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Abstract. For an elliptic curve E over Q and a natural number j, Cojocaru
has shown that there is an explicit constant CE,j giving (under GRH) the
density of primes p of good reduction such that the smallest invariant factor
of E(Fp) is j. For E without complex multiplication, we study the question
of when CE,j is positive (a necessary and, on GRH, sufficient condition for
there to be infinitely many such p), strengthening the main result of [Kim15].
Our arguments are group-theoretic using the image of the adelic Galois rep-
resentation of E. Experimentally, CE,j appears to vanish only when there is
a coincidence of division fields; we document a number of families of such
coincidences arising from abelian division fields.

1. Introduction

Let E be an elliptic curve over Q without complex multiplication, and let p be
a prime of good reduction for E . Then E(Fp) is an abelian group that is a product
of at most two cyclic groups, and so we may write

E(Fp) ∼= Z/dE,pZ× Z/eE,pZ
where dE,p, eE,p ∈ N with dE,p | eE,p. Thus dE,p = 1 if and only if E(Fp) is cyclic.
We can ask how often, as p varies, dE,p takes a given value, and a conditional answer
is given by Cojocaru.

Theorem 1.1 ([Coj04], Theorem 2). Let j be a positive integer. Under the gen-
eralised Riemann hypothesis (GRH) for the Dedekind zeta functions of the division
fields Q(E [n]) of E,

#{p ≤ x : dE,p = j} ∼ CE,j Li(x)
where

CE,j =
∞∑
k=1

µ(k)

[Q(E [jk]) : Q]
.

(Here µ is the Möbius function).

In fact, the same statement also holds if E has complex multiplication, and the
GRH is then not required (see [Mur83]). We will only consider the case of elliptic
curves without complex multiplication.

As stated, this theorem does not address the issue of whether CE,j > 0 — that
is, whether (conditionally) there are infinitely many p with the smallest invariant
factor of E(Fp) equal to j.1 Indeed, it is in fact possible that CE,j = 0, even if j = 1:
if E has full rational 2-torsion, then 2 | dE,p for all p. For j = 1 this is the only
obstruction:

1If CE,j = 0 then it is easy to show dE,p ̸= j for all but finitely many p, see Proposition 2.8
below.
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Theorem 1.2 ([Ser86, Theorem 1.1]). Suppose that Q(E [2]) ̸= Q. Then

CE,1 > 0.

Remark 1.3. The statement also holds in the case that E has complex multiplication.

Remark 1.4. The theorem is due to Serre, but the proof is unpublished. In [GM90,
Theorem 1] it is shown unconditionally that, if Q(E [2]) ̸= Q, then E(Fp) is cyclic
for infinitely many p. This implies Theorem 1.2, by Proposition 2.8 below.

Another proof of Theorem 1.2 is given in [CM04, Section 6]. This proof contains
a small error which we explain and correct in Section 5. Our main result also gives
an alternative proof of Theorem 1.2.

In [Kim15], Kim proves2 that the conclusion of Theorem 1.2 holds as long as j is
coprime to the adelic level mE of E , the minimal integer such that the image of the
adelic Galois representation of E is the full pre-image of a subgroup of GL2(Z/mEZ).
If A(E) is the product of the primes such that the p-adic Galois representation
associated to E is not surjective and NE is the conductor of E , then the prime
factors of mE divide 2NEA(E); see Proposition 2.9.3 In Corollary 3.7, we prove the
following generalisation of Kim’s result.

Theorem 1.5. Suppose that j is coprime to 2A(E) and that Q(E [2j]) ̸= Q(E [j]).
Then

CE,j > 0.

In fact, we prove something stronger which allows us to handle some cases where
j and 2A(E) have common factors. See Theorem 3.2 and the examples that follow.
It is an interesting question, related to ‘entanglements’ and ‘coincidences’ of division
fields, to classify all pairs E , j with CE,j = 0. We give some examples in Section 4.
These examples all arise from coincidences Q(E [j]) = Q(E [jp]) with p = 2 or p = 3
and we conjecture that this is the only way that CE,j can vanish.

Coincidences of division fields have recently been studied in (for example) [DLR23],
[Yvo25], and [DR26]. In Section 4 we define a p-coincidence to be one of the form
Q(E [j]) = Q(E [jp]) and conjecture that, for non-CM elliptic curves over Q, p-
coincidences occur only for p = 2 and p = 3. In Section 4.1 we document some
infinite families of examples of p-coincidences stemming from elliptic curves with
abelian mod n Galois representations for n = 2, 3, 4, and 8; in Section 4.2 we give
a few sporadic examples that we found interesting.

We restrict attention to elliptic curves over Q, although many of our results would
continue to hold over number fields containing no nontrivial abelian extension of
Q. The vanishing of CE,1 for elliptic curves over number fields has been studied
in [CS23], while coincidences over number fields are the subject of [Yvo25].

1.1. Notation. We summarise some of the key notation used throughout this pa-
per:

• We let E be an elliptic curve over Q without complex multiplication.

2Kim states that this result is conditional on the GRH, but in fact his result only requires
Theorem 1.2 which holds unconditionally if CE,j is defined as an infinite sum.

3This definition of A(E) has the same prime factors as that in [DG22] and differs from that
of [CK05] by (perhaps) factors of 30. It is unclear what definition of A(E) is used in [Kim15], but
what is actually proved is the result as stated here in terms of the adelic level.
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• We write NE for the conductor of E , and mE , A(E) for its adelic level and
Serre constant (defined in Section 2 below).
• We let ρn (for n ∈ N) and ρ be the mod n and adelic Galois representations

associated to E (defined in Section 2 below).
• We write µ for the Möbius function.
• For a positive integer b, let rad(b) be its radical and let ⟨b⟩ be the set of

integers all of whose prime factors divide b.
• For a group G let [G,G] be its commutator subgroup.
• The cardinality of the group GL2(Z/nZ) is given by

ψ(n) = |GL2(Z/nZ)| = n4
∏
p|n

(
1− 1

p

)(
1− 1

p2

)
.
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11], by Durham University and by a studentship from the University of Edinburgh.
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Supporting code is available at https://github.com/jackshotton/invariant
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including that used for the analysis of the explicit example in Section 4.1.1.

All data used in this work is freely available from the L-functions and Modular
Forms Database [LMFDB].

1.3. Compliance with ethical standards. We declare no conflicts of interest.

2. Galois images

Associated to E , we have the adelic Tate module

T (E) = lim←−
n

E [n].

It is a free Ẑ-module of rank 2, and we will fix a choice of basis. We then obtain a
continuous representation

ρ : Gal(Q̄/Q)→ GL2(Ẑ)

where Gal(Q̄/Q) is the absolute Galois group of Q. Let

H = im(ρ) ⊂ GL2(Ẑ).

For each n ∈ N, let
ρn : Gal(Q̄/Q)→ GL2(Z/nZ)

be the mod-n reduction of ρ. We introduce the following notation:
• modn : GL2(Ẑ)→ GL2(Z/nZ) is the reduction mod n map;
• Γn = ker(modn);
• for G ⊂ GL2(Ẑ), G mod n = modn(G);

If G ⊂ GL2(Ẑ) is an open subset, the level of G is the least integer m such that
Γm ⊂ G. We note now, and use without comment, that if A,B ⊂ GL2(Ẑ) are
subsets that both contain the same Γm, then A∪B mod m = A mod m∪B mod m,
and similarly for intersections.

https://github.com/jackshotton/invariant-factors-public
https://github.com/jackshotton/invariant-factors-public
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As E does not have complex multiplication, H is open by [Ser72, Théorème 3],
and we define the adelic level mE of E to be the level of H. For k ∈ N we have

[Q(E [k]) : Q] = |ρk(Gal(Q̄/Q))| = |H mod k| = |H/H ∩ Γk|.
As in Theorem 1.1, for j ∈ N we define

CE,j =
∞∑
k=1

µ(k)

[Q(E [jk]) : Q]
.

The sum is absolutely convergent, as Serre’s open image theorem implies that
[Q(E [k]) : Q] ≍ ψ(k) ≍ k4 for k squarefree.

Let m ∈ N be any integer divisible by the adelic level mE (usually we will have
m = mE).

Lemma 2.1. Suppose that k ∈ N and that p is a prime such that vp(k) ≥ vp(m).
Then

|H mod pk| = |H mod k| ·

{
p4 if p | k
ψ(p) if p ∤ k.

Proof. This is the Claim in [FK14] Section 7. □

Proposition 2.2. Let j ∈ N. Let S be the set of prime numbers such that vp(j) <
vp(m). Then:

(1) CE,j =
∑
k∈⟨S⟩

µ(k)

|H mod jk|
∏

p̸∈S,p|j

(
1− 1

p4

) ∏
p̸∈S,p∤j

(
1− 1

ψ(p)

)
.

Furthermore, CE,j > 0 if and only if CE,gcd(j,m) > 0.

Proof. If n ∈ N is squarefree and of the form kn′, where all the prime factors of k
are in S and all the prime factors of n′ are not in S, then by Lemma 2.1 we have

µ(n)

|H mod jn|
=

µ(k)

|H mod jk|
∏

p|n′,p|j

−1
p4

∏
p|n′,p∤j

−1
ψ(p)

.

The factorisation (1) follows.
As
∏
p

(
1− 1

ψ(p)

)
is easily shown to be positive, we see that CE,j > 0 if and only

if ∑
k∈⟨S⟩

µ(k)

|H mod jk|
> 0.

If p is a prime that divides j
gcd(j,m) then p ̸∈ S and so, for any k ∈ ⟨S⟩, vp(jk) =

vp(j) > vp(m). So, by (repeated application of) Lemma 2.1,

|H mod jk| = A|H mod gcd(j,m)k|
for a positive integer A independent of k. Thus∑

k∈⟨S⟩

µ(k)

|H mod jk|
=

1

A

∑
k∈⟨S⟩

µ(k)

|H mod gcd(j,m)k|
.

Since S = {p : vp(j) < vp(m)} = {p : vp(gcd(j,m)) < vp(m)}, this is positive if and
only if CE,gcd(j,m) > 0 and we obtain the last part of the proposition. □

In particular, if we are interested in when CE,j > 0, we may restrict attention to
integers j that divide the adelic level mE .
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Proposition 2.3. Suppose that j | m and let S = {p : p | m/j}. Then CE,j = 0 if
and only if

H ∩ Γj mod m =
⋃
p∈S

H ∩ Γjp mod m.

Proof. By Proposition 2.2, CE,j = 0 if and only if∑
k∈⟨S⟩

µ(k)

|H mod jk|
= 0.

Multiplying this by |H mod j| we see that this is equivalent to∑
k∈⟨S⟩

µ(k)

∣∣∣∣H ∩ Γjk
H ∩ Γj

∣∣∣∣ = 0

and, since each jk | m, this is equivalent to∑
k∈⟨S⟩

µ(k)
|H ∩ Γjk mod m|
|H ∩ Γj mod m|

= 0.

For each k ∈ ⟨S⟩ squarefree, H ∩Γjk mod m =
⋂
p|kH ∩Γjp mod m and so, by the

inclusion-exclusion principle,

∑
k∈⟨S⟩

µ(k)
|H ∩ Γjk mod m|
|H ∩ Γj mod m|

= 1− 1

|H ∩ Γj mod m|

∣∣∣∣∣∣
⋃
p∈S

H ∩ Γjp mod m

∣∣∣∣∣∣ .
The proposition follows. □

Corollary 2.4. Suppose that mE | j. Then CE,j > 0.

Proof. We may assume that j = mE and take m = mE in Proposition 2.3. Then
the set S is empty and so CE,j > 0. □

Corollary 2.5. Let j ∈ N. If there exists a prime p such that Q(E [j]) = Q(E [pj]),
then CE,j = 0.

Proof. Take m = mEjp. As

H ∩ Γj mod m = Gal(Q(E [m])/Q(E [j])),

and similarly for pj, the hypothesis implies that

H ∩ Γj mod m = H ∩ Γpj mod m

and so CE,j = 0 by Proposition 2.3. □

Based on numerical evidence, we make the following conjecture.

Conjecture 2.6. Suppose that E is a non-CM elliptic curve over Q and that CE,j =
0. Then there exists a prime p such that Q(E [j]) = Q(E [pj]).

Remark 2.7. Equalities Q(E [a]) = Q(E [b]) are called ‘coincidences’ in [DLR23]. For
more discussion, see Section 4 below.

Proposition 2.8. Suppose that j ∈ N and that CE,j = 0. If l is a prime of good
reduction for E, then dE,l ̸= j unless j = 1 and l = 2.
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Proof. Let l be a prime of good reduction such that dE,l = j. In particular,
(Z/jZ)2 ⊂ E(Fl) which implies that l ∤ j. Suppose that CE,j = 0.

Let m = mEj. Then, by Proposition 2.3,

H ∩ Γj mod m =
⋃
p|mE

H ∩ Γjp mod m.

Let K = Q(E [m]) so that Gal(K/Q) = H mod m. Fix a prime of K above l and
let Il and ˜Frobl be the inertia group and lift of a Frobenius element. Since l is a
prime of good reduction and l ∤ j, Il ⊂ H ∩ Γj mod m and (Z/jZ)2 ⊂ E(Fl) if and
only if ˜Frobl ∈ H ∩ Γj mod m. As CE,j = 0, we have ˜Frobl ∈ H ∩ Γjp mod m for
some p.

If p = l, suppose for now that l is odd. Then Q(E [jl])/Q(E [j]) is ramified at
primes above l (since Q(E [jl]) contains ζl but Q(E [j]) is unramified at l). We may
therefore choose ˜Frobl so that its image in H ∩ Γj/H ∩ Γjl is nontrivial. For this
choice of ˜Frobl, we must therefore have ˜Frobl ∈ H ∩ Γjp mod m for some p ̸= l.

But now (Z/jpZ)2 ⊂ E(Fl) and so jp | dE,l. Therefore, if j | dE,l then jp | dE,l
for some p and so dE,l ̸= j.

It remains to deal with the case l = 2. Since |E(F2)| ≤ 5 and |E(F2)[2]| ≤ 2,
we must have j = 1. (By Theorem 1.2, this case occurs exactly when E has good
reduction at 2 and full rational 2-torsion.) □

Associated to E we also have the integers A(E), the product of all primes p
such that the p-adic Galois representation lim←− ρpn is not surjective, and NE , the
conductor of E . In the next proposition, we relate primes dividing A(E), mE and
NE . It may be well-known to experts, but we could not find a reference in the
generality stated (including primes p = 3, 5).

Proposition 2.9. Let j be a positive integer and p be a prime.
(1) If p | A(E) then p | mE .
(2) If p | mE then p | 2NEA(E).
(3) If gcd(j, 2A(E)) = 1 then ρj is surjective.

Proof. (1) If p ∤ mE then ΓmE → GL2(Zp) is surjective and so p ∤ A(E).
(2) Suppose that p ∤ 2NEA(E). We want to show that p ∤ mE . Let mE = prm′

with p ∤ m′. Then

H mod mE = im(ρmE ) ⊂ GL2(Z/prZ)×GL2(Z/m′Z)

where the projection to the first factor is surjective as p ∤ A(E). Let N×{I}
be the kernel of H mod mE → H mod m′. The conclusion p ∤ mE follows
if we can show that N = GL2(Z/prZ); so suppose that N is a proper
subgroup.

We have that

Q(E [pr])N = Q(E [pr]) ∩Q(E [m′]) ⊂ Q(E [m′])

is unramified at p, as p ∤ NE and p ∤ m′. As

Q(E [pr])SL2(Z/prZ) = Q(ζpr )

is totally ramified at p, we see that N · SL2(Z/prZ) = GL2(Z/prZ).
Suppose first that GL2(Z/prZ)/N admits a nontrivial abelian quotient.

Then there is K with N ⊂ K ⊂ GL2(Z/prZ) and GL2(Z/prZ)/K abelian.
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By [Zyw24, Lemma 7.7] and the assumption p > 2, SL2(Z/prZ) ⊂ K.
Then

N · SL2(Z/prZ) = GL2(Z/prZ) ⊂ N ·K = K,

contradicting that the quotient was nontrivial.
Therefore GL2(Z/prZ)/N has a simple nonabelian quotient S, which

implies that p ≥ 5. Let K ⊃ N be the corresponding maximal normal
subgroup of GL2(Z/prZ). If K mod p = GL2(Fp) then, as p ≥ 5, [Ser68,
IV Lemma 3] shows that SL2(Z/prZ) ⊂ K, contradicting that S is non-
abelian. So

GL2(Z/prZ)/K ∼= GL2(Fp)/(K mod p).

Since S is simple, we have (K mod p) · F×
p = K mod p or GL2(Fp). In the

second case, S would be abelian. So we are in the first case, and S is a
quotient of PGL2(Fp). The natural map of simple groups PSL2(Fp) → S
must then be an isomorphism, whence PGL2(Fp) ∼= PSL2(Fp) × C2; this
is false, so we have a contradiction.

(3) If gcd(j, 30A(E)) = 1 then this is due to Serre, see the appendix to [CK05].
Write H̄ for H mod j. We argue by induction on the largest prime

factor p of j. If j is a power of 3 then the result is true by definition of
A(E). Suppose, then, that p > 3 and write j = prj′ where r ≥ 1 and j′ is
coprime to p. The inductive hypothesis is that ρj′ is surjective.

Then H̄ is a subgroup of GL2(Z/prZ)×GL2(Z/j′Z) such that H̄ surjects
onto each factor and such that det |H̄ is surjective. By Goursat’s lemma,
there are normal subgroups M ⊂ GL2(Z/prZ) and N ⊂ GL2(Z/j′Z) such
that M ×N ⊂ H̄ and H̄/(M ×N) is the graph of an isomorphism

ϕ : GL2(Z/prZ)/M
∼→ GL2(Z/j′Z)/N.

If SL2(Z/prZ) ⊂M , then GL2(Z/j′Z)/N is abelian and so SL2(Z/j′Z) ⊂
N by (for example) [Zyw24, Lemma 7.7]. The surjectivity of det |H̄ now
forces M = GL2(Z/prZ) and N = GL2(Z/j′Z), as required.

So we may assume that SL2(Z/prZ) ̸⊂M and ϕ restricts to an injective
homomorphism from the nontrivial group SL2(Z/prZ)/(M ∩ SL2(Z/prZ))
to a normal subgroup of GL2(Z/j′Z)/N . It follows from [Ser68, IV Lem-
mas 2 and 3], using p ≥ 5, that the only simple quotient of SL2(Z/prZ) is
PSL2(Fp). Thus PSL2(Fp) occurs as a subquotient of GL2(Z/j′Z). But
either p > 5 and j′ is coprime to p, or p = 5 and j′ is a power of three. In
either case, this is impossible (see [Ser68, IV p. 25]). □

3. A positivity criterion

We now prove our main positivity criterion for CE,j . To ease notation we redefine
H to be the image of the mod mE Galois representation:

ρmE : Gal(Q̄/Q) ↠ H ⊂ GL2(Z/mEZ).
If k | mE , then define

Dk : H → (Z/kZ)×

to be the composition of determinant map with reduction modulo k. Since the
determinant of ρmE is the cyclotomic character, we can also see Dk as the restriction
map

Gal(Q(E [mE ])/Q)→ Gal(Q(ζk)/Q).
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Lemma 3.1. Suppose that j, k ∈ N with jk | mE . Then

Q(E [j]) ∩Q(ζjk) = Q(ζj)

if and only if
Djk(H ∩ Γj) = (1 + jZ/jkZ) ⊂ (Z/jkZ)×.

Proof. The image of the map

Djk : H ∩ Γj = Gal(Q(E [mE ])/Q(E [j]))→ Gal(Q(ζjk)/Q) = (Z/jkZ)×

is Gal(Q(ζjk)/(Q(ζjk) ∩ Q(E [j]))). The lemma follows, as Gal(Q(ζjk)/Q(ζj)) =
1 + jZ/jkZ. □

Theorem 3.2. Let j | mE be a natural number, let R be the product of j with the
odd prime factors of mE/j.

If Q(E [j]) ∩Q(ζR) = Q(ζj) and Q(E [2j]) ̸= Q(E [j]), then CE,j > 0.

Proof. Write mE/j =
∏r
i=1 p

ai
i with ai ∈ N and pi distinct primes. Let mi =

vpi(mE) and ji = vpi(j), so that ai = mi − ji.
For any integer n ≥ 0, set

Kn(pi) =

{
I + pniM2(Z/pmi

i Z) if n > 0, and
GL2(Z/pmi

i Z) if n = 0.

Similarly, set

Un(pi) =

{
1 + pni Z/p

mi
i Z if n > 0, and

(Z/pmi
i Z)× if n = 0.

Then H ∩ Γj ⊂
∏r
i=1Kji(pi) and to show that CE,j > 0 it is enough, by Propo-

sition 2.3, to show that

H ∩ Γj ̸=
r⋃
i=1

H ∩ Γpij .

This is equivalent to showing that there is h ∈ H ∩ Γj such that πi(h) ̸= e for all
1 ≤ i ≤ r, where

πi : H ∩ Γj → Kji(pi)/Kji+1(pi)

is the projection.
Suppose first that 2 ̸∈ {p1, . . . , pr}. By our hypothesis and Lemma 3.1,

det : H ∩ Γj →
r∏
i=1

Uji(pi)/Uji+1(pi)

is surjective. Since each factor in this product is nontrivial, there is h ∈ H ∩ Γj
whose image in every factor is not the identity. This is the element h we need.

Otherwise, suppose without loss of generality that p1 = 2. The image G1 of H ∩
Γj inKj1(2)/Kj1+1(2) is isomorphic to Gal(Q(E [2j])/Q(E [j])), and hence nontrivial
by hypothesis.

Let G2 =
∏r
i=2 Uji(pi)/Uji+1(pi) and consider the homomorphism

θ : H ∩ Γj → G1 ×

(
r∏
i=2

Uji(pi)/Uji+1(pi)

)
= G1 ×G2

and let T = im(θ). It is enough to show that there is (t1, . . . , tr) ∈ T such that no
ti is the identity.
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The projection p1 of T onto G1 is surjective by definition, while the projection
p2 of T onto G2 is surjective by Lemma 3.1. Let N1 = ker(p2) ⊂ G1 and let
N2 = ker(p1) ⊂ G2. By Goursat’s Lemma, N1 × N2 ⊂ T and the image of T in
G1/N1 ×G2/N2 is the graph of an isomorphism ϕ : G2/N2 → G1/N1.

Suppose that x = (x2, . . . , xr) ∈ G2 with xi ̸= e for every 2 ≤ i ≤ r. Then
ϕ(x) = e otherwise (ϕ(x), x2, . . . , xr) would be the required element t. So N2

contains every element of this form.
Now let x = (x2, . . . , xr) ∈ G2 be arbitrary. For each 2 ≤ i ≤ r we may

choose yi and zi in Uji(pi)/Uji+1(pi) such that yizi = xi and yi, zi ̸= e, unless
pi = 3, ji = 0 and xi = 2. Suppose for now that this does not happen. Then
taking y = (y2, . . . , yr) and z = (z2, . . . , zr), we have x = yz and, by the previous
paragraph, y, z ∈ N2. So x ∈ N2. But then, as x was arbitrary, N2 = G2 and so
T = G1 ×G2, in which case we can easily choose t ∈ T that is not the identity in
any factor.

If there is some i with pi = 3, ji = 0 and xi = 2 then, without loss of generality,
i = 2. We then take w = (2, w2, . . . , wr), y = (2, y2, . . . , yr) and z = (2, z2, . . . , zr)
where all wi, yi, zi ̸= e and wiyizi = xi (for example, take wi ̸= e arbitrary and
then find yi, zi ̸= e such that yizi = xiw

−1
i ). Then w, y, z ∈ N2 and x = wyz; we

conclude as before. □

3.1. Corollaries. As our first application of Theorem 3.2, we give a proof of The-
orem 1.2 of the introduction. This is due to Serre (see [Ser86]); see Remark 1.4 for
a discussion of the proofs in the literature.

Corollary 3.3. If Q(E [2]) ̸= Q then CE,1 > 0.

Proof. Immediate from Theorem 3.2, taking j = 1. □

Corollary 3.4. If j is odd, Q(E [2j]) ̸= Q(E [j]), and the image H̄ = H mod j of
ρj : Gal(Q̄/Q)→ GL2(Z/jZ) satisfies

[H̄, H̄] = H̄ ∩ SL2(Z/jZ),
then CE,j > 0.

Proof. The maximal abelian subextension of Q(E [j]) is equal to

Q(E [j])[H̄,H̄] = Q(E [j])H̄∩SL2(Z/jZ) = Q(ζj).

In particular, Theorem 3.2 applies. □

Remark 3.5. If j is odd, 4 ∤ mE , and 9 ∤ mE/j, then one can show that the conditions
in Corollary 3.4 are equivalent to those in Theorem 3.2.

Example 3.6. Let E : y2 + y = x3 + x2 + x be the elliptic curve with LMFDB label
19.a3. Then ρ3 has image {(

1 ⋆
0 ⋆

)}
and [Q(E [6]) : Q(E [3])] = 6. Thus the hypotheses of Corollary 3.4 apply to show
that CE,3 > 0. There are infinitely many similar examples, see [Zyw15].

We now obtain a simple generalisation of the main theorem of [Kim15], removing
the condition that gcd(j,NE) = 1.

Corollary 3.7. Suppose that gcd(j, 2A(E)) = 1 and that Q(E [2j]) ̸= Q(E [j]). Then
CE,j > 0.

https://www.lmfdb.org/EllipticCurve/Q/19/a/3
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Proof. This follows from Corollary 3.4 and Proposition 2.9, as the derived subgroup
of GL2(Z/paZ) is SL2(Z/paZ) for p ≥ 3 by (for example) [Zyw24, Lemma 7.7]. □

In Theorem 3.2, the condition Q(E [2j]) ̸= Q(E [j]) is necessary, by Corollary 2.5.
However, the other condition is certainly not necessary, as the following example
shows.

Example 3.8. Let E : y2 + xy + y = x3 + x2 − 3x + 1 be the elliptic curve with
LMFDB label 50.b3. Then the image of ρ3 is the full group of upper triangular
matrices, R = 15, and Q(E [3])∩Q(ζR) is the quadratic extension of Q(ζ3) in Q(ζ15).
However, from the information in [LMFDB], we have

1

|H mod 3|
− 1

|H mod 6|
− 1

|H mod 15|
+

1

|H mod 30|
>

1

12
− 1

72
− 1

120
> 0

and so CE,3 > 0 by Proposition 2.2.

On the other hand, here is an example where the even j are the crucial ones to
consider:

Example 3.9. Let E : y2 = x3 − 3x + 4 with LMFDB label 5184.j1. Then mE = 4,
so the first condition in Theorem 3.2 is vacuous. As Q(E [4]) ̸= Q(E [2]) ̸= Q, we see
that CE,j > 0 for all j | mE and hence for all positive integers j.

Jones [Jon10] shows that 100% of elliptic curves (ordered by naive height) are
“Serre curves”, meaning that the index of im(ρ) in GL2(Ẑ) is two (as small as
possible). As we completely understand the adelic image in this case, the analysis
is straightforward.

Proposition 3.10. Let E be a Serre curve. Then CE,j > 0 for all j.

Proof. We may assume (Proposition 2.2) that j | mE and write H = im(ρmE ).
Let ∆E be the discriminant of E and let χ be the quadratic (or trivial, if ∆E is
square) Dirichlet character of conductor m associated to the extension Q(

√
∆E)/Q,

regarded as a character of (Z/mZ)×. Then by [Jon09, section 3] we have that
mE = lcm(2,m) and

H = ker(ϵ · (χ ◦ det)),
where ϵ is the nontrivial quadratic character of GL2(F2), inflated to GL2(Z/mEZ).

Let a = v2(j), b = v2(m), c = v2(mE) = max(1, b) and note that m/2b is odd
and squarefree. We may write χ =

∏
p|m χp where each χp is a nontrivial character

of (Z/pZ)× (for p odd) or of (Z/2bZ)× (if p = 2).
If S is the set of primes dividing mE/j then, by Proposition 2.3, we need to show

that H ∩ Γj contains an element whose image in each GL2(Z/pjZ) is nontrivial.
We can write

Γj = Ka(2)×
∏

p∈S,p̸=2

GL2(Fp).

For p odd, let gp ∈ SL2(Fp) with gp ̸= e. If a = 0, let g2 ∈ SL2(Z/2cZ) satisfy
ϵ(g2) = 1 and g2 mod 2 ̸= I. If a > 0, let g2 ∈ Ka(2) ∩ SL2(Z/2cZ) with g2 ̸∈
Ka+1(2).

In each case, we have χp(det(gp)) = 1, while in the case p = 2 we also have
ϵ(g2) = 1. The element (gp)p∈S is then an element of H ∩ Γj and not an element
of any Γpj for p ∈ S, as required. □

https://www.lmfdb.org/EllipticCurve/Q/50/b/3
https://www.lmfdb.org/EllipticCurve/Q/5184/j/1
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Remark 3.11. One can show that, in the case of Serre curves, Theorem 3.2 applies
unless mE/j is odd (and > 1). Otherwise it does not apply, but the conclusion
CE,j > 0 still holds.

4. Coincidences

We now give some examples where CE,j = 0. Conjectures 2.6 and 4.2 predict that,
in any such case with E non-CM, Q(E [j]) = Q(E [jp]) for p = 2 or 3 (which certainly
implies that CE,j = 0 by Corollary 2.5). These are examples of ‘coincidences’ of
division fields in the sense of [DLR23]. For p a prime, we call a p-coincidence one
of the form Q(E [j]) = Q(E [jp]).

Given a p-coincidence Q(E [d]) = Q(E [dp]), we may construct further coincidences
Q(E [dk]) = Q(E [dkp]) for all k > 1 coprime to p. Call these coincidences imprim-
itive, so that coincidences not arising in this way are primitive. There are sim-
ple constructions of elliptic curves with primitive coincidences Q(E [1]) = Q(E [2]),
Q(E [2]) = Q(E [4]) and Q(E [2]) = Q(E [6]), giving the following proposition.

Proposition 4.1. Given a positive integer j with 12 ∤ j, there exists an elliptic
curve E with CE,j = 0.

Proof. If j is odd then we may simply take a curve with Q(E [2]) = Q, such as
E : y2 = x3 − 7x+ 6. Then CE,j = 0 by Corollary 2.5 with p = 2.

If j is even and not divisible by 4 then take a curve with Q(E [2]) = Q(E [4]), such
as y2 = x3+13x−34 (see [DLR23, Example 1.3]) and note that Q(E [j]) = Q(E [2j])
and so CE,j = 0 by Corollary 2.5 with p = 2.

If j is divisible by 4 then, by assumption, 3 ∤ j. Let E be an elliptic curve with
Q(E [2]) = Q(E [3]), such as y2 = x3 + 405x − 9882 (see [DLR23, Example 1.2]).
Then Q(E [3j]) = Q(E [j]) and by Corollary 2.5 with p = 3, we have CE,j = 0. □

In Remark 1.9 of [DLR23], they speculate that the only coincidences Q(E [m]) =
Q(E [n]) arise for (n,m) ∈ {(2, 3), (2, 4), (2, 6), (3, 6)}. This is not true, even if
appropriately modified to take into account the fact that one may replace m and
n in a coincidence by their least common multiples with a third integer k; we will
see a number of examples below. However, we do make the following conjecture:

Conjecture 4.2. Suppose that p ≥ 5. Then there are no non-CM elliptic curves
over Q with a p-coincidence.

Remark 4.3. By [Yvo25, Corollary 3.10], if E is a non-CM elliptic curve over Q with
a p-coincidence then p | 2∆E . Moreover, a standard argument shows that if there
is a p-coincidence Q(E [j]) = Q(E [jp]) with p > 5 and p ∤ j, then p | A(E).

Thanks to Zywina’s algorithm [Zyw24], the LMFDB now contains data on the
images of modm Galois representations for elliptic curves over Q. It is then straight-
forward to check4 the following:

Proposition 4.4. Conjectures 2.6 and 4.2 are true for all curves in the LMFDB5,
and in particular for all curves of conductor ≤ 500000.

4Code available at https://github.com/jackshotton/invariant-factors-public. Note that
we only need to check non-CM elliptic curves with adelic index > 2, by Proposition 3.10.

5As of 19th April 2026.

https://github.com/jackshotton/invariant-factors-public
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4.1. Constructions from abelian division fields. We can construct some infi-
nite families of primitive p-coincidences starting with certain abelian division fields.
These were classified in [GL16]. The simplest is when we have an abelian two-
division field.

Proposition 4.5. Suppose that Q(E [2]) is an abelian extension of Q with odd
conductor m. That is, Q(E [2]) is either trivial, cubic, or a quadratic extension
Q(
√
m′) with m′ = 3 mod 4 and m = |m′|.

Then Q(E [m]) = Q(E [2m]).

Proof. By assumption, Q(E [2]) ⊂ Q(ζm) ⊂ Q(E [m]) with m odd. Therefore
Q(E [m]) = Q(E [2m]). □

4.1.1. Abelian 2-power torsion. More families occur when we have abelian division
fields Q(E [2r]) such that Q(E [2r−1]) contains ζ2r . By [GL16], we must have r ≤ 3
and Gal(Q(E [2r])/Q) is an elementary abelian 2-group.

Proposition 4.6.
(1) Suppose that E is an elliptic curve such that Gal(Q(E [4])/Q) is abelian and

that Q(E [2]) = Q(i). Suppose also that the conductor of Q(E [4])/Q is 4j
with j odd.

Then Q(E [2j]) = Q(E [4j]).
(2) Suppose that E is an elliptic curve such that Gal(Q(E [8])/Q) is abelian and

that ζ8 ∈ Q(E [4]). Suppose that the conductor of Q(E [8])/Q is 8j (and note
that j is necessarily odd as Gal(Q(E [8])/Q) ∼= Ck2 for some k).

Then Q(E [4j]) = Q(E [8j]).

Proof. (1) We have that ζ2j ∈ Q(E [2j]) but also that ζ4 ∈ Q(E [2]). Thus

Q(E [4]) ⊂ Q(ζ4j) ⊂ Q(E [2j])

and so Q(E [2j]) = Q(E [4j]).
(2) The proof is identical with 2 replaced by 4 and 4 replaced by 8.

□

In [RZB15] the possible 2-adic Galois images for elliptic curves over Q are classi-
fied; in [GL16] these are used to enumerate elliptic curves with abelian 2r-division
field. For each conjugacy class of elementary abelian 2-group H ⊂ GL2(Z/2rZ)
there is an explicit modular curve XH of genus 0 parametrising elliptic curves
with im(ρE,2r ) ⊂ H (up to conjugation)6. The cases in which this modular curve
actually has rational points are listed in [GL16, Tables 3 and 4]. Explicit gen-
erators for H and parametrisations for the curves may then be found at https:
//users.wfu.edu/rouseja/2adic/.

Suppose first that r = 2. To obtain subgroups H such that elliptic curves
E on XH satisfy the conditions of Proposition 4.6 we must have that ker(H →
GL2(F2)) = H∩SL2(Z/4Z). Checking each possibility, the relevant modular curves
are X60d, X60, X27f, X27h, X27. The notation is such that e.g. X27f corresponds
to a subgroup H not containing ±I and X27 corresponds to the subgroup with ±I
added; the elliptic curves on X27 will be quadratic twists of those on X27f.

6There is a subtlety around quadratic twists, which we take care of below.

https://users.wfu.edu/rouseja/2adic/
https://users.wfu.edu/rouseja/2adic/
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Curves on X60d (see [GL16] or https://users.wfu.edu/rouseja/2adic/X60d

.html) have im(ρE,4) = {I,
(
1 1
0 −1

)
} up to conjugacy. Explicitly, we may take E

given by

y2 = x3 + (−432t8 + 1512t4 − 27)x+ (3456t12 + 28512t8 − 7128t4 − 54)

for t ∈ Q such that the discriminant is nonzero. In this case, Q(E [4]) = Q(E [2]) =
Q(i), so this does not work for Proposition 4.6 unless j = 1; however, we can take
quadratic twists (i.e. points on X60).

For E = Et in this family, if E(±j) is the quadratic twist of E by ±j for j > 1
odd and squarefree, then ρE(±j),4 = χ±jρE,4, where χ±j is the quadratic character
associated to Q(

√
±j), and the image of ρE(±j),4 is generated by(

1 1
0 −1

)
,

(
−1 0
0 −1

)
.

For this subgroup, the kernel of reduction modulo 2 coincides with the kernel of the
determinant, and so Q(E(±j)[2]) = Q(i). Moreover, Q(E(±j)[4]) = Q(i,

√
±j) has

conductor 4j. Therefore E(±j) satisfies the hypotheses of Proposition 4.6.
For X27h there is similarly a parametrisation (see [GL16, Section 6.2])

Et : y2 = x3 + (−432t4 + 1512t2 − 27)x+ (3456t6 + 28512t4 − 7128t2 − 54).

Curves in this family have mod 4 Galois image contained in the subgroup generated
by (

1 1
0 −1

)
,

(
1 2
0 1

)
and the hypotheses of Proposition 4.6 hold as long as we can arrange that the con-
ductor of Q(Et[4]) has the form 4j for j odd. An explicit calculation7 using [GL16,
Corollary 2.5] shows that Q(Et[4]) = Q(i,

√
t) and so we may take t to be any odd

integer. Curves on X27 or X27f are quadratic twists of these by some squarefree
integer j and we will obtain similar examples as long as j is odd.

Now we suppose that r = 3. In this case we look for subgroups H ⊂ GL2(Z/8Z)
such that ker(H → GL2(Z/4Z)) ⊂ SL2(Z/8Z) and such that H is an elementary
abelian 2-group. We check8 each subgroup corresponding to a modular curve on
the list in [GL16, Table 4]. The subgroups of the form X58? may be disregarded, as
in these cases I+4M2(Z/8Z) ⊂ H so our condition cannot hold. Of the remainder,
our condition holds exactly for X183e, X183k, X187e, X187i, X189i and X189l.

We work through the case of X187i. From https://users.wfu.edu/rouseja/
2adic/187i we have the parametrisation:

Et : y2 = x3+
(
−108t16 − 24192t8 − 27648

)
x−432t24+228096t16+3649536t8−1769472.

Setting t = 1 we obtain the elliptic curve with LMFDB label 960.a5. This has
equation

E : y2 = x3 − x2 − 641x+ 3105 = (x− 23)(x− 5)(x+ 27).

The pairwise differences of the roots are 18, 50 and 32, so [GL16, Corollary 2.5]
gives

Q(E [4]) = Q(i,
√
2) = Q(ζ8).

7Code available at https://github.com/jackshotton/invariant-factors-public.
8Code available at https://github.com/jackshotton/invariant-factors-public.

https://users.wfu.edu/rouseja/2adic/X60d.html
https://users.wfu.edu/rouseja/2adic/X60d.html
https://users.wfu.edu/rouseja/2adic/187i
https://users.wfu.edu/rouseja/2adic/187i
https://www.lmfdb.org/EllipticCurve/Q/960/a/5
https://github.com/jackshotton/invariant-factors-public
https://github.com/jackshotton/invariant-factors-public
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For this curve one finds that Q(E [8]) is abelian of conductor 120 = 8 ·15, and hence
by Proposition 4.6 we have

Q(E [60]) = Q(E [120]).

4.1.2. Abelian 3-torsion. We may also construct examples starting from abelian 3-
division fields. These must be quadratic or biquadratic and in each case there is a
simple parametrisation. To obtain coincidences, we exploit the fact that the adelic
image is always contained in the Serre subgroup (see the proof of Proposition 3.10),
the kernel of a particular quadratic character.

Proposition 4.7. Suppose that Q(E [3]) = Q(ζ3) and that 3 | ∆sf
E , the squarefree

part of the discriminant of E. Let

3m =

{
2|∆sf

E | if ∆sf
E ≡ 1 mod 4

4|∆sf
E | otherwise.

Then Q(E [m]) = Q(E [3m]).

Proof. Let χ be the primitive Dirichlet character associated to the quadratic exten-
sion Q(

√
∆E) and let ϵ be as in the proof of Proposition 3.10. We may factor χ

as χ3χ
′ where χ3 is the quadratic character of conductor 3 and χ′ is a quadratic

character of conductor coprime to 3. Then the character ϵ ·χ ◦ det of GL2(Z/mEZ)
is trivial on the image H of ρ mod mE . If h ∈ H ∩ Γm, then χ′(det(h)) = 1 and
ϵ(h) = 1. It follows that χ3(det(h)) = 1, so that h fixes ζ3. Thus

Q(E [3]) = Q(ζ3) ⊂ Q(E [m])

and so Q(E [m]) = Q(E [3m]), as required. □

Remark 4.8. As in [GL16, Section 6.2], the curves with Q(E [3]) = Q(ζ3) are
parametrised by the family

Et : y2 = x3 − 27t(t3 + 8)x+ 54(t6 − 20t3 − 8).

where t ∈ Q and t ̸= 1. This is the Weierstrass form of the Hesse plane cubic

x3 + y3 + z3 = 3txyz.

As in [JQ01], the discriminant of this model is 21239(t3−1)3. If we choose t so that
v3(t

3 − 1) is even (for instance, t = 3u for u ∈ Z), then 3 | ∆sf
Et

and Et satisfies the
hypotheses of Proposition 4.7.

Remark 4.9. Suppose that E andm are as in Proposition 4.7 and that d is squarefree
with Q(

√
d) ⊂ Q(ζm). If E(d) is the quadratic twist of E by d then Q(E(d)[3]) =

Q(ζ3,
√
d) and we still have

Q(E(d)[m]) = Q(E(d)[3m])

by exactly the same argument as in the proof of Proposition 4.7, noting that ∆sf
E(d) =

∆sf
E .
We give a numerical example: let t = 2 in the above parametrisation and E be the

resulting curve. We obtain the elliptic curve with LMFDB label 189.b2 which has
discriminant 39 ·73 and so Q(E [14]) = Q(E [42]) by Proposition 4.7. By Remark 4.9,
the same holds with E replaced by its quadratic twist E(7) (with LMFDB label
1323.h3).

https://www.lmfdb.org/EllipticCurve/Q/189/b/2
https://www.lmfdb.org/EllipticCurve/Q/1323/h/3
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4.2. Smorgasbord. We finish with a small selection of examples of coincidences
that we found interesting.

Example 4.10. (1) There are numerous examples in which Q(E [2]) is quadratic
and contained in multiple division fields Q(E [j]) for j odd. For example,
the elliptic curve with LMFDB label 198.c1 has

Q(E [2]) = Q(
√
33) ⊂ Q(E [33]) ∩Q(E [55]).

(2) The elliptic curve with LMFDB label 196.a1 has Q(E [2]) cubic of conductor
7 and therefore

Q(E [2]) = Q(ζ7)
+ ⊂ Q(E [7])

as in Proposition 4.5. However, in this case we also have Q(E [2]) ⊂ Q(E [9])
and therefore Q(E [9]) = Q(E [18]). In particular, CE,7 = CE,9 = 0, showing
that CE,j can vanish for two coprime values of j.

(3) The elliptic curve with LMFDB label 300.b1 has Q(E [2]) ⊂ Q(E [9]) and
Q(E [2]) nonabelian.

(4) The elliptic curve with LMFDB label 300.b2 has

Q(E [2]) ⊂ Q(E [3]) ⊂ Q(E [10]).
Thus Q(E [3]) = Q(E [6]) and Q(E [10]) = Q(E [30]). Note that in this case
the mod 3 representation has image of order 12, and so is nonabelian; in
particular this curve has a 3-coincidence that is not explained by Proposi-
tion 4.7.

(5) The elliptic curve with LMFDB label 1680.g2 has Q(E [4]) ⊂ Q(E [105]) and
so

Q(E [105]) = Q(E [210]) = Q(E [420]).
Here Gal(Q(E [4])/Q) is elementary abelian of order 8.

5. Positivity of CE,1
The purpose of this section is to explain and repair a small error in the proof of

Corollary 3.3 given in [CM04, Section 6]. The following lemma, which is the key to
the argument, is proved in [CM04] via an inclusion-exclusion argument.

Lemma 5.1 ([CM04], Lemma 6.1). Let F = (Fq)q∈P , F ′ = (F ′
q)q∈P′ be two

families of finite Galois extensions of a number field F , indexed by sets of rational
primes P ′ ⊂ P. For any square-free integer k composed of primes from P, define:

• fields Fk =
∏
q|k,q∈P Fq and F ′

k =
∏
q|k,q∈P′ F ′

q, where the product denotes
compositum;
• integers Nk = [Fk : F ] and N ′

k = [F ′
k : F ] where N1 = N ′

1 = 1;
• quantities

δ(F) =
∑
k

q|k⇒q∈P

µ(k)

Nk
, δ(F ′) =

∑
k

q|k⇒q∈P′

µ(k)

N ′
k

.

In addition, suppose that:
• F covers F ′. That is: for all q′ ∈ P ′, there exists q ∈ P such that F ′

q′ ⊆ Fq,
and for all q ∈ P, there exists q′ ∈ P ′ such that F ′

q′ ⊆ Fq;
• The sums defining δ(F) and δ(F ′) are absolutely convergent.

Then δ(F) ≥ δ(F ′).

https://www.lmfdb.org/EllipticCurve/Q/198/c/1
https://www.lmfdb.org/EllipticCurve/Q/196/a/1
https://www.lmfdb.org/EllipticCurve/Q/300/b/1
https://www.lmfdb.org/EllipticCurve/Q/300/b/2
https://www.lmfdb.org/EllipticCurve/Q/1680/g/2
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Corollary 5.2. If, in addition to the hypotheses in Lemma 5.1, the fields (F ′
q)q∈P′

are linearly disjoint over F then

δ(F) ≥ δ(F ′) =
∏
q∈P′

(
1− 1

N ′
q

)
.

In [CM04] this is applied as follows. Let E be a non-CM elliptic curve over Q
with Q(E [2]) ̸= Q and let Fq = Q(E [q]) for each prime q (with P the set of all
primes). Let K2 ⊂ F2 be the largest abelian extension of Q contained in F2, which
is either quadratic or cubic by assumption. Let

P ′ = {q ∈ P : Q(ζq) ∩K2 = Q}

and, for q ∈ P ′, define

F ′
q =


Fq if q ∤ mE

Q(ζq) if q | mE , q ̸= 2

K2 if q = 2.

Then with F = {Fq}q∈P and F ′ = (F ′
q)q∈P′ we have that F covers F ′. It is

asserted in [CM04] that the fields F ′ are linearly disjoint, and it would then follow
from Corollary 5.2 that

CE,1 = δ(F) > 0.

However, although the fields F ′
q are pairwise linearly disjoint, they are not linearly

disjoint if (for example) the conductor of Q(
√
∆E) is composite and odd. This is

the gap in [CM04, Section 6]. It may be fixed by making a closer examination of
δ(F ′), which we now do.

Define
R =

∏
q|mE
q ̸=2

K2∩Q(ζq)=Q

q

and define S to be the minimal integer dividing R such that K2 ⊂ Q(ζS) (if there is
no such integer S, then the families F and F ′ as defined above fulfil the conditions
of Corollary 5.2 and we argue as in [CM04]).

Let d = [K2 : Q] = 2 or 3. Then, for k|R, we have, N ′
k = ϕ(k) and

N ′
2k =

{
dϕ(k) if S ∤ k
ϕ(k) if S|k.

Thus∑
k|R

µ(k)

(
1

N ′
k

− 1

N ′
2k

)
=
∑
k|R

µ(k)

(
1

ϕ(k)
− 1

dϕ(k)

)
−
∑
k|RS

µ(Sk)

(
1

ϕ(Sk)
− 1

dϕ(Sk)

)

=

(
1− 1

d

)∏
q|R

(
1− 1

ϕ(q)

)
− µ(S)

ϕ(S)

∏
q|RS

(
1− 1

ϕ(q)

)
=

1

ϕ(S)

(
1− 1

d

)∏
q|RS

(
1− 1

ϕ(q)

)∏
q|S

(ϕ(q)− 1)− µ(S)


> 0
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since S ≥ 3. Therefore

δ(F ′) =
∑
k

q|k⇒q∈P′

µ(k)

N ′
k

=
∑
k|R

µ(k)

(
1

N ′
k

− 1

N ′
2k

) ∏
q ∤mE

(
1− 1

N ′
q

)
> 0.

Therefore, by Lemma 5.1,

CE,1 = δ(F) ≥ δ(F ′) > 0

as required.
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