super-
cuspidal Bernstein component of Repy (M) containing ;. For each ; there is
an associated endo-class of ps-character, for which we have chosen a representative
0? = (89,0, 8?). Construct a Levi subgroup M = [[;_, M; with M° C M C G by
requiring that M7 and M} are both contained in some M; if and only if 09 = ©};
in this case we write

(®i7075i) = (@97()’6]0) = (@2)0762)

for the common value. Let V = @;_, V; = 69;:1 VY be the decompositions of V'
corresponding to M and M? respectively, so that the second is strictly finer than
the first.

Suppose first that 7 = 1 (the homogeneous case). Then write (0,0, 3) for the
common value of (09,0, 59), and E = F|[B]. For 0 < i < t, there is a maximal simple
type (J2,\?) for Q; such that J? = J(3,21?) for a simple stratum [A?, m, 0, 8], and
AV contains 69 := ©(AY, 0, 3). We are in the situation of ?? , and adopt the notation
there (adorning it with a superscript ‘0’ where appropriate). In particular we have
compact open subgroups J' C J of G and a representation 7 of J! containing the
simple character ©(2, 0, 8), where 2 is a hereditary Op-order in A and AN B =B
is a maximal hereditary Op-order. We choose compatible B-extensions k of n
coming from a B-extension k of 1, and decompose each /\? as Ii? ® VZO, where 1)
is a cuspidal representation of J?/J? = U(B?)/U(B?). Choosing an Og-basis
of each BY, we identify U(BY)/U(B?) with GLy0p:r)(kg) for an integer n? and
J/J' =U(B)/U(B) with GL,, /g5 (kg). So we may view each v as an element
of Zp, and define an element P € Z by P(v?) = P(r;), where 7; € Zy corresponds
to ;. Then write v = 75, a representation of GL,,(g.r)(kg), and regard it as a
representation of J/J*.

Definition 6.17. In this homogeneous case, we define an SZ-datum Gp by
Sp ={(E,8,V,B,k@v)}.
In the general case, for 1 < i < r let

{(Es, Bi, Vi, By, ki @ 1) }
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be the SZ-datum for M; given by the construction in the homogeneous case, and
set

Sp ={(E;, B, Vi, Bi, ki QU4) iy
If 7 = 7p, we write o(7) = 0(Sp).

6.10. We show that the representations o (7) satisfy the conclusion of Theorem the-
orem3.7. Continue with the notation of section subsection6.9, and suppose that
r = 1. Let M? > M° be a Levi subgroup of a parabolic subgroup Q> C G, let
B2 = BN M2, and let J'2 C J2, n? and k? be the subgroups of M? and their
representations obtained from ©. We require that x2 is compatible with .

Write G = J/J' = U(B)/U(B), M2 = (M?>NU(B))J'/J!, and Q2 = (Q* N
U(®B))J'/J'. Then @2 is a parabolic subgroup of G with Levi M 2.
Proposition 6.18. The following diagram commutes:

Indg2(—)
Rep(M?) ———— Repq(G)

(9) Homﬂﬂ(ﬁzv—)l J{Hom‘ﬂ(n,—)

Repo (M 3 — Repe (G).
Ind@ , (—)
Q

Proof. This may be proved in the same way as [SZ99] Proposition 7; we omit the
details. See also [SS14] Proposition 5.6. O

Corollary 6.19. Suppose that M? is as above and further suppose that (M?,1?)
is a discrete pair in the inertial equivalence class associated to some P e Z; let
P’ : Ty — Part correspond to P'. Then

Hom j: (k, Indgg (7%)) = 75,
as representations of G.
Proof. By Proposition proposition6.18,
Hom j1 (k, Il’ldgz (7?)) = Indg2 (Hom 1,2 (K2, 7%)).
By [SZ99] Proposition 5.6,
Hom 12 (k2, 72) = St(P).
Therefore:

Indgz(Home (k?,72)) = Inde(St(ﬁ'))
= ﬂf" |:|

Now suppose that r > 1, so that M C G is a proper Levi subgroup. Let Jy; =
- i, Jiy = T1—, 1, and ma = @;_, n. Then as in section subsection6.8 there
is a G-cover (J*,n) of (J3};,ma). We have a canonical isomorphism Jy,/Ji, = J/J*
induced by the inclusion Jy; < J. For each parabolic subgroup @ of G with Levi
M, there is an isomorphism

jQ : H(Mv‘]JlV[anM) ;H<G7J13n)
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such that the diagram

Indg(-)
Repq (M) Repq(G)

(10) Homl,i/[ (WMy—)J( lHomJl(n,—)

jq : H(M, Jar,nar)-Mod  —=—  H(G, J,n)-Mod

commutes, by the discussion of section subsection6.7 and the intertwining bound
of [MS14] Proposition 2.31. Then, writing K; = KNM, jg induces an isomorphism

IH(KMN]I%/[»”Z\/I) = H(Kv Jlﬂ?)~
But, by Proposition proposition6.14, we have
H(Enrs Jagsnae) = H(In, Jags iar)

and choosing ks identifies this with C[Jp/J},]. Similarly, choosing x identifies
H(K,J', n) with C[J/J']. As jg is support-preserving, if we choose x such that
k|7, = fa then the isomorphism jg agrees with the identification C[Jyr/ T3] =
C[J/J]. Therefore, when v is a representation of J/J! = Jys/J},, the isomorphism
Jjo takes Indf}é‘f (ka @v) to Ind’ (k®v). So we have shown that, for every smooth
representation mwy; of M, we have:

(11) HomK(Indg(/ﬁ ® u),Indg(ﬂ'M)) = Homg,, (IndKM (Kpm @ var), Tar)-

JIm

Theorem 6.20. Let P’ € T with degP’ = n, let (M’, ') be any discrete pair in the
wmertial equivalence class associated to P’, and let Q' C G be any parabolic subgroup
with Levi subgroup M'. Then

dim Hom (0(&p), Indg, (7)) = [[ m(P(r0),P'(0))-

T0€Zo

Proof. We can assume that scs(P’) = & = scs(P); otherwise both sides are zero
— the left hand side because 0(&p) contains a type for the Bernstein component
Q corresponding to S. Therefore we can assume that My C M’ C M. Using the
commutative diagram (equationl0), we may reduce to the case in which P and
P’ are homogeneous. But now the result follows from Corollary corollary6.19 and
Corollary corollary6.10. O

Corollary 6.21. Let P’ € T and let (M',7’") be a discrete pair in the inertial
equivalence class associated to P'. Let m = L(M',7") be the irreducible admissible
representation defined in section subsection3.5, so that ri(7)|r, = p/. Then:

(1) if |k contains o(&Sp), then P’ < P;

(2) if P =P, then w|k contains o(Sp) with multiplicity one;

(3) if P X P and 7 is generic, then w|k contains o(Sp) with multiplicity one.
Proof. This is proved in the same way as [SZ99] Proposition 5.10. By Theorem the-
orem6.20, if @' C G is a parabolic subgroup with Levi M’, then o(&p) is contained
in Indg, (7') if and only if P’ < P. Therefore if L(M’,7") contains o(&p), then
P’ < P, proving part 1. If L(M’' 7’) is generic, then it is equal to Indg, (') for
any @', proving part 3. Finally, suppose P’ = P. By Theorem theorem6.20, o(Sp)
occurs in Indg, (7') with multiplicity one; in other words, exactly one constituent
of Il’ldg/(ﬂ'/ ) contains o(&p), and it does so with multiplicity one. But every con-
stituent of IndS, (7') other than L(M’,7') is equal to L(M",x") for some discrete
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pair (M”,7") in the inertial equivalence class associated to P” for some P” = P
(see [SZ99] §2 Lemma), and so by part 1 does not contain o(P). Hence o(P) is
contained in L(M’, 7’) with multiplicity one, as required. O

Corollary 6.22. Let P and P’ be elements of Z. Then
m(U(Tp),Tp/) = H m(P(T()),P’(To)).

T0€Zo
Proof. This follows from Theorem theorem6.20 together with that fact that any
generic irreducible admissible representation m of GL, (F) is the irreducible induc-
tion of a discrete series representation of a Levi subgroup. ([l

6.11. Reduction modulo [. Let & = {(F;, 5i, Vi, Bi, \i)}i_; be an SZ-datum

%

over E. Decompose each \; as k; @ v; for irreducible representations v; of J; / Jil.

Suppose that
P @ ijVij
JES:
where S; is some finite indexing set, v;; are distinct irreducible representations of
Ji/ Ji1 over F and ti; € N. Note that each 7;, and hence &;, is irreducible. For
J= (1,1 jr) € S1 %...x S, define an SZ-datum &; over F by

6] - {(Elv /B’L'a ‘/iv %17?1 & Vljl }::1
and an integer pj = [],_; pij;. Then we have:

Theorem 6.23. The semisimplified mod | reduction of o(&) is

B nio(s;)).

JESI X...X S,

Proof. This follows immediately from Theorem theorem6.16. ]

7. TOWARDS A LOCAL PROOF

In this section, we give a proof of Conjecture conjecture4.5 in the case that ¢ =1
mod [ and [ > n (we say that [ is quasi-banal), p|_ is trivial, and Rg(G L, (OF))
and Rp(GL,(Op)) are replaced by subgroups generated by certain representations
inflated from GL,,(kr). The strategy of proof is to first show that it suffices to prove
Conjecture conjectured.5 for a single 7 on each irreducible component of Mc(n, q)y
such that p is on no other irreducible components. But for good choices of p, we
may explicitly determine the rings RP(, 7) for all inertial types 7. As we also have
a very good understanding of the mod [ representation theory of GL,(kr) under
our assumptions on [, Conjecture conjecture4.5 reduces to a combinatorial identity,
which we verify.

7.1. Reduction to finite type. Let X be the affine scheme Mc(n, q)o from sec-
tion section2. We suppose that O contains all of the (¢™ — 1)th roots of unity, so
that every irreducible component of X or Xg is geometrically irreducible. Once we
have fixed generators o and ¢ for Gr/Pp as usual, then there is a natural bijection
between X(F) and the set of continuous homomorphisms p : Gr — GL,(F) with
kernel containing Pp. If x is a closed point of X corresponding to such a homo-
morphism p,, and we suppose that the residue field of X at x is F, then there is a
natural isomorphism
04, = B(5,).
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From the map
i:SpecR9(p,) — X
we get a pullback
i 2(X) = Z(R™(p,))
as in section subsection2.3. Similarly, writing X = X Xgpec 0 Spec F, we have a map
i*: Z(X) = Z(R%(p,) ®0 F),

and the diagram

Z(x) —— Z(RY(p,))

(12) redl redl

Z(X) —— 2Z(R"(p,))
commutes, by Lemma lemma2.9.
There is a unique map

CyCg : RE(GLn(OF)) — Z(%)

such that for each # € X(F) the map cyc : Rp(GL,(Or)) — Z(R%(5,)), which to
avoid ambiguity we will call cyc,, is equal to the composition ¢* o cycg,.

Let BMy; be the statement that there exists a map €ycy (necessarily unique)
making the diagram

Rp(GLn(Op)) — Z(X)
(13) redJ{ redl

Re(GL,(OF)) — Z(X).

commute, and for z € X(F) let BM,, be the statement that Conjecture conjecture4.5
holds for p =p,. Then we have:

Proposition 7.1. (1) If BMy, is true, so is BM, for all x € X(F).

(2) Suppose that S C X(F) has the property that, for every irreducible com-
ponent 3 of X, there is an x € S such that x lies on 3 and on no other
irreducible component of X. If BM, is true for all x € S, then BMy is
true.

Proof. For the first part, given the existence of a map ¢ycy we define ¢cyc, to be
the composition of ¢yc with ¢*. Then BM, follows from the commutativity of
diagrams (equationl2) and (equationl3).

For the second part we simply need to observe that, under the given assumptions
on S, the map

" Z2(X) - [[ 2R (.)
zeS

is injective. O

_ Let (M,p,(%:):) be a representation (M, p) of G with a basis (;);. Let M =
My ®...® M, for the decomposition of M into generalised eigenspaces for (),
with M; having generalised eigenvalue «; € F and dimension n;.
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Definition 7.2. Say that (M, p, (€;);) is standard if each e; lies in some M.

Let A be an object of Co and let (M, p, (e;);) be a lift of (M, p, (€;);). Say that
(M, p, (e;);) is standard if we may write M = M; @ ... ® M, with each M; being
a p(¢)-stable lift of M; and, whenever €; € M; for some i, j, we have e; € M;.

The property of being standard only depends on the equivalence class of (M, p, (e;):),
and so we can talk of homomorphisms p : Gp — GL,(A) being standard.

Let R**4(p) be the maximal quotient of RY(p) on which p™ is standard.

Thus we are requiring that p(¢) is block diagonal with each block having a
single generalised eigenvalue and different blocks having different eigenvalues, and
that p(¢) is block diagonal with blocks lifting those of p(¢). It is clear that, given
(M, p), we may choose a basis €; such that (M, p, (€;)) is standard.

Lemma 7.3. Let (M,p, (€;);) be standard. Then there is an injective morphism
R (p) = R(p)
in Cfy making RS (p) formally smooth over R**(p).

Proof. Adopt the notation of Definition definition7.2. Let P;(X) = (X — a;)™ for
i=1,...,r, so that the characteristic polynomial of p(¢) is

P(X) = H Pi(X).

If (M, p, (e;);) is a lift of (M, p, (€;);) to A € Co, we will functorially produce a
new basis (f;); such that (M, p, (fi);) is standard. Let P(X) be the characteristic
polynomial of p(¢). By Hensel’s lemma, there is a factorisation

P(X) = [[ PA(X)
i=1
with P;(X) € A[X] such that the image of P;(X) in F[X] is P;(X) for each i. Let

P(X
() = fg = Lm0
! i
for 1 < i <r. Writing M; = Q;(p(¢)) M, we have

M = EbMi.
1=1

Then the isomorphism M @ F = M takes M; to ker(P;) = M; and each M; is a

p(¢)-stable submodule of M.

Now, each e; may be written uniquely as el(-l) +...+ egr) with el(-j) € M; for each
j; we take f; = egi). Then (M, p, (f;);) is a standard lift of (M, p, (&;);).

We have therefore defined a map R*(5) — RP(p) which is easily seen to be
injective and formally smooth. ]

7.2. Representation theory. From now until the end of section section7, we
suppose that [ is quasi-banal — that is, that l > n and ¢ = 1 mod I. Let a = v;(¢—1)
and let pe be the group of [th roots of unity in O. Let T'C B C GL,(kr) be the
standard maximal torus and Borel subgroup, let U be the unipotent radical of B,

~

and let B; be the maximal subgroup of B of order coprime to [, so that B/B; =
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(Z/ZGZ)n. Let R}E(GLn(kF)) C RE(GLn(kF)) and R%(GL,L(/{:F)) C R]F(GLn(kF))
be the subgroups generated by those irreducible representations having a Bi-fixed
vector.

Recall the notation Z, Zy, T, 07 from section subsection6.3. If x is a character
of k} with values in pya, then y is an element of Zy of degree one. Let Z; be
the set of functions Z, — Part supported on the set of y of this form. If P is
a partition of n then define o} to be the representation oz of GL,(kp) where
P : Iy — Part takes the trivial representation to P and everything else to zero. In
other words, o}, is the unipotent representation associated to the partition P. If 1 is
the trivial representation of GL1(kp) then, under the isomorphism of PSH-algebras
R(1) = R® of Proposition proposition6.9, 0113 corresponds to 0.

Lemma 7.4. (1) Every irreducible representation of GL,(kr) having a Bi-
fived vector is of the form oz for some Pel.
(2) If P is a partition of n, then red(c}) is irreducible.
(3) If P € I; sends each x to a partition P, of degree n,, then let P be the
partition of n whose parts are the n,, let M be the corresponding standard
Levi subgroup of G = GL, (kr), and let Q be a parabolic subgroup with Levi
M. Then

red(op) = red(Ind%(@ 0'113)( ).

Proof. If o is an irreducible representation of GL, (kr) having a Bi-fixed vector,
then it has non-trivial U-invariants, on some subrepresentation of which T'= B/U
acts as x = @, x; with x; having values in pya. So o is a subquotient of Indg X
and is therefore of the required form, proving part 1.

Part 2 follows from the discussion in section 3 of [Jam90].

Part 3 is immediate from the definition of o and the observation that if x takes
values in . then its mod A reduction is trivial. (]

The representation Ind%(@ Ullpx) appearing in part 3 of the lemma decomposes
as a direct sum of irreducible representations of the form ops for partitions P’
of n. More specifically, from the isomorphism of PSH-algebras R(1) — R of
Proposition proposition6.9 we obtain:

(14)  dimHomg(op, nd§(R) o}, )) = dim Homs, (03, Ind 37 (X) o3 ).
X X

Here Sp, o5, and op_ are as in section subsection6.1.
We will need to compute the Mackey decomposition
Sh Sn
Resg, Indg? sgn
for pairs of partitions P and @ of degree n, and for this we introduce some notation:
Definition 7.5. Let P,Q € Part of degree n. A (P,Q)-bipartition is a matrix
A = (a(i,7))s,; of non-negative integers (with 7, j € N) such that:

e all but finitely many a(i, j) are zero;
e for each 4, the sum ) a(4, j) of the entries of the ith row is P(i);
e for each j, the sum ). a(i,j) of the entries of the jth column is Q(j).
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The ith row of A determines a partition P; of P(:). We define the weight of A to
be the sequence of partitions (P, Py, ...).

If (P;); is a finite sequence of partitions and P is the partition formed by
their degrees, then define Bip ((F;);, @) to be the number of (P, Q)-bipartitions
of weight (P;);.

If P is a partition of n, then let Tp; be the set
i—1 i—1

1+> P(j),2+ > P(j),--» > P(j)
j=1 j=1

(with the convention that this is empty if the first term is greater than the last), so
that {1,...,n} is the disjoint union of the Tp;; write Tp for the sequence (Tp;);.
In the left action of S,, on the set of partitions of {1,...,n} into disjoint subsets,
Sp is the stabiliser of Tp.

Lemma 7.6. Let P and Q be partitions of n. There is a bijection between the
double coset set Sp\S,/Sq and the set of all (P, Q)-bipartitions.

Proof. This is standard; let us just recall the construction. If g € S,, define a
matrix Ay, = (A,4(4,7)) by

Ay(i,7) = #(TpiNgTq.;).

Then A, is a (P, Q)-bipartition that only depends on the double coset SpgSq, and
the map SpgSg — A, gives the required bijection. O

Proposition 7.7. Let P and Q be partitions of n. Then we have:

Resgg (7)) = @ (Blp ) ®7rp>
(P:)i

where the sum runs over all sequences of partitions (Py, Py, ...) with deg P; = P(i)

and, for an integer a and representation p, a - p denotes the direct sum of a copies

of p.

P( (sgn) for each i. The

Proof. By definition, ¢, = Ind " (sgn) and 73 = Indg
formula follows from Mackey’s theorem upon observing that if SpgSq is the double
coset corresponding to a (P, Q)-bipartition of weight (P;);, then SpNSY, is conjugate

(in Sp) to the subgroup [], Sp, C [[; Spa) = Sp. O

7.3. Deformation rings at distinguished points. Let (M,p) be a representa-
tion of Gg over F such that Pg acts trivially, and that (€;); is a basis for M.

Definition 7.8. Say that (M, p, (¢;);) is distinguished if:
e it is standard, with generalized eigenspace decomposition M=M®...&
M, for p(¢) (we thus adopt the notation of Definition definition7.2);
e for each i, M, is stable under p(o); o
e for each 7, the minimal polynomial of p(c) acting on M; is (X — 1)™

Lemma 7.9. Suppose that (M, p, (€;);) is distinguished and that (M, p, (e;);) is a
standard lift to some A € Co. Let M = My & ... & M, be the decomposition of
Definition definition7.2. Then p(o) preserves each M;.
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Proof. Let ¥ = p(o) € End(M) and let ® = p(¢) € End(M). Let ®; be the image
of ® in End(M;); then by assumption ® = @)_, ®;. Let X;; be the image of ¥ in
Hom(M;, M;); we must show that ¥;; = 0 for i # j.

Let I be the ideal of A generated by the matrix entries of ¥;; (with respect to
the basis (e;)) for i # j. We will show that I = m4I and hence, by Nakayama, that
I =0, as required. Write

YI=(1+(X-1))1
q
=1 - —1)°.
+aE -1+ <S)(2 1)
s>2

Asqg—1€my, (3) € my for 2 < s < n (using that [ is quasi-banal), and (X —1)" =
0 mod my4, we see that

(Zq)” = Zij mod mAI
for i # j. From the equation 3 = ¥9® we deduce:

X = (X9)i; @5
= Eij(I)j mod mAI.

If P; is the characteristic polynomial of ®;, then P;(®;) is invertible for i # j (as
the reductions mod my4 of P; and P; are coprime). But we have

and so Y;; = 0 mod mu[I as claimed. [l

If x is a representation of kj with image in jya, then we regard x as an element
of Zy via the canonical surjection Ir — kj. Let Zy C Z be the set of P : Z — Part
supported on such y; note that Z; can be identified with the set Z; from the last

section. For convenience, we pick an enumeration xi,...,x;« of the characters
ky — pya; thus an element of Z; can be regarded as a sequence (Pi,...,Pa) of
partitions.

To compute R"(p,7p) for a distinguished 7 and for P € I, first note that
Lemma lemma?7.3 allows us to reduce to the case in which there is a single M,;. We
then have:

Proposition 7.10. Suppose that p(c) has minimal polynomial (X —1)". Let P € T.
If P ¢ T, then RO(p,mp) = 0. If P € T, corresponds to a sequence (Pi,...,Pua) of
partitions, then:
e RY(p,7p) = 0 if any P; has more than one part (i.e. if Pi(2) > 0 for some
i);
) RD(E, Tp) is formally smooth of relative dimension n* over O if each P;
has only one part.

The special fibre RP(p) @ F has a single minimal prime.

Proof. It p : Gp — GL,(O') has reduction isomorphic to p, with O’ the ring of
integers in a finite extension E’/F, then the minimal polynomial f(X) of p(o) is
congruent to (X — 1)™ modulo the maximal ideal of ©@’. Moreover, its roots are
(g% — 1)th roots of unity for some d < n. As [ is quasi-banal, it follows that the
roots are [“th roots of unity. We deduce that R2(p,7p) =0 if P ¢ Z;.
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Suppose that P € Z; corresponds to (Pp,...,Pu.). If some P; has more than
one part, then the minimal polynomial of p(¢) in a lift of p of type 7 would have
degree < n. Therefore there are no such lifts and R™ (5, 7p) = 0 in this case.

Suppose now that each P; has exactly one part, so that P;(1) = n;. Let R be
the quotient of R™(p) obtained by demanding that the characteristic polynomial
of p(o) is

fp(X) = [[(X = xilo))™
Then RV (p, 7p) is the maximal reduced, I-torsion free quotient of R and in fact we
will show that R is formally smooth over O, so that R = RY(p, 7p).

Let (¢1,...,¢n) be a tuple of elements of O* in which each x;(c) appears pre-
cisely n; times, so that fp(X) =[], (X — ).

Choose a basis €1, ...,e, for M with respect to which the action of G is given
by p. Conjugating p if necessary, we may assume that

& =(plo) - 1)
for1 <i<n. o
Let (M, p, (e;);) be a lift of (M,p, (€;);) to some A € Co and suppose that the

characteristic polynomial of p(c) is fp(X) (regarded as an element of A[X] via the
structure map O — A). Write ¥ = p(o) € End(M). Define f1,..., f, € M by

fi=el

f’fl = (E - Cl)(z - <2) e (E - Cn—l)el-
Then f1,..., f, is a basis of M in which the matrix of X is:

G 0 0 0
1 & 0 0
0 1 ¢ 0
0 0 ... 1 ¢

Let S be the maximal quotient of R on which ¥ has this form. Since the formation
of the f; from the e; is functorial, we have a morphism S — R in C{) that is easily
seen to be formally smooth. To see that S is formally smooth over O, I claim
that for every m € M there is a unique ® € End(M) such that ®(f;) = m and
Y. = X9®. Indeed, for each i we must have

o(fi) =2(X—-G)...(E=G-1)fr
=X =) (BT =G ®(f1)
=XT=¢) . (BT = (o1)m,
and the endomorphism ® defined by this formula works. Therefore lifting p(¢) to
an automorphism p(¢) of M such that p(¢)Ep(¢)~! = 39 is the same as giving a

single element of M lifting 5(f1), and we see that S is formally smooth of dimension
n over O. Thus R, and hence also RV (p, Tp), is formally smooth over O as required.
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For the statement about the special fibre, simply note that R ® I, as a quotient
of RM(p) ®F, is independent of the choice of P. O

Corollary 7.11. Suppose that p is distinguished and that the generalised eigenspaces
of p(¢) have dimensions ny > ng > ... > n,.. Let Q be the partition of n with
Qi) =ni for1 <i<r. Let P € L. If P ¢ I, then RE(p,mp) = 0. Otherwise,
suppose that P corresponds to the sequence of partitions (P;);, and suppose (with-
out loss of generality) that deg Py > deg Py > .... Let P be the partition of n with
P(i) = deg P;. Then RP(p) ® F has a unique minimal prime p and

Z(R™(p,mp) ® F) = Bip ((P;);, Q) - [p]-

Proof. We combine Lemmas lemma?7.3, lemma7.9 and Proposition proposition7.10.
Let M; (1 < j < r) be the generalised eigenspaces of p(¢) on M and let p; be
the representation of G on M; for each j. Then we have that RY(p) is formally

smooth over ®jRD (P;), by Lemma lemma7.3. That RY(rp) is zero if P ¢ T, is
now clear.

If P € Z; corresponds to the sequence (P;);, then the irreducible components of
Spec RP(p, 7p) are all formally smooth with the same special fibre. The number of
such irreducible components is the number of sequences (P1, Pa, ..., P.) where:

o for j=1,...,r, P; € Z; has degree n;;

e each P;(x;) consists of a single part (that is, P;(x;)(1) = d;; for some
non-negative integer d,;, and P;(x;)(2) = 0);

e for each 4, the sequence (d;1, d;2, ..., d;) is a reordering of P;(1),..., Pi(r).

Indeed, such a sequence gives rise to the irreducible component

Spec @777,
J
of

Spec QR™(p;),
J
and hence of Spec RH (p), that has type 7p, and all irreducible components have
this form.

But now (d;;);,; is a (P, Q)-bipartition of type (P;); and we see that the number
of irreducible components of RY (5, 7p) is the number of (P, Q)-bipartitions of type
(P;);. Since all the irreducible components are formally smooth with the same
special fibre, we get the claimed formula. O

Let X; be the closed subscheme of E on which ¥ is unipotent. Let X; be the
connected component of X containing X.

Lemma 7.12. Every irreducible component of X, contains a point T € X(F) such
that p, is distinguished (possibly after enlarging F). If x € X(F) is such that p, is

distinguished, then x lies on a unique irreducible component of X.

Proof. The irreducible components of X are precisely the closures of the preimages
under 7 of conjugacy classes of ¥ in GL, (F).!! If ¥ is unipotent, then (using that

Hgee the proof of Theorem theorem?2.5.
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I is quasi-banal and so () =0 mod [ for 2 <i < n):
29— (14 (S - 1))

:1+q(2—1)+§:(?)(2—1)i
=2
—1+(x-1)=23.

Thus (for unipotent ¥) the equation ®XP~! = 39 is equivalent to ® commuting
with 3. But then for each unipotent ¥ € GL,(F) it is straightforward (using
Jordan normal form) to choose a ® € GL,,(F) commuting with ¥ such that the
representation p, attached to the point z = (®,X) of X is distinguished; possibly
enlarging F, we can assume that ® € GL, (F).

The second assertion follows from the last part of Proposition proposition7.10.
O

7.4. Comparison of multiplicities. Continue to assume that [ is quasi-banal.
Recall that (given a choice of generator o of tame inertia) we have defined cycy, :
RY(GLa(kr)) — Z(3).

Theorem 7.13. There is a unique map Tycy : RE(GL,(kr)) — Z(X) such that
the diagram

RY(GLy(kp)) — Z(X)
red

(15) redl l

RY(GLa(kp)) — Z(X)
commutes.

Proof. As explained in section subsection7.1, this implies a similar statement with
X replaced by Spec R™(p) for any continuous 7 : G — G L, (kr) such that plp, is
trivial. Moreover, by Proposition proposition7.1 and Lemma lemma7.12, it suffices
to prove that, for p distinguished, there is a map cyc : RE(GL,(kr)) — Z(RZ(p))
such that

Ry (GLn(kr)) —— Z(R"(p))
(16) redl redJ/

RHGLn(kr)) —— Z(R"(p))
commutes. (Although we work with the whole Rg(GL,(OF)) in section subsec-
tion7.1, the arguments apply just as well with RL(GL,(kr)), using that red :
RL(GL,(kr)) — R:(GL,(kr)) is surjective in the quasi-banal case.)

So suppose that p is distinguished, and that the generalized eigenspaces of p(¢)
have dimensions ny > ng > ... > n,, giving a partition Q = (n1,n2,...,n,) of n.
First we make the definition of the cycle map explicit. If P € Z;, then we have
(identifying an element P’ € Z; with an element P’ of Z;):

cyc: o5 Z dim Hom(o, 7T5,)Z(Rm(ﬁ7 7))
PeLy

Note that RY(p, 7p/) = 0 for P’ ¢ Z;, and that we have (for convenience) rearranged
the position of the dual occurring in Definition definition4.4. If p is the unique
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minimal prime of RY(5) ® F, then we find (by Corollary corollary7.11) that

redocyc: o5 +— [p] - Zdim Hom (o, 75,)Bip (P'(x:))i, Q) -
’Pl
Now, if P takes x1 (the trivial representation) to the partition P of n, then we see
that
redocyc : o5 + [p] - dim Hom(op, 75))
and so we must have
cyc(red(o)) = [p] - dim Hom(op, 75)).

By Lemma lemma7.4, the red(o5) for P supported on the trivial representation
are all irreducible, and are a basis for Ri(GL, (kr)); there is therefore a unique
map cyc defined by the above equation for such P, and we must show that it
makes diagram (equation16) commute. Using Lemma lemma?7.4 and the subsequent
equation (equationl4), we see that it suffices to show the following. If P € Z; has
P(xi) = P;, and P is the partition corresponding to (deg Pi,deg Ps,...), then

Z dim Homg,, (03, 7¢,) dim Homg, (O'Op/, Indgg (® ap, ))
P/

is equal to
> " dimHom(o, 75, )Bip (P’ (x:))i: Q) »
’Pl
where the first sum is over partitions P’ of n and the second is over P’ € Z;. Indeed,
the first displayed equation is the value of ¢yc(red(o5)), and the second is the value
of red(cyc(o5)).
But

Z dim Hom (o, , 7)) dim Hom (J}é,, Indg’; (® op, ))
P/

= dim Hom (wfw Indg’; (® U}’;i))
= > Bip(P):, Q) dim Homs,. (@73, @) %,)
(P)i

= Z Bip ((P'(xi))i, Q) dim Hom (o5, 75, )
o

as required. The sum on the third line is over sequences of partitions (P/); with

deg P! = deg P;, and to go from the second to the third line we have used Proposi-
tion proposition7.7. The sum on the fourth line is over P’ € Z; and to go from the

third to the fourth line we have used Corollary corollary6.10. O
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