IHARA’S LEMMA FOR SHIMURA CURVES OVER TOTALLY
REAL FIELDS VIA PATCHING.

JEFFREY MANNING AND JACK SHOTTON

ABSTRACT. We prove Thara’s lemma for the mod ! cohomology of Shimura
curves, localized at a maximal ideal of the Hecke algebra, under a large im-
age hypothesis on the associated Galois representation. This was proved by
Diamond and Taylor, for Shimura curves over QQ, under various assumptions
on [. Our method is totally different and can avoid these assumptions, at the
cost of imposing the large image hypothesis. It uses the Taylor—Wiles method,
as improved by Diamond and Kisin, and the geometry of integral models of
Shimura curves at an auxiliary prime.

1. INTRODUCTION

Let T' = I'g(N) be the usual congruence subgroup of SLy(Z), for some N > 1,
and let p be a prime not dividing N. Write IV = T' N Ty(p). If Xr and X are
the compactified modular curves of levels I' and I/, then there are two degeneracy
maps

1,72 1 XF/ — XF

—1
induced by the inclusions I < T" and (2(; (1)> I’ (ZO) ?) — I. If [ is another

prime, then we have a map
7t =7} + w5y HY(Xt,F)? — HY (X1, T)).

As a consequence of a result of Thara — [Tha75] Lemma 3.2, and see also the proof
of [Rib84] Theorem 4.1 — the kernel of 7* may be determined. In particular:

Theorem (Thara’s Lemma). If m is a non-Eisenstein mazimal ideal of the Hecke
algebra acting on these cohomology groups (that is, m corresponds to an irreducible
Galois representation), then the map 7" is injective after localizing at m.!

This was used by Ribet in [Rib84] to prove a level-raising result for modular
forms: if f € S3(T) is a cuspidal eigenform such that p; is irreducible and the
Fourier coeflicient a,, satisfies

ap =x(1+p) (mod]l),

then there is a cuspidal eigenform g € So(I)P™°" such that p, = p,.

Now suppose that F' is a totally real number field and that D is a quaternion
division algebra over F ramified at all but one infinite place. For K C (D®Ap, f)*
a compact open subgroup, p a finite place of F' at which K and D are unramified,
and [ a prime, there is an obvious (conjectural) generalisation of Theorem 1 with
Xr replaced by the Shimura curve Xg. We refer to this as “Thara’s Lemma at

n fact, if we instead take I' = I'; (IV) then 7* is already injective. For us, however, localizing
at a maximal ideal of the Hecke algebra will be crucial.
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2 JEFFREY MANNING AND JACK SHOTTON

p for Xg, localized at m”; it depends on K and on a maximal ideal m of the
Hecke algebra acting on H'(X g, F;), to which is associated a Galois representation
Pm : GF — GLy(F;). The purpose of this paper is to prove:

Theorem 1.1. Suppose thatl > 2 and that the image of p,, contains a subgroup of
GLo(F;) conjugate to SLy(IF;) (and satisfies an additional Taylor—Wiles hypothesis
ifl=5 and\/geF),

Then Ihara’s Lemma at p for Xk, localized at m, is true.

Thara’s method of proof does not generalise, since it relies on the “congruence
subgroup property of SLq (Z[%])”, the analogue of which is a longstanding conjec-
ture of Serre in the quaternionic case. In [DT94b], Diamond and Taylor overcame
this difficulty for Shimura curves over QQ using the good reduction of Shimura curves
at [ and comparison of mod [ de Rham and étale cohomology. This necessitates
various conditions on I:

e p does not divide I;

e D and K must be unramified at [;

e if the result is formulated with coefficients Sym” 2 F;, then the weight k

satisfies
k<l-12

It seems likely that the approach of [DT94b] can be adapted to the totally real case
with similar conditions on I, as in Cheng’s draft [Che] (which the author tells us is
not complete), but this has not yet been carried out in full detail.

Our method of proof is entirely different, and requires no such conditions on .
On the other hand, we have to impose a more stringent condition on p,, — rather
than merely being irreducible, its image must contain the subgroup SLs(IF;).

Our starting point is that Thara’s Lemma is known (and easy) for the “Shimura
sets” associated to definite quaternion algebras. Following a strategy introduced
by Ribet in [Rib90a] we introduce an auxiliary prime g, at which both K and
D are unramified. Then there is a totally definite quaternion algebra D ramified
at the same finite places as D, together with q, and a compact open subgroup
Kic(D® Ap f)* agreeing with K at all places besides q and maximal at ¢q. Our
goal will then be to reduce the statement of Thara’s Lemma for X at m to the
corresponding (known) statement for the Shimura set Yxq corresponding to K9.

The link between Xx and Ygaq is given by the geometry of integral models of
the Shimura curve X (q), with I'g(q)-level structure. Specifically, the special fibre
of Xg,(q) at q consists of two components, both of which are isomorphic to the
special fibre of Xk, and has singularities at a finite set of points which are in
bijection with Yia. This results in a filtration of H'(Xg,(q),F:) whose graded
pieces are two copies of H°(Yxa,F;) and one copy of H'(Xg,F;)®2. This idea has
been extensively studied by Mazur, Ribet [Rib90a], Jarvis [Jar99] and others.

Unfortunately, the existence of this filtration does not directly imply any relation
between the Hecke module structures of H (X g, ;) and H°(Yga,F;). For example,
the filtration could be split (in the sense that

H'(Xreo(q), F1) & H (X, F)®? @ HO(Yica, )2

as Hecke modules) which would not impose any relations between H!(Xx,F;) and
H°(Yka,F;). So in order to deduce anything about H'(Xg,F;) and H°(Yia,F;),

2See the end of [DT94a] for k=1 — 1.
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we need to have additional information about the Hecke module structure of H' (X, (q), F1)
and its interaction with the filtration.

The novelty of this paper, then, is to obtain this extra information. It takes the
form of a certain “flatness” statement, which we formulate and prove by using the
Taylor—Wiles—Kisin patching method. To our knowledge, this is the first time that
patching has been combined with the geometry of integral models in this way.

Briefly, the Taylor—Wiles—Kisin method considers a ring R, which is a power
series ring over the completed tensor product of various local Galois deformation
rings, and relates the Hecke modules H* (X g, F;), H*(Yxq,F;) and H' (X, (q), F1)
to certain maximal Cohen—Macaulay “patched” modules over Ro,. Our method
proves that the “patched” module corresponding to H*(X Ko(q)s F1) is flat® over some
specific local deformation ring at the prime q. Using this and some commutative
algebra we are able to deduce Thara’s Lemma for X g from the corresponding result
for Yia.

Our strategy for proving this flatness is inspired by Taylor’s “Ihara avoidance”
argument, used in the proof of the Sato—Tate conjecture [Tay08]. We impose the
condition that our auxiliary prime q satisfies Nm(q) = 1 (mod [), and consider a
certain tamely ramified principal series deformation ring, RY” = RTI:,S“\GF \0» Which

q

is a quotient of the universal local deformation ring Rq = R%] o- The standard

m \GFq ,
map? from Ry to the mod [ Hecke algebra acting on Hl(XKO(q),]Fl) then factors
through the quotient RY’, even though the map from R, to the integral Hecke
algebra acting on H'(X g, (q),Z;) does not.

In our situation, the assumption on the image of p,, allows us to choose the
auxiliary prime g so that

Do (Froby) = ((1) 1) :

In this case, the ring RY” is a regular local ring® (a calculation carried out in [Sho16]).
This is what enables us to gain a foothold — it is a standard principle going back
to Diamond [Dia97] that regular local deformation rings give rise to important
structural results about Hecke modules. We apply a version of the miracle flatness
criterion to prove that a particular patched module is flat over Ry®, which is the
key fact needed to make our argument work.

The advantage of this argument, as opposed to that of [DT94b], is that we do
not need to make any assumptions about the structure of the local deformation
rings at primes dividing [, or indeed at any primes besides ¢, beyond knowing that
they have the correct dimension (a fact which certainly holds in the generality we
need). This is the reason we do not need to impose any of the restrictions on the
prime [ appearing in earlier results.

1.1. Applications. We briefly survey some of the applications of Thara’s Lemma
(for modular or Shimura curves, or Shimura sets) that are in the literature.

3This is a slight simplification.
4Suppressing minor issues due to framing and fixed determinants.
5Provided that one carefully controls the ramification in the coefficient ring O.
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1.1.1. Representation theoretic reformulation. Suppose that KP? C (D ® A%f)x is
a compact open subgroup, and let
V= ling(XKmeFl)
KP
where the limit runs over compact open subgroups K, C GLy(F}). Then V is a
smooth admissible representation of GLa(F}). Suppose that m is a maximal ideal
of the Hecke algebra acting on V. Then we have:

Proposition 1.2. Suppose that, for K = K, K? with SL2(OF,) C Ky, C GLa(OF,p)
a compact open subgroup, Ihara’s Lemma is true for Xk at m. Then the represen-
tation Vi of GLa(F,) has no one-dimensional subrepresentations. (]

Remark 1.3. If [ # p then there is a notion of genericity for smooth representa-
tions of GL,,(F}) (see, for instance, [EH14]); when n = 2, the non-generic smooth
irreducible representations are precisely the one-dimensional ones. It is this “no
non-generic subrepresentations” property that conjecturally generalises to higher
rank (see [CHTO8]).

1.1.2. Freeness results. If T is the algebra of Hecke operators acting on H =
H1(Xk,O)m, including those at primes at which K ramifies, then we can ask
whether H is free as a T-module. For modular curves results along these lines
were proved by Mazur, Ribet and others (see, for instance, [Edi92] Theorem 9.2
and [CG18] Theorem 4.8). In the case of Shimura curves, there are results starting
with [Rib90b]. Note that it is not always the case that H is free; in many cases
this can be explained by the geometry of local deformation rings, as in work of the
first author [Man19].

In [Dia97] section 3.2, it is explained how the Taylor—Wiles method and a ‘nu-
merical criterion’ may be used to prove freeness results at minimal and non-minimal
level for modular curves (some limited freeness results for Shimura curves are also
given in [Dia97] section 3.3). At non-minimal level, this relies crucially on Thara’s
Lemma, and so using our result we can extend these freeness results. For instance,
we have the following, in which X denotes the set of places where we are allowing
non-minimal level.

Theorem 1.4. Let F be a totally real number field, D be a quaternion algebra over
F ramified at exactly one infinite place, ¥ a finite set of finite places of F, and
Il > 2 be a prime.

Let K =[], K, C (D® Apy)* be a compact open subgroup and let k > 2 be
an integer. Let H = Hy(Xg, Sym* 2(0% © Z;)), and let Tk be the Hecke algebra
acting on H generated by the T, and S, for vl at which K, is maximal compact
and D is split, and the U, for each v € X.

Let m be a mazimal ideal of T containing l. Suppose that the Galois represen-

tation p attached to m has non-exceptional image, and that the following conditions
hold.

(1) For all finite places v |1l of F, F,,/Qy is unramified and D is split at v.

(2) For all finite places v € 3 not diwiding I, D is split and p is unramified at
v.

(3) For all finite places v {1 of I, p|lay, has minimal Artin conductor n,, among
all its twists by characters of G, .

(4) For all finite places vl of F at which D splits, either:
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e v¢g XY and K, = Uy (v™); or
e vEY and K, = Uy (v?).
(See (2.4) below for the definition of Uy (v™)).
(5) For all finite places v of F at which D ramifies, K, is the group of units
in a mazimal order of D ® F,, and if p is unramified at v then either:
e Nm(v) # +1 (mod 1);
e Nm(v) =1 (mod ) and p(Frob,) is not scalar; or
e Nm(v) = —1 (mod {), and tr(p(Frob,)) # 0.
(6) If v 11 is a place of F at which D splits and Nm(v) = —1 (mod ), then
either play, is reducible or p(Ir,) has order divisible by I.
(7) One of the following holds.
e (the Fontaine-Laffaille case) 2 < k < | — 1 and K, is a mazimal
compact subgroup for each v |l; or
e (the ordinary case) k = 2 and, for each v |1, either: v € ¥ and K,

~

is mazimal compact; orv € ¥, F, = Q, K, = Up(v), and plr,, =

€ *
0 1)
Then Hu 1s free of rank 2 over T m.

Proof. (sketch) For v € ¥, let K™ C (D® F,)* be a maximal compact subgroup;
otherwise, let K" = K,. Let K™ =[] K", The numbered conditions were
chosen to ensure that all the relevant local deformation rings corresponding to forms
of level K™ are formally smooth. Thus the Taylor-Wiles method gives a result
analogous to [Dia97] Theorem 3.1 at level K™, The result at level K now follows
exactly as in the proof of [Dia97] Theorem 3.4, using Thara’s Lemma at each prime
in ¥. See also [Tay06] Theorem 3.2 for a similar result in the definite case. O

Remarks 1.5. (1) In the ‘Fontaine—Laffaille case’, at least if (k — 1)[F : Q] <
[ — 2, the version of Thara’s lemma required would presumably follow from
the method of [DT94b], as in [Che], and so the condition on the image of
p could be relaxed to a Taylor—Wiles hypothesis. In the ‘ordinary case’ we
require Thara’s lemma at places of 3 dividing [, which is apparently not
accessible by the method of [DT94b].

(2) Without a condition such as (5) where D ramifies, the module may gen-
uinely not be free, see [Man19).

(3) Conditions (3) and (6) could probably be omitted, and the set ¥ of non-
minimal places could probably be allowed to contain places where p ramifies.

(4) The requirement that the weights are parallel is for convenience. The re-
striction to the Fontaine—Laffaille range is not required for our version of
Thara’s lemma, but is required to prove minimal freeness results using the
method of [Dia97]. Nevertheless, in other situations where the multiplicity
at minimal level can be determined (even if this multiplicity is not one), it
seems plausible that Thara’s Lemma could be used to deduce information
about the multiplicity at non-minimal levels.

1.1.3. Local-global compatibility. In the work of Emerton [Emell] on local-global
compatibility in the p-adic Langlands progam, Thara’s lemma is essential to obtain
results with integral coefficients. Generalisations of Emerton’s result to compact
forms of U(2) over totally real fields in which  splits have been proved in [CS17] —
the compactness assumption ensuring that Thara’s Lemma is known. We expect that
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our results (and those of [DT94b]) could be used to prove analogues of Emerton’s
Theorem 1.2.6 for the completed cohomology of Shimura curves, at least in settings
where multiplicity one still holds.

1.1.4. Twasawa theory. In [BDO05], Bertolini and Darmon proved one divisibility
in the anticyclotomic Iwasawa Main Conjecture for (certain) elliptic curves over
imaginary quadratic fields. The result of [DT94b] on Ihara’s Lemma for Shimura
curves was an important technical tool in the proof. Contingent on Thara’s Lemma
for Shimura curves over totally real fields, Longo [Lonl2] generalises Bertolini and
Darmon’s work to the setting of Hilbert modular forms of parallel weight two; our
results therefore make his results unconditional in many cases. Further generalisa-
tions are made by Chida and Hsieh [CH15] and Wang [Wan15], and our work may
be able to weaken some of their hypotheses.

1.1.5. Lewvel raising. The works [Rib84] and [DT94b] apply Thara’s Lemma to the
problem of level-raising for modular forms — that is, of determining at which
non-minimal levels there is a newform with a given residual Galois representa-
tion. Nowadays, there is an argument of Gee [Geell] using the Taylor—Wiles—Kisin
method and a lifting technique of Khare—Wintenberger. Combined with the results
of [GLS15] and of [BLGGT14], this gives (under a Taylor-Wiles hypothesis) level
raising theorems for Hilbert modular forms in arbitrary weight. We thank Toby Gee
for explaining this point to us. Since we also require the Taylor-Wiles hypothesis,
it is unlikely that our theorem gives substantial new level raising results.

1.2. Outline of the paper. In section 2 we recall the definitions of Shimura curves
and Hecke operators. We also define the Shimura sets we will need, and recall the
necessary results on integral models.

Most of section 3 is taken up with the calculation of local deformation rings
at the auxiliary prime q. We also precisely define lattices in certain inertial types
(representations of GLa2(OF,q)).

Section 4 carries out the Taylor—Wiles—Kisin patching method. We use the
formalism of patching functors, introduced in [EGS15]. This is mostly standard,
and we include it because we don’t know a reference for the fact that the filtrations
of homology coming from integral models may be patched.

Section 5 contains calculations in commutative algebra over the local deformation
rings at q that are at the technical heart of the proof.

Section 6 contains the precise statement and proof of our theorem.

A sensible order to read this article in would be to skim section 2, to fix notation,
and then turn to section 6, referring back to the other sections as needed.

1.3. Acknowledgments. Firstly, we thank Matthew Emerton for suggesting that
we collaborate on this project and for many enlightening conversations. We also
thank Chuangxun Cheng, Fred Diamond, Toby Gee, Yongquan Hu, David Loeffler,
Matteo Longo, and Matteo Tamiozzo for useful comments or discussions. Part of
this work was written up while the second author was at the Max Planck Institute
for Mathematics, and he thanks them for their support.

1.4. Notation. If k is a local or global field, then G}, will denote its absolute Galois
group. If [ is a prime distinct from the characteristic of k, then we write € : G, — Z;
for the l-adic cyclotomic character and € for its reduction modulo .
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If [ is a prime and M is a Z;-module, then we write MY for its Pontrjagin dual.
If M is a finite free Z;-module (resp. an F;-vector space, resp. a Q;-vector space),
then we write M* = Homg, (M, Z;) (resp. Homp, (M, F;), resp. Homg, (M, Q;)).

2. SHIMURA CURVES

2.1. Let F be a totally real number field of degree d and let O be the ring of
integers of F'. We write A ¢ for the finite adeles of F'. If v is a place of F' then we
write k, for its residue field, w, for a fixed choice of uniformizer in F;,, and All)’, f
for the finite adeles of F' with the factor F, dropped. If [ is a rational prime then
we write ¥; for the set of places of F' above [; we write Yo, for the set of infinite
places of F.

2.2. Let D be a quaternion division algebra over F split at either no infinite places
(the definite case) or exactly one infinite place, 7 (the indefinite case), and let Op
be a maximal order in D. We write A for the set of finite places of F' at which
D ramifies. We assume that if F' = Q and we are in the indefinite case then A is
nonempty.

We write G for the algebraic group over O associated to O}, and Z for its
centre.

For every place v at which D splits we fix an isomorphism &, : Op ®o, O, —
Ms(OF,). We also denote by k, the various isomorphisms, such as (D ®p F,)* —
GLs(F,), obtained from it.

2.3. We fix a rational prime [ and a finite place p of F' such that p € A; we do
allow the possibility that p | I.

2.4. Let K be a compact open subgroup of G(Ap ). If v is a finite place of F
then when it is possible to do so we will write K = K"K, for K* C G(A}% ;) and
K, C G(F,). A compact open subgroup K of G(Ap ) is unramified at v if v ¢ A
and K = K'G(Op,,) for some K", and that it is ramified otherwise. We let

Y(K)=AU{v: K is ramified at v}.

If v ¢ A is a finite place of F, and n > 1, then we define Uy(v™) to be the
subgroup

a(e) = {w? (¢ 5) €60 ie=0 (mod =)}
of G(Op,), and
Uy (") = {mvl (‘c’ Z) €Up(v"):d=1 (mod wg)}.

If K is unramified at v then we write

Ko(v) = K'Up(v) € K = K'G(Op.,).
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2.5. Suppose that we are in the indefinite case. Letting H = C\ R be acted on by
GL3(R) in the usual way, via k. we get an action of G(F;) = GL2(R) on H. We
say that K is sufficiently small if the action of G(F)NgKg~'/Z(F)NgKg~' on
H is free for every g € G(Ar ). We will assume throughout that all our compact
open subgroups are sufficiently small. We let

Xr(C) = G\ (G(AFrys)/K xH),

a compact Riemann surface. By the theory of Shimura varieties, there is a smooth
projective curve X over F' such that, when F' is considered as a subfield of C via
7, the C-points of X are given by the above formula. For F a sheaf of abelian
groups on X (C) we write H (X g, F) = H (X (C), F).

2.6.  Write [y, z] for the point in X (C) corresponding to v € G(Ap ) and x € H.
If K' ¢ K C G(Ap,s) are compact open subgroups then there is a map Xx» — Xk
given on complex points by [v,z] — [y,z]. For g € G(Ap, ) there is a map p, :
X — X -1k, given on C-points by

e[, 7)) = [vg, ],

The maps p, define a right action of G(Ap ) on the inverse system (Xg)g; if
g 'Kg C K’ then we will also write p, for the composite map

Pg
X — nglKg — Xkr.

2.7. Let M be an abelian group. Suppose that K7, Ko C G(Ap, ) are sufficiently
small and that g € G(Ap ¢). Then, as in [BDJ10] section 4, there are double coset
operators

[K19Ks) : H(Xg,, M) = H (Xg,, M)

for i =0,1,2. If v &€ 3(K) U X then we define the Hecke operators T, and .S, to
be the double coset operators

v o3 )4
s,=|x (5 o) x|

If Ais aring and S is a finite set of places containing A U X, then we write

and

TS5 = A[T,,, S, : v &S],

a polynomial ring in infinitely many variables which acts on H(Xg, M) for any K
for which ¥(K) C S and any A-module M.
If v € A, then we define the Hecke operator U, to be the double coset operator

(5 )

acting on any H'(K,M) for M an abelian group (note that U, = T, if K is
unramified at v).
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2.8. Now suppose that we are in the definite case. A compact open subgroup
K C G(Apy) is sufficiently small if, for every g € G(Ap s), we have

GF)ng 'Kgc Z(F).
Again, we will always assume that our compact open subgroups are sufficiently
small. We define

Y = G(F)\G(Arys)/K
which is a finite set. Exactly as in the indefinite case, we define an action of G(Ag )
on the inverse system (Y )k, and actions of double coset operators [K;gKs| and
Hecke operators T, S, and U, on the groups H°(Yy, M), for any abelian group

M. In particular, we obtain an action of T% on H®(Yg, M) for any finite set of
places S containing ¥(K), ring A, and A-module M.

2.9. Suppose that we are in the definite or indefinite case, and that A is a finite
Z,-algebra, so that the residue field of any maximal ideal of A is a finite extension
of Fl.

Definition 2.1. A maximal ideal m of T% is G-automorphic of level K if it is in the
support of H*(Xf, A) (in the indefinite case) or H'(Yx, A) (in the definite case)
for some i. It is G-automorphic if it is G-automorphic of level K for some K.

If m is a G-automorphic maximal ideal of Ti then there is an associated semisim-
ple representation
P - Gr — GLo (Ti/m)
characterised by char; _(grob,)(X) = X? — T, X 4+ Nm(v)S, for all v ¢ SUY,.

Definition 2.2. An G-automorphic maximal ideal of T% is non-Eisenstein if by,
is absolutely irreducible, and FEisenstein otherwise. A ']I‘i—module is Eisenstein if
every maximal ideal in its support is Eisenstein.

It is non-exceptional if p,,(Gr) contains a subgroup of GLy(F;) conjugate to
S Ly (F;); equivalently if it is non-Eisenstein and the image of p,, contains an element
of order [. Otherwise, it is exceptional.

Proposition 2.3. Suppose that we are in the indefinite case. The Ti—modules
H(Xg,A) and H*(X, A) are Eisenstein.

Proof. Let v : G — Gy, r be the reduced norm. There is (see [Car86] section 1.2)
a bijection

70(Xk(C)) =AY, /P v(K)
where F'*F is the set of totally positive elements of F'*. Write C for the group
on the right. If g € G(Apy) then Cx = Cy-1k, and the diagram

(XK (C)) —— Ck

o | o) |

7T()(*Xg—lKg((C)) E— CK

commutes. This implies that T acts on H°(Xx(C), A) = A[Ck] via the homo-
morphism T — A[Ck] given by

T, — (Nm(v) + 1)[z,]

SU = [’WE],
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where we write [g] for the basis element of A[Ck] corresponding to g. If n is a maxi-
mal ideal of A[Ck] with residue field F, corresponding to a character x : Cx — F*,
then T, and S, act on A[Ck]/n as (Nm(v) + 1)x(ww,) and x(w?) respectively. If
¥ : G — F* is the character of G associated to x by class field theory, and
P = Y @ ey, then T, and Nm(v)S, act on A[Ck]/n by the scalars tr(p(Frob,))
and det(p(Frob,)), so that the action of T on A[Ck]/n factors through an Eisen-
stein maximal ideal as required. It follows that the action of T4 on H?(Xg, A) is
Eisenstein.
The statement for H? follows from Poincaré duality

H*(Xg,A) = H(Xg, AV)Y

and the formulae S} = S; ! and T = S, !T, for the adjoints of T, and S,,. O

v

2.10. Let A be a finite Z;-algebra. There is an exact functor M +— L), from
the category of A[KJ]-modules on which K N Z(F) acts trivially, to the category
of local systems of A-modules on Xg(C) or Y. If S is a finite set of places of F'
containing X(K)U¥;UAUX ., and such that the action of K on M factors through
[I,cg Kv, then we obtain an action of the Hecke algebra ']I‘ﬁ on each cohomology
group H (X g, Lar) or HO(Yie, Lar).

Proposition 2.4. Suppose that we are in the indefinite case. For any A, M and
S as above, the T%-module H (X, L) is Eisenstein for i = 0,2.

Proof. This is proved just as in Proposition 2.3. ]

2.11. Suppose that K is unramified at p. Let w = (Zzp (1)) Then since

wKo(p)w™! C K, we have two degeneracy maps w1, 7 defined (in the notation
of 2.6) by

1 = pe : Xiop) = XK

T2 = Pp—1 - XKo(p) — XK
(with similar formulae in the definite case). If A is an abelian group then we obtain
maps _ '

WT,W; : HZ(XK,A) — HZ(XKO(p),A)
with, again, similar formulae in the definite case. We write
™ =m} + 75 H' ( Xk, A)? = H (Xgy(p), A)-
If M, Ly, and S are as in 2.10 and if p € ¥(K) U X is such that the action of K
on M factors through KP, then we can similarly define
™ =n + 75 H' (XK, Lam)? = H (Xky(p), L1)

(and analogous maps in the definite case).

2.12. Define the finite abelian (class) group I'k by
Tk = Z(Aps)/Z(F) (KN Z(Ap,f))-
It acts freely on X and Yx by our assumption that K is sufficiently small.
Suppose that A is a finite Z;-algebra and that v is a character A;’f/FX — A%

that vanishes on K'NZ(Ar ¢) (regarded as a subgroup of Z(Ar,s) = Af ;), so that
we may consider v as a character of I'. For M any A[l"x]-module, we write M[¢]
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for the largest submodule of M on which I'x acts as ¢ and M, for the largest
quotient module of M on which I'k acts as .

Lemma 2.5. Let A be as above, and let m be a non-FEisenstein mazximal ideal of
T5. Then H*(Yi, AV )m and HY (X, AV )m are injective A[T i]-modules.

Proof. In the indefinite case, we use the Hochschild—Serre sequence and fact that
m is non-Eisenstein. Let V be an A[l' k|-module and let £y, be the local system on
Xk /Tk associated to VV. The action of the Hecke operators away from ramified
primes descends to an action on H* (X /T'k, Ly,). Then

H( Xk Tk, LY,) = Homr, (Ho(Xg, A),VV)

is Eisenstein by Proposition 2.4, and the same is true for H*(X /T, Ly,) by
Poincaré duality. As H°(Xk, LY, )m vanishes by Proposition 2.4,

Homr, (V, H'(Xx, AY)m) = Homp, (Hy (X, A)m, V)
= HY Xk /Tr, LY )m

and the latter is an exact functor of V' as m is non-Eisenstein. In the definite case the
proof is similar but easier (and the assumption on m is not actually necessary). O

2.13. For the rest of this section we suppose that we are in the indefinite case,
and fix a finite place ¢ ¢ A UX; of F, let O, be the localization of O at q,
let k be the residue field of q, and let k be an algebraic closure of k. By a model
of X we will mean a proper flat O 4)-scheme Xf equipped with an isomorphism
%K ®O(q) F l> XK.

We will consider K that are (sufficiently small and) of the form K9G L2 (Op,q) or
KUy(q). For such K, there are models Xk of Xk constructed by Morita [Mor81]
(in the first case) and by Jarvis [Jar99], following Carayol [Car86] (in the second).
They have the following properties:

Theorem 2.6. Suppose that K is unramified at q.

(1) The curve Xk is smooth over O(q).
(2) The curve Xk, (q) is reqular and X, (q) Q04 k is the union of two curves,

each isomorphic to Xk ®o,, k, that intersect transversely at a finite set of
points.

Remark 2.7. We will use implicitly the functoriality of these models. For instance,
if K € K’ are as above then the morphism X — Xk extends uniquely to a finite
flat morphism between the models. If K is fixed, then the action of G(A% ) on
the inverse system (X Kq) Ka extends uniquely to the inverse system of models.
This action is compatible with varying Ky, and with the maps Xk ®o,, k —

XKo(q) ®0O ) k implicit in part 3 of the theorem.
2.14. Suppose that K is unramified at q.

Definition 2.8. The set of points where the two components of Xk (q) ®k intersect

maps injectively to Xx ® k under the natural map Xrko(q) = XK. The image is a
finite set of points called the supersingular points and is denoted X%.
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There is an adelic description of this set that we now explain. Let D be a
quaternion algebra over F' ramified at A U {q,7} and let G be the algebraic group

over F associated to D . We fix a continuous isomorphism
1:D®p AL = Dop AL .
Let Op a be the unique maximal order of D ®p F;;. Then we write
Yia = YL—l(Kq)OﬁrI~
Remark 2.9. It follows from the Jacquet-Langlands correspondence that, if K is

unramified at q and m is in the support of H%(Ya, A), then m is in the support of
H (Xko(q), A)-

Theorem 2.10 ( [Car86] (11.2)). There is a G(Af, ;)-equivariant isomorphism of
nverse systems

(xSkS)Kq 1) (YK‘])KQ.

2.15. Suppose that K is unramified at q and that F is a finite extension of F;.
The geometry of Xg,(q) and the theory of vanishing cycles allow us to relate
HY(Xk,(q),F), H(Xk,F) and H°(Yga,F). In the case at hand, this is worked
out in [Jar99], sections 14-18. We recall the result in our notation:

Theorem 2.11. Suppose that K is unramified at q. Let S be a finite set of places
containing L(K) U {q} UX UA and let m be a non-Eisenstein mazimal ideal of
T3. Then there is a filtration

0CcVicVaCV=H"(Xgyq),F)m
together with isomorphisms
Vi = H'(Yia,F)m,
Va/Vi = H' (Xi, F) 32
and
V/Va =5 H'(Yica, F).

The filtration, and isomorphisms, are compatible with the transition morphisms
for varying K9 and with the action of the Hecke operators T, and S, for v &
S(K)U{q} UA and U, for v ¢ {q} UA.

Proof. As mentioned, this is proved in [Jar99]: we give references to that pa-
per. The key diagram is that at the end of section 14, which relates Hecke-
modules X (H), Y(H), X(H), Y(H), M(H), and R(H). In particular, there
is a filtration of M(H) with graded pieces X (H), R(H), and Y (H). Choos-
ing the group H in that paper appropriately, taking the sheaf there called F to
be the constant sheaf F, and after localizing at m, we have that M (H)y is our
HY(Xky(q),F)m, while R(H)y is our H'(Xg,F)§? (see [Jar99] Corollary 16.3).
A choice of ordering of the irreducible components of each connected component
of the special fibre of X, (q) gives, by Theorem 2.10, an isomorphism between
Y(H)w and H(Yga,F)m. By Proposition 2.3, or [Jar99] Lemma 18.1, we have
Y (H)w = Y (H)w. By [Jar99] Proposition 17.4 and Lemma 18.2, we have (Hecke-

equivariant) isomorphisms X (H)m & X (H)m = Y (H ). The result follows. O
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It follows from Lemma 2.5 that we can take i-parts in the filtration of Theo-
rem 2.11 to obtain a filtration of H (X, (q), F)m[1] with graded pieces H(Yia,F)m[¢],
HY (X, F)22[], H*(Yica, F)m[t)] for any non-Eisenstein maximal ideal m of Tg.

3. TYPES AND LOCAL DEFORMATION RINGS

For this section, let L be a local field of characteristic 0, with residue field k of
order g. Let T" be the absolute Galois group of L, I its inertia subgroup, and P its
wild inertia subgroup. Let o € I be a lift of a topological generator of I/P, and
let ¢ € T be a lift of arithmetic Frobenius. Then we have the well-known relation
¢pop~t =0%inT/P.

By a coefficient system we will mean a triple (E,O,F) where: E/Q; be a finite
extension, with ring of integers O, uniformizer w, and residue field F = O/w.
For now, we will take an arbitrary coefficient system; later we will impose further
conditions on E/Q.

Let Co (resp. C{) be the category of Artinian (resp. complete Noetherian)
local -algebras with residue field F. We say that a functor F : Co — Set is
pro-represented by some R € C{3 if F is naturally isomorphic to Homo (R, —).

Now fix a continuous representation p : I' — GLo(F). The primary goal of
this section is to introduce various deformation rings of p. Many treatments of
this material assume that the coeflicient ring O is sufficiently ramified. For our
purposes, it will be necessary to precisely control the ramification of O, and so a
little more care will be needed in certain parts.

Consider the (framed) deformation functor Co — Set defined on objects A by

A — {continuous lifts p : I' = GLy(A) of p}

It is well-known that this functor is pro-representable by some R%}O € Cj. Fur-
thermore, 7 admits a universal lift p5 : T — GLQ(R%O).
For any continuous homomorphism, x : RpE,lo — E, we obtain a Galois repre-

x

sentation p, : I' = GLo(E) lifting p, from the composition I' i GLQ(Rgo) =
GLy(E).

For any character ¢ : I' — O with detp = 1e ! (mod w) define Rg’g to
be the quotient of R%O on which det p= = 1pe~!. Equivalently, RE g is the ring
pro-representing the functor of lifts of p with determinant te=!.

As [ > 2, we have an isomorphism

(1) R§g®Rdet(ﬁ),O = Rgo

where Rget(5),0 is the universal deformation ring of the character det(p).

3.1. Deformation rings when [ { ¢. For this subsection, we assume that [ 1 q.
In this case, the O-algebras R%:” g and Rgo are flat of relative dimensions 3 and
4, respectively. The second statement follows from [Shol8] Theorem 2.5. The first
statement follows from the second, the isomorphism (1), and the flatness of the
deformation ring of a character (see for example [Shol7] Lemma 2.5). Shortly, we
will analyse these rings in more detail in a particular case.
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3.2. Deformation rings when I|q. Now assume that {|g, so that [ is the residue
characteristic of L. If L'/L is any finite extension, then by [Kis08] there is a

quotient R%’ ’(g/_St of R%"O such that a continuous O-algebra homomorphism x :

R%O — E factors through R%’ ’g'“ if and only if p,|q,, is semistable with parallel
Hodge—Tate weights {0, 1}. For 1 a finite order character of I' that factors through

Gal(L'/L), there is a quotient Rg’g’y"qt

the condition det(p) = 1e~. We have that Spec RE g’L,'St is equidimensional of
dimension 3 + [L : Q).

of R%’ ’él'St on which we additionally impose

3.3. Deformation rings at the auxiliary prime ¢. In this subsection, we study

the specific local deformation ring R, = P%‘ e that will occur at the auxiliary
mlFq>

prime q in our argument, and define and compute certain quotients of it.
From now on assume that ¢ = 1 (mod [) (so that in particular [ t ¢), and let

1 1). Note that

p: T — GLy(F) be the unramified representation with p(¢) = <0 1

both € and det(p) are the trivial character.
We will now impose a hypothesis on our coeflicient system:

Hypothesis 3.1. The coefficient system (E, O, F) is such that O = W (F)[¢ + (1]
for a primitive [th root of unity ¢ € O.

Under this hypothesis, we write W = W (F) be the ring of Witt vectors and let
Ey = W[1/1], so that Ey is an unramified extension of Q; with residue field F. We

fix ( € Ey a primitive lth root of unity. We also let
===+ -4€0,

and note that this is a uniformizer of O.
We define the following quotients of R%O in terms of the subfunctors that they
represent:

* R7', parametrises lifts p of p that are unramified.
) R%{ o barametrises lifts p of p such that

char,,(T) = (T — 1)*
and
(trp(0))*q = (¢ + 1) det p(9).
o R}y parametrises lifts p of p such that
char,(,(T) = (T — 1)
and
((trp(9))*q — (g + 1)* det p(9)) - (p(o) — 1) = 0.
* R}, parametrises lifts p of p such that
Charp((r) (T) =717 - (C + C_l)T +1
=T -OT—¢h.
Remark 3.2. The relation “gtr(¢)? = (q + 1)?det(¢)” should be thought of as
saying that the eigenvalues of p(¢) are in the ratio ¢ : 1, which is the case for

all characteristic zero lifts of p for which the image of inertia is non-trivial and
unipotent.
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Remark 3.3. It is important for us that R, be defined over O and not just O[(].

Fix an unramified character ¢ : T' — O lifting the trivial character det(p)e.
Note that, on each of these quotients, we have that det(pD) is unramified, and so
agrees with ¢e =1 on I. For ? € {N,nr, unip, ps}, we make the following definitions:

. R%O is the quotient of RZP’O on which det(p9) = e 1;
7‘7 2

° ngz Rﬁ,o ®o F;
-7 2,9

. Rﬁ = Rﬁ,o ®Ro F.

3.4. We will need somewhat explicit descriptions of these rings, which were ob-
tained in Proposition 5.8 of [Shol6] and its proof. Let

pP(o) =1+ (é g)

o, _ (1+P 1+R
p(¢) = ( S 1+Q)°
We will choose more convenient coordinates. We may replace B by X = %,
Q by T = tr(p”(¢)) — 2, and S by § = det(p"(¢)) — 1. By this we mean that the

natural map

and

O[[A,X,C,D,P,T,R,8]] = R »
is surjective, which follows from the formulae B = (1 + R)X, @ = T — P, and
S=(1+R)"YT + P(T — P) — ). Then we may replace T by either
Y1 = (trp(¢))? — ddet p~ ()
or
Y, = (trp7(9))%q — (g + 1)* det p7(9),
by which we mean that the natural maps

O[[A,X,C,D,P,R,6,Y{]] = R5,

are surjections. This follows from the equation T' = /4 + Y7 + 46 — 2 in the first
case — where the square root is defined by a convergent Taylor series, as [ > 2 —
and a similar expression in the second. We have maps

a; 1 O[[X,Y;, P,R,0]] — RS
Remark 3.4. Write v = ¢(¢) " !4(¢) —1 € O. Then the maps «; descend to maps,
also denoted oy,
a; : O[[X,Y;, P,R]| = O[[X,Y;, P, R,d]|/(6 —7) = RS

In the proofs of all of the following propositions we work without fixing determi-
nants. For each ? € {N,nr,unip, ps} we already have that det(p") is unramified
on the quotient R?O’ﬁ. This means that to get the fixed determinant versions in the
statements, we simply quotient by § — 7.

Proposition 3.5. The ring Rgfg’ is isomorphic (via a1 ) to
O[[X,Y1, P, R)]/(X?Y; — 7).

In particular, it is reqular.
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Proof. This follows from the proof of [Shol6] Proposition 5.8 part 2. The quantity
denoted y in the proof of that proposition is here equal to 1. The variables X1, ... X5
in that proof are our variables X,Y;, P, R,2P — T, but by the above remarks we
can replace 2P — T with ¢ and obtain that o defines an isomorphism
O[[X,Y1, P, R,0])/(X?Y;, —m) = R¥,.

The result with fixed determinant follows. O
Proposition 3.6. The ring R%f]ép"w is isomorphic (via as) to
and its quotients R%rép and R, o are, respectively,

O[[X,Y2, P, R]|/(X) and O[X,Y, P, R]|/(Y2).
In particular, these last two deformation rings are formally smooth.

Proof. This is not quite in [Shol6] Proposition 5.8, as the quotient & is not
considered there, but the method of proof extends easily — we will be brlef The
proof shows that, if we write U = P — Q and a(T) = (q%#, then Rﬁz’r‘ép is cut
out of O[[A, X,C,D,U,T, R, S]] by the following equations:
A+D=0
A2+ (1+R)XC=0
*(4(1+ R)S+ (U* — a(T)?) =0
1
A= iX(U —a(T))
2A8§ - C(U +a(T)) =0
C=Aa(T)+ XS
(- 1DAU+(1+R)XS+(1+R)C)=0
Here x denotes each of A, X,C, D, so that the third line is really four equations.
Note that the third line can be rewritten as xYo = 0. The first, fourth and sixth
lines show that A, C' and D may be written in terms of X, T,S and U. Making these
substitutions we see that this set of equations is equivalent to the single equation
X(4(1+ R)S + (U? = a(T)?)) = 0. But if we now replace T, S and U by Yz, 6 and
P as discussed above, we obtain that R’y is the quotient of O[[X, Yz, P, R,d]] b
XY; =0 as required.

The expressions for the quotients R7'» and R, follow immediately, and finally
we eliminate § by imposing the fixed determlnant condltlon ([

-0
Proposition 3.7. The images of Y1 and Yz are equal in R ’w, Denoting this
common tmage by Y, the diagram

FIIX,Y, P R)/(X2Y) —s B

l !

F[LX,Y, P, R))/(XY) —— R;"""

commutes.
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Proof. That the images of Y7 and Y, are equal is immediate from ¢ = 1 (mod ).

The diagram commutes since c; and g are equal as maps F[[X,Y, P, R]] = R,. O

Remark 3.8. In [Shol6] it is assumed that ( € O, which is not the case for us —
however, this assumption is not used (only the assumption that ¢ +¢~* € O, which
is required to even define Rpsf).

Remark 3.9. The proofs above show that each of our deformation rings R,
turns out to be reduced and I-torsion free, and therefore is one of the fixed- type
deformation rings defined by a Zariski closure operation in [Shol6].

3.5.  Next we define various representations of GL2(Op) over W (or extensions of
W). Let G = GLo(k) and B be its subgroup of upper triangular matrices. We will
always regard representations of G as representations of GLy(Op) by inflation. If
A is a ring, then we will write 14 for A with the trivial action of any group under
consideration.

Since ¢ + 1 =[G : B] is invertible in W, the natural map

1y — Indf 1y
splits, and so we define Sty by the formula
Ind, 1y = Ty @ Sty .
If Ais a W-algebra, then define St 4 = Sty ®w A; then we have IndCB’ 14 =1,HSty4.

Now let By = E[¢] and x : kX — E; be a non-trivial character. Let y ® x ™! :
B — E* be the character

]

) =xon ).
Let

= Indg(x ® x ).
If E = Eo[¢ + ('] as before then ¢} is isomorphic to its conjugate under the
nontrivial element of Gal(E;/E), which switches x and x~!. It therefore has a
model o} over E, by the calculation of the Schur index of a character of a finite
general linear group in [Gow81] Theorem 2a — see also Lemma 3.1.1 of [EGS15].
By [EGS15] Lemma 4.1.1, there is a unique O-lattice op, in 0% such that there is
a nonsplit short exact sequence

(2) 0—=F— o5 ®F— Stz — 0.
For A an O-algebra, we let o'y’ = o) ®0 A.

3.6. The local Langlands correspondence. Suppose first that we are in the
setting of section 3.3. For p: G, — GLy(FEy) a continuous representation, let 7 (p)
be the smooth admissible representation of GLy(L) associated to p by the local
Langlands correspondence, and let x : R o~ E be the associated homomorphism.
Then we have:

Proposition 3.10. (1) If 7(p)lL.(0L) contains 1, then x factors through
B0
(2) If m(p)lL.(oy) contains Sty, then x factors through R%j}iop.
(3) If m(p) is discrete series and m(p)|gr,(0,) contains Stg, then x factors
through Rg{o.
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(4) If m(p)laLa(0,) contains o2, then x factors through RY".

Now suppose that we are in the setting of section 3.2. Suppose that Dy is a
quaternion algebra over L and K is a compact open subgroup of Dy. If 7 is an
irreducible admissible representation of Dy over E, then by the local Langlands
and Jacquet—Langlands correspondences there is an associated Weil-Deligne repre-
sentation (r,, N;). We may and do choose a finite extension Ly /L such that, for
all m having a K-fixed vector, the restriction T7r|GLK is unramified. It follows that,
if 7 has a K-fixed vector and p : G — GLy(FE) is a de Rham representation of
parallel Hodge-Tate weights {0, 1} such that WD(p)** = (ry, N), then plg, is

semistable and so corresponds to a point of R%l ’(5" =t We write

O, K-st
56

for
O,%,L i -st
ROy s,

D
We will say that a lift p : T' — GLa(A) of p is K-semistable if the associated map

RZ, — A factors through R%I st

4. PATCHING

The goal of this section is to summarize the Taylor—Wiles—Kisin patching con-
struction, and to prove the results about it that will be needed for the proof of
Theorem 6.5. We choose a coefficient system (E,O,F), which we will eventually
require to satisfy Hypothesis 3.1.

4.1. Ultrapatching. In this section we summarize the commutative algebra be-
hind the patching method. For convenience we will use the “ultrapatching” con-
struction introduced by Scholze in [Sch18]; we follow closely the exposition of [Man19]
section 4.

From now on, fix a nonprincipal ultrafilter § on the natural numbers N (it is well
known that such an § must exist, provided we assume the axiom of choice). For
convenience, we will say that a property P(n) holds for F-many i if there is some
I € § such that P(i) holds for all § € I.

For any sequence of sets & = {4, },>1, we define their ultraproduct to be the

quotient
U(et) = (H An> / ~

where we define the equivalence relation ~ by (ay), ~ (al,), if a; = o} for F-many
i.

If the A,’s are sets with an algebraic structure (eg. groups, rings, R-modules,
R-algebras, etc.) then U(</) naturally inherits the same structure.

If each A,, is a finite set, and the cardinalities of the A,’s are bounded (this is
the only situation we will consider in this paper), then (%) is also a finite set and
there are bijections U(«/) =+ A; for F-many i. Moreover if the A,’s are sets with
an algebraic structure, such that there are only finitely many distinct isomorphism
classes appearing in {A,,},>1 (which happens automatically if the structure is de-
fined by finitely many operations, eg. groups, rings or R-modules or R-algebras
over a finite ring R) then these bijections may be taken to be isomorphisms. This
is merely because our conditions imply that there is some A such that A = A; for
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$-many ¢ and hence U(27) is isomorphic to the “constant” ultraproduct U({A},>1)
which is easily seen to be isomorphic to A if A is a finite set.
Lastly, in the case when each A,, is a module over a finite local ring R, there is

a simple algebraic description of U (7). Specifically, the ring R = H R contains a

n=1

unique maximal ideal 33 € SpecR for which R3, = R and <H An> > U(A)
n=1 33

as R-modules. This shows that ¢/(—) is a particularly well-behaved functor in our
situation. In particular, it is exact.

For the rest of this section, fix a power series ring S, = O][z1,..., 24]] and
consider the ideal n = (z1,...,24). Fix a sequence of ideals Z,, C S, such that for
any open ideal a C S, we have Z,, C a for all but finitely many n. Also define
Seo = Soo/(w) =F|[z1,...,24]] and Z,, = (Z,, + (w))/(w) C Seo-

For any finitely generated S,.-module M, we will say that the S-rank of M,
denoted by rankg M, is the cardinality of a minimal generating set for M as an
Soo-module.

We can now make our main definitions:

Definition 4.1. Let .# = {M,},>1 be a sequence of finitely generated So-
modules with Z,, C Anng_ M, for all but finitely many n.

o We say that .# is a weak patching system if the So.-ranks of the M,,’s are
uniformly bounded. If we further have wM,, = 0 for all but finitely many
n, we say that .Z is a residual weak patching system

e We say that .# is a patching system if it is a weak patching system, and
we have Anng_ (M,,) = Z, for all but finitely many n.

o We say that . is a residual patching system if it is a residual weak patching
system, and we have Anng_(M,,) = Z,, for all but finitely many n.

e We say that .# is MCM (resp. MCM residual) if .# is a patching system
(resp. residual patching system) and M, is free over Seo /Z,, (resp. Se/Zn)
for all but finitely many n.

Furthermore, assume that Z = {R,, },,>1 is a sequence of finite local S..-algebras.

o We say that Z = {R,,}n>1 is a (weak, residual) patching algebra, if it is a
(weak, residual) patching system.

e If M, is an R,-module (viewed as an S-module via the S,.-algebra struc-
ture on R,) for all n we say that .# = {M,},>1 is a (weak, residual)
patching Z-module if it is a (weak, residual) patching system.

Let o3 be the category of weak patching systems, with the obvious notion of
morphism. Note that this is naturally an abelian category.

Now for any weak-patching system .#, we define its patched module to be the
Soo-module

P (M) = YimU(A [2),

where the inverse limit is taken over all open ideals of S,,. We may treat & is as
functor from t’R to the category of So.-modules.

If # is a weak patching algebra and .# is a weak patching %Z-module, then
P(R) inherits a natural S.-algebra structure, and Z?(.#) inherits a natural
P (#)-module structure.
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In the above definition, the ultraproduct essentially plays the role of the pigeon-
hole principal in the classical Taylor-Wiles—Kisin construction, with the simplifica-
tion that it is not necessary to explicitly define a “patching datum” before making
the construction. Indeed, if one were to define patching data for the M, /a’s (essen-
tially, imposing extra structure on each of the modules M,,/a) then the machinery
of ultraproducts would ensure that the patching data for U (.# /a) would agree with
that of M, /a for infinitely many n. It is thus easy to see that our definition agrees
with the classical construction (cf. [Sch18]).

Thus the standard patching Lemmas (cf. [Kis09], Proposition 3.3.1) can be
rephrased as follows:

Proposition 4.2. Let #Z be a weak patching algebra, and let # be an MCM patch-
ing Z-module. Then:
(1) P(Z) is a finite type Soo-algebra, and P (M) is a finitely generated free
Soc-module.
(2) The structure map Seo — P(#) (defining the So-algebra structure) is
injective, and thus dim (%) = dim S .
(3) The module P (M) is mazimal Cohen—Macaulay over (%), and (X, z1, .. ., Zd)
is a regular sequence for P (M ).

Proposition 4.3. Let Z be a weak patching algebra, and let .4 be an MCM residual
patching Z-module. Then:
(1) 2(%)/(w) is a finite type Soo-algebra, and P (M) is a finitely generated
free Soo-module. B
(2) The structure map Soo — P(%)/(w) is injective, and thus dim P (#£)/(w) =

dim S .
(3) The module P (M) is mazimal Cohen-Macaulay over P(%)/(w), and
(21,...,2q) 15 a reqular sequence for P (M ).

Proposition 4.4. Letn = (z1,...,24) C Soo, as above. Let Ry be a finite type O-
algebra, and let My be a finitely generated Ry-module. If, for each n > 1, there are
isomorphisms R, /n = Ry of O-algebras and M, /n = My of R,/n = Ry-modules,
then we have P(Z)/n = Ry as O-algebras and P (M )/n = My as P (R)/n = Ry-
modules.

From the set up of Proposition 4.2 there is very little we can directly conclude
about the ring &(#). However in practice one generally takes the rings R, to be
quotients of a fixed ring R, of the same dimension as So, (and thus as P(Z%)).
Thus we define a cover of a weak patching algebra #Z = {R,},>1 to be a pair
(Reo, {¥n}n>1), where Ry, is a complete, topologically finitely generated O-algebra
of Krull dimension dim S, and ¢, : Ry, — R, is a surjective O-algebra homomor-
phism for each n. It is straightforward to show the following (cf. [Man19])

Proposition 4.5. If (Roo,{¢n}) is a cover of a weak patching algebra %, then the
©n’s induce a natural continuous surjection Yo, : Row = P(X).

Combining this with Propositions 4.2 and 4.3 we get the following (using the
fact [Stal7, Lemma 0OAAD] that if f : A - B is a surjection of noetherian local
rings, then a B-module M is Cohen—-Macaulay as an A-module if and only if it is
Cohen—Macaulay as a B-module):


https://stacks.math.columbia.edu/tag/0AAD
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Corollary 4.6. Let Z be a weak patching algebra and let (Roo,{pn}) be a cover
of Z. If M is an MCM patching Z-module, then P (M) is a mazimal Cohen—
Macaulay Roo-module. If A is an MCM residual patching Z-module, then P (M)
is a mazimal Cohen—Macaulay Roo /(w)-module.

In our arguments, it will be necessary to patch the filtration from Theorem 2.11.
This would certainly be possible if &2 were an exact functor. However, this is
not true in general®, but we can prove a weaker statement which suffices for our
purposes:

Lemma 4.7. The functor &(—) is right-exact. Moreover, if
0> B —-%—0
is an exact sequence of weak patching systems then
0> P(A)—> P(AB)— P(€)—0

is exact, provided that either:

e ¢ is MCM, or
o o/, B and € are all residual weak patching systems, and € is MCM resid-
ual.

Proof. Let Ab be the category of abelian groups. For any countable directed set
I, let finAb’ be the category of inverse systems of finite abelian groups indexed
by I.

Now note that any (A;, f;; : 4; — A4;) € finAb’ clearly satisfies the Mittag-
Leffler condition: For any ¢ € I there is a j > 4 for which im(fz;) = im(f;;) for all
k > j (since A; is finite, and {im(f};)};>; is a decreasing sequence of subgroups).
Thus by [Stal7, Lemma 0598] it follows that lgl : finAb’ — Ab is exact.

Now assume that &7, Z and % are weak patching systems, and that we have an
exact sequence

0w B —C—0

Then for any a C S, & /a — B/a — € /a — 0 is exact, so by the exactness of
U(—) we get the exact sequence

U /a) > U(B/a) = U(E/a) — 0.
Thus we have an exact sequence of inverse systems
(M(d/a))a — (Ll(%’/u))a — (U(%/a))a —0

But now as U (<7 /a), U(HAB/a) and U(E /a) are all finite, and there are only countably
many open ideals of S, the above argument shows that taking inverse limits
preserves exactness, and so indeed

P(A) = P(B) = P(€)—0
is exact.
6For an easy counterexample, assume that S /Zy, is w-torsion free for all n (a condition which
will be satisfied for our choice of Zn, below) and let .# = {Soc/In}p>1. Define ¢ = {@n}p>1 :

M — M by pn(xr) =w"x. Then ¢ : M — A is injective, P (M) = Seo, and Z(p) : Soc — Seo
is the zero map.
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Now assume that one of the further conditions of the lemma holds. Write &/ =
{An}n>1, B ={Bn}n>1 and € = {Cp },>1. Then letting I, = Anng_ C), (so that
either I,, = T,, or Z,, for all n > 0), we get that for all n > 0,

0—-A4,—B,—-C,—0
is an exact sequence of S /I,-modules, and C,, is a free S /I,-module (this is
true regardless of which case we are in). It follows that

Tory>/1"(C,,, Soo/a) = 0
for all a C S, and so

0—A,/a— B,/a—C,/a—0
is exact for all n > 0. The same argument as above now shows that
00— P(A)— P(B)— P(€)—0

is exact. ([l

This now implies that & preserves filtrations in the cases that will be relevant
to us:

Corollary 4.8. Let ¥ be a residual weak patching system with a filtration
0=v'Cy'Cc...cy" =¥
by residual weak patching systems ¥*. For k = 1,....r let M4* = vF/yF-1
Assume that the #*’s are all MCM residual. Then P (V) has a filtration
0=2(VYCPy)YC.-.-CP(Y")=P(V)
with P(V*) | P (V*=Y) =2 P(a*) for allk =1,...,r.

One can also make an analogous statement about filtrations of weak patching
systems, instead of residual weak patching systems, but we will not need that result.

Proof. For any k > 1 we have an exact sequence
(N I Ay A=)

As .#* is MCM residual, Lemma 4.7 implies that the map £2(7*~1) — 2(7*) is
an inclusion, and that 2(¥*)/ 2 (¥ =1) = P(#*). The result follows. O

4.2. Global deformation rings. We fix the following data:

e a quaternion division algebra D over F' split at exactly one infinite place,
as in section 2;

e a coefficient system (E, O, F) satisfying Hypothesis 3.1;

e a non-Eisenstein maximal ideal m C T2 (for some set S, which we will not
fix yet) which is G-automorphic;

e a finite order character ¢ : Gp — O for which ¢ = det pe (mod w). We
also write 1 for the character ¢ o Art, where Art : Ay ,/F* — G2 is the
global Artin map.

Enlarging F if necessary, we assume that the residue field of m is F. By definition,
m is G-automorphic of some level K, C G(Ap,f), which we fix temporarily. Now
we fix, for the rest of this section:

e a finite place q € ¥; U X (K, ) of F' at which p is unramified;
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e a finite set ¥ of finite places of F' that contains ¥; U {q} U X(Ky,) (which
means that we can, and will, regard m as a maximal ideal of ’]I% rather
than T2);

e for each v € ¥, a compact open subgroup K9 C K, N G(F,).

We will use S to denote a finite set of places of F'. In the following, S and K will
sometimes vary but we will always impose the following hypotheses on the pair

(S, K):

Hypotheses 4.9.

m is G-automorphic of level K;

S contains X U X(K) U X

F*(KNZ(Ary)) C ker(s) (this implies that ¢ is unramified outside of S);
for all v € ¥, K NG(F,) D KY;

K has the form K9K for some K9 C G(A},f) and K4 C G(Fy).

Let p = p, : Gr — GL2(F), and note that p is absolutely irreducible and
unramified outside of S. For any place v of F, let p, = plg,,. By taking a
quadratic extension of F if necessary, we will assume that for each g € G, all of
the eigenvalues of p(g) lie in F*.

As in [Kis09, section 3.2], define R% 5(p) € Cj to be the O-algebra pro-representing
the functor D% 5(P) : Co — Set which sends A to the set of equivalence classes of
tuples

(3) (s (Bo)ves)

where:

o p:Gpgs — GLy(A) is a continuous lift of 7;

o for each v € ¥, 3, € 1 + My(my) (we think of this as basis for A? lifting
the standard basis of F?);

e for each v | I the restriction p |G, is K9-semistable, in the notation of
section 3.6;

e two such collections (p, (B, )ves) and (o', (8,)vex) are equivalent if there is
v € 1+ My(ma) such that p’ = ypy~! and 3], = 3, for all v € 3.

Now let Dg’g (p) : Co — Set be the subfunctor of DE 5(P) consisting of the
tuples (p, (By)vex) with detp = 1e~!, and let R%”g(ﬁ) € C4 be the O-algebra

. O, —
pro-representing Dy's (p).

Also define the unframed deformation ring Rp s(p) to be the O-algebra pro-
representing the functor Co — Set which sends A to the set of equivalence classes
of lifts p : Gpg — GLa(A) such that p|g, is KJ-semistable for all v | I, two
such lifts being equivalent if they are conjugate by an element of 1 + Ma(my).
Finally, define R}{{S(ﬁ) to be the quotient of Rp s(p) on which det p(g) = ¥(g)
for all g € Gps. The unframed deformation rings Rp s(p) and R}/fﬂ,s(ﬁ) exist
because p is absolutely irreducible. We will let p&V : Grg — GL2(Rrs(p)) be
a representative for the universal equivalence class of lifts of p, which induces a
homomorphism p‘éf‘é}" :Grs — GLQ(R}@,S(E)).

There is a ‘forgetful’ map R}@ys(ﬁ) — R%’g’(ﬁ), which by [Kis09, (3.4.11)] is

formally smooth of dimension j = 4|¥| — 1, and so we may identify Rgg’ =

R?’S[[wl, N 7U)j]].
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Odlep, . O,,K0-st .
Lastly, for any v € 3, let R, = Rﬂcpj,F(’; ifv{land R, = ﬁg Cif ol If

(p, (Byu)ves) is as in equation (3) then, for each v € X, B, 1p3, is a lift of p that
only depends on the equivalence class of (p, (3,)ves). Restricting each S, 1p8, to
G, induces a map

by 0,9 —
®UGERU — RF:S% (p)
We write R, for @Ueng.
The Taylor—Wiles—Kisin patching construction relies on carefully picking sets

of auxiliary primes to add to the level, using the following lemma (see [Kis09]
Proposition 3.2.5).

Lemma 4.10. Assume that p satisfies the following conditions:

(1) Plep,, is absolutely irreducible.

(2) If I = 5 and the image of the projective representation projp, : Gp —
GLy(F5) — PGLo(Fs) is isomorphic to PGLo(Fs), then ker projp,, €
Grc)- (This condition holds automatically whenever V5 & F.)

Suppose that S = X U Xo,. Then there exist integers r,g > 0 such that for each
n > 1, there is a finite set Q,, of primes of F' for which:

o #Q, =r.

e Q,NS=0.

o For any v € Qn, Nm(v) =1 (mod ™).

e For any v € Qn, p(Frob,) has two distinct eigenvalues in F*.

e There is a surjection Rige[[1,. .., z4]] — RE;&”UQ” (p) extending the map

4,
Rloc — RF,gUQn ()0)

Moreover, we have dim Rjoc =7+ 7 — g+ 1.

From now on, fix integers r, g and a sequence Q@ = {Qy }n>1 of sets of primes sat-
isfying the conclusions of Lemma 4.10. Define R,, = R}{% sug,, (P): R = RE:;/’UQH ()
for n > 1 and

Roo - Rloc[[xlv ey {ng]] = (/g\)UEERUHxlv ce 7xg]]a

so that we have surjections R, — RL for all n. Also let Ry = R‘fﬂ’ 5(p) and R§ =
RE”g(ﬁ). Note that RS = R, [[wy, ..., w;]] for all n > 0 and dim Reo =7+ 5 + 1.

4.3. Patched modules over Shimura curves and sets. As before, we use S to
denote a finite set of places of F' containing ¥ U ¥, and K to denote a compact
open subgroup of G(Ar, ¢), such that S and K satisfy Hypotheses 4.9. In particular,
there is a maximal ideal m of T%) that is G-automorphic of level K. Let T(K,S)
denote the image of T%,m in Endo(HY(X g, O)m[¢)]). Then T(K,S) is a finite rank
free O-algebra which is local with maximal ideal m. Note that T(XK,.S) depends on
the choices of m and v but we suppress these from the notation.
As in section 6 of [EGS15] we have the following:

Lemma 4.11. For any compact open K and set S as above, there exists a natural
surjection R%S(ﬁ) — T(K,S) with the property that p&)y (tr(Frob,)) — T, and
pgf‘é"(det(FrobU)) — Nm(v)S, for any v & S. These maps are compatible with the
restriction maps T(K',S8") — T(K,S) for K' CK and S C S'.
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If S C S are sets as above, then by Lemma 4.11 and the definitions we have a
commutative diagram
RYyg — T(K,S")

| |

RYy — T(K,S)
where the left hand vertical map and the horizontal maps are surjections. It follows
that the right hand vertical map, injective by definition, is an isomorphism. We
therefore drop S from the notation and write

Tk =T(K,S)
for any K and S satisfying Hypotheses 4.9.

These Hecke algebras also act on the spaces HO(Yxa, O)m[t)], by the following
lemma.

Lemma 4.12. For any compact open K and set S as above such that K is un-
ramified at q, the map T%,m — End(H®(Yia, O)m[¥h]) factors through the quotient

Troq)-

Proof. As H°(Yga,O)n[t] is torsion-free, we may check this after inverting I. It is
then a consequence of the Jacquet—Langlands correspondence and the semisimplic-
ity of H°(Ya,O)m[¢] as a module over T .. O

We now fix S to be the union of ¥ U X, and let Q = {Q,,},>1 be the sequence
of sets of places provided by Lemma 4.10. For any n > 1, let A,, be the maximal
[-power quotient of H k). Consider the ring A, = O[A,], and note that:

VEQR

O[[yl, . 7yr]]
T 14 o™ =)

where 1™ is the I-part of Nm(v) — 1 = #k, so that e(n,i) > n by assumption.
Let a, = (y1,-.-,4r) C A, be the augmentation ideal. Also define

_ F . F o

An — An ® F =~ [[y17 7y7”]] — [[yla ay’r]]

((1 + yl)le(n,l) —1,..., (1 + yT)le(n,r) — 1) (yllg(n,m’ o 7y£c(n,r))

Ay

I

Now let H,, = ker H kY — A, |. For any finite place v of F', there is a

VEQR
group homomorphism Up(v) — k) given by (Z Z) + ad~! (mod v). Now let
Un(Qn) C H Uop(v) be the preimage of H,, C H k) under the map
VEQR vEQR
H UO(U) - H k1>1<
vVEQR vEQR

Finally, for any K (satisfying 4.9 for the set S), let K, be the preimage of Uy (Q.,)
under
K < G(Apy) - ] GF).
vEQn
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We also let Ky = K, and remark that for n > 1, K,, and S U @Q,, satisfy 4.9; in
particular, K,, = KK . For any n >0, let T\, x = Tg,,.
Now for any n > 1 consider the O-algebra

T [Uyeo, € Endo(H'(Xx, , O)nlt]):

Now for each v € @, fix a choice a,, € F* of eigenvalue for p(Frob,) (recall that
by assumption, for each v € @Q,, p(Frob,) has two distinct eigenvalues in F*, and
so there are 2/ ways to pick the system (,)ycq, ). Now define the ideal

ﬁ:ln = (m’ UU - aU) g Tn,K [UU]UEQ" ’

_ . Also define 'ﬁ‘O’K =Toxr

mp

Now for each n > 1, define TH,K = ('H‘n}K [U,]

and mg = m.
As in [Tay06, section 2] we have:

UGQn)

Lemma 4.13. The ring ﬁ‘mK is a finite T, k-algebra and m, is a mazimal ideal
of it lying over m. The composite map

Rn — Tn,K — Tn,K

is surjective. Moreover, there exist O-algebra maps A, — R, and A, — ’]Afn,K
making the above map a surjection of A, -algebras.

By definition, Ty, k [Uy],¢q, acts on H'(Xx,,, O)m[¢)] and H' (Xk,,, F)u (1] (the
latter through its quotient Ty i [Us],cq, ®o F). Also, by Theorem 2.11, if K is
unramified at q then Ty, k,(q) [Us],cq, ®o F acts on HO(Ya,F)m[1].

So now for any n > 0 we can define

M, x = Hi(Xk,,O)s, 1 = H (Xk,, O)a, [V]",

Mok =My @F = Hi(Xk,, F)a, -1 = H' (Xx,, P, [¥]",
and
Ni,ia = Ho(Yis, ), p1 = H(Yig, O)s, [¥]",
Nogo = Ho(Yig: P, = H (Yieg, P, [0]".
The reason for dualizing is that the patching argument works more naturally
with homology rather than cohomology.
Note that M,, x and M, g are naturally T, x-modules and, if K is unramified
at g, then N, ga and Ny, ka are naturally T, g, q-modules by Lemma 4.12. In
particular we may regard them all as R,-modules.

We now have the following result, a standard ingredient in the patching argument
(see for instance [Kis09], [BD14], and [EGS15]):

Proposition 4.14. For anyn > 1 and any K, the map A,, — R, from Lemma /.13
makes My, x and N, ko into finite rank free A,-modules. In particular, the maps
A, = R, and A,, — ’ﬁ‘n,K are injective. Moreover, the natural maps define an
isomorphism R, /a, = Ry and isomorphisms M, k/a, = Mok and N, ga/a, =
No,ka of Ro-modules.

Similarly Mn,K and Nn’Kq are finite rank free A, -modules and we have MH,K/an ~
MOJ( and NmK“ /an = N07Kq .

In particular, rank,, R, = ranke Rp,

ranky , M, x = ranky M, x = rankp My x,
, " , ,
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and
ranky, Ny ga = rankxn Ny ke = rankp N ga
for alln > 1, and so these ranks are independent of n.

We can now define framed versions of all of these objects. First let

O[[yla"',yrawl,“'awj“

AY = A [[ws, ... w)]]
n [[ 1 JH ((1+y1)le(n,l) —1,---,(1+yr)le<"’” _1)
-0 = Flly1, .- s Yr, w1y ., w;
A = Rolfu . y]) 2 T 0 ]
(ylle(n,l) - ylre(n,r))
Now define
ME g = My, x ®r, RS = M, x @, AL = [[w w;]]
n,K n,K Ry, n n,K An n n,K 1,---yW5

and define MSK, NEKq, and NSJ@ similarly. Also note that R =~ R, @, Al =
Rn[[wl, SN ,er.
Now let Soo = O[[y1,- -, Yr, w1, ..., w;]] and consider the ideals
In = ((1+y1) 17"'7(1+y7‘)le(n,7‘) _1> g Soo

le(n,l}

Note that:

Lemma 4.15. For any open ideal a C S, we have Z,, C a for all but finitely
many n.

Proof. As S /a is finite, and the group 14 mg__ is pro-I, the group (1+mg_)/a =
im(1 4+ mg_ < Soc = Soo/a) is a finite I-group. Since 1 +y; € 1+ mg__ for all 4,
k

there is an integer k > 0 such that (1+ yi)[ =1 (mod a) foralli=1,...,r. Then
for any n >k, e(n,i) > n > k for all i, and so indeed Z,, C a by definition. O

Thus we may apply the results of section 4.1 with this ring S, and these ideals
Z,. Note that
dim Sy =147+ j =dim Ry.
Let n = (y1,...,Yr,w1,...,w;) € S, and identify AY with S /Z, via the
above isomorphism.

Tensoring everything in Proposition 4.14 with Al

no

we get that MEK is free of
rank ranko Mo g over AE for all n with MEK/n = M, k/a, = Myg. Similar
—0 —0
statements hold for M, f, NEKq7 and N, rq.
Summarizing the results of this section in the language of section 4.1, we have:

Proposition 4.16. The sequence Z#° = {R},,>1 is a patching algebra and Reo
is a cover of Z5. The sequences

//ZE = {MEK}nZI and JVIE! = {NEKq}nzl
are MCM patching Z°-modules, and the sequences

—0 —0 —0 —0

M = {Mn,K}n21 and N ko = {Nn,Kq}nzl

are MCM residual patching 5 -modules.
—0 —
For all n > 1 we have RY/n = Ry and MEK/H = Mok, My, /0 = Mok,

0O _
NnD,Kf*/n = No,ka and Nn,Kq/ﬂ = No,xa as Ro-modules.
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So now define the patched modules:

Neo,xa = P(Na), and

All of these modules are technically framed objects but, following standard conven-
tion, we are suppressing the [J in our notation.

By Corollary 4.6 it follows that M., i and N i« are maximal Cohen-Macaulay
R,.-modules, and Moo, K and NOO’ Ko are maximal Cohen-Macaulay Roo = Reo/(w)-
modules.

Moreover, Proposition 4.4 gives that M x/n = My k., MOO,K/n = MO’K,
NE ja/n 2 No ia, and N ga /n = No ga, as Ro-modules.

Now consider the filtration from Theorem 2.11. By dualizing this, completing at
m, and applying — ®j,, AE we get a filtration

0=Vo CVi CVoC V=M, oo

of RH-modules, with isomorphisms
~ =0
V1 — Nnqu s
~ =0
‘/2/V1 — (Mn,K)EB2a
and
~ =0
‘/3/‘/2 I Nn,Kq

for all n > 1, where we are writing K = K9G(Op,q) and Ko(q) = KUy(q) as in
section 2.
Thus Corollary 4.8 and the above work give the following;:

Theorem 4.17. There is a filtration
0=VyC Vi CVaC V=M ro(q)
of Roo-modules, with isomorphisms
Vi = Neo k1,
Va/Vi = (Moo k)®?
and

V3/Va — Neo ko

4.4. Patching functors. Theorem 4.17 provides a link between the modules M ., g
and Noo, xa. However, in order to use this to deduce properties of Hm, & from those
of WOO’ xa we will need additional information about the structure of MOO, Ko(q)s
namely a flatness statement for a particular submodule of Moo g (Str) C Moo, i(q)-

To prove this, we will first need to introduce the notion of a patching functor,
0+ My ik (0). We will largely follow the presentation in [EGS15].

We consider pairs (S, K) satisfying 4.9, and we take K to be of the form KK,
for a fived K% C G(A}, ;). For any n >0 let K] C G(A} ;) be as in section 4.3.
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We note that
My g = Hi(Xggx, Oy = H (Xicgre,» B/ O)m[¥]

n

for any n > 0.
Define

Hqu = [ligMX,KqKq] = |}1g [Hl(XK,‘quvE/O)m[w}]]

where the direct limit is taken over all compact open subgroups Kq C G(Opyq).
Note that this carries a continuous action of G(Or,q) = GL2(OF,q)-

As the action of Ty on H'(Xgax,,O)m[¢] factors through Txag, , the action
of T on Mg factors through

Tga = @T}(q](q
Kq

Note that by Lemma 4.11 we have natural surjections R% s(p) = Tkag, for all
K4, and so we have a surjection R%S(ﬁ) — Tga.

Now following [EGS15], let C be the category of finitely generated O-modules
with a continuous action of G(Op,q). Let ¢ = (detp|r,€)oArt : O  — F* be the
character corresponding to detplr, : I; — F* via local class field theory. Write
Z = Z(G(Opy)) = Oﬁq and let Cz be the subcategory of C consisting of those
o € C possessing a central character which lifts 1) and agrees with ¢ on I, q (in other

words, is unramified). Also let Ci" be the subcategory of finite length objects of
Cy.

Remark 4.18. In [EGS15], the condition that the central character of o agrees
with v is not imposed; this necessitates a ‘twisting’ argument. We only need to
patch o with unramified central character, so we avoid this technicality.

Now for any o € Cz and any n > 0, define
Mn,K“‘ (U) = Hl(XKﬂ/G(OF,q)v‘CUV)mW}}V'

For any o, this is a Ta-module, and hence an R,,-module. Thus we may define
the RY-module:

My ica(0) = My k4 (0) ®p, R = My e (0)[[wy, ..., w]].

Now as in section 6 of [EGS15], if ¢ € Ci*, . #R, (o) = {MEKq(a)}nzl is a weak
patching Z"-module and thus we may define M, xq(0) = P (M, (0)). We can
extend this definition to all of Cz by setting
Moo, ka(0) = %nMw,Kq (o/w*0).

This definition agrees with the “patching functor” constructed in section 6.4 of
[EGS15], up to a technicality: the construction in [EGS15] factors out the Galois
representation in the indefinite case, whereas we have not done so. In the notation
of [EGS15] the module My, xa(0) we have constructed is S(0)y, = Moo (0) @1(o),,
p(0)m. However, this is simply isomorphic to My, (0)®? as a T(0)n-module (again
in the notation of [EGS15]) and so this does not present an issue. We therefore
have:
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Theorem 4.19 ( [EGS15]). My ka(0) satisfies the following properties:

(1) The functor o — Meo ka(0), from Cz to the category of finitely generated
Roo-modules, is ezxact.

(2) For any o € Cz, Moo ka(0)/n= My ka(0).

(3) If o € Cz is a finite free O-module, then My xa(0) is mazimal Cohen—
Macaulay over R

(4) If eCy is aﬁmte dimensional F-vector space, then Moo ka(G) is mazimal
Cohen—Macaulay over Ry,

From now on assume that q satisfies the assumptions of section 3.3. That is,

Nm(q) = 1 (mod (), p is unramified at q and p(Froby) = (é }) Thus the

computations of section 3.3 will apply to Rq. Under the map Rq — Rioe — R,
we may view any R..-module as being a Ry-module.

In addition to the results listed in Theorem 4.19, [EGS15] also describes the
supports of Mo xa(0) as Rq-modules, for certain o’s corresponding to inertial types
of F;. In order to avoid having to give a formal treatment of inertial types, we will
snnply state their results for the specific modules o = 14, St4 and o', for A = O, F,
defined in section 3.5 (noting that we have assumed that O = W(F )[C +¢71):
Proposition 4.20 ( [EGS15]). Viewing each My ia(0) as an Rq-module,

(1) M, ixa(lo) (resp. Moo xa(1r)) is supported on Ry™ (resp. Rnr)

(2) Mo ka(Sto) (resp. Moo ka(Str)) is supported on Ry™ (resp. Rump)

(8) Mwo,ka(0%) (resp. Moo ia(0f)) is supported on Ry (resp. Rq °).
Proof. Follows from Proposition 3.10 and the fact that M ga(—) is a patching
functor in the sense of [EGS15]. O

We also record the support of the modules N xa and WOO, ka from section 4.3
here.
Proposition 4.21. As Rg-modules, Noo i 15 supported on Rév and Noo,Kq 18
—N
supported on R

— —N
Proof. As Nog ke = Noo ga ®o F and R, = Rév ®e F, it suffices to prove the
statement for Noo a.
By the definition of N g it suffices to prove that, for any n > 1, the map

: Ry — R — EndF(Nn Ka)
factors through Rq — RN We will prove this using Proposition 3.10.
Let T} jc be the image of T2 “" in End(N, k). Note that the map R, —
Endo(N,, Kq) factors through T . Define TY ) = TNy @r RY = TN [fwy, ..., w;]];

thus -, defines a map R — ']I‘N 0 . Since TV k is reduced and [-torsion free, it suf-
fices to show that, for every O- algebra homomorphlsm

’JI‘NK%E

the composition z o v, factors through Rév .
To = we have an associated homomorphism

2 Grsug, = GLy(E)
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such that, for every v € S U Q,,, tr(p;(Frob,)) = z(T,). In particular, the isomor-
phism class of p, is the Galois representation associated to z|r, .

The composition x oy, is the homomorphism R, — E corresponding to p.|c -
By local-global compatibility and properties of the Jacquet—Langlands correspon-
dence, pla F, 1S an inertially unipotent representation corresponding to a discrete
series representation under the local Langlands correspondence. It follows that
Pl Ir, is a non-trivial unipotent representation, and therefore that x o7y, : Rq — E

factors through Rq — Rév by Proposition 3.10. The result follows. O

We finish this section by relating the patching functors of this section to the
patched modules M o g considered in section 4.3.

Proposition 4.22. For any compact open subgroup Kq C G(OF,q) we have
Mo (d GO 1) & T o,

In particular, letting K = K9G(OF,q) and Ko(q) = K9Uy(q), Moo,k = Moo o (1)
and
M oo ko (q) = Moo, ko (1 @ Str) = Moo i (1r) & Moo i (Str).

Proof. By the fact that m is non-Eisenstein, we have
M, ka (IndG(OF ") ]l]F) = Homg oy ) (HI(XKqG(op,q)v]F)mW] IHdG(OF 1 )
= Hoqu (Hl(XKqG(OF,q)vF)m[w]a ]IF)

:ManKq.

It follows that M <IndG(0F ) ) = ME,K”{ and so
Moo ko (IndG(qu) 1 ) =z (///E}’ (IndG(qu) )) =7 (//KqK ) Moo,KqKq~

The last two statements follow from Ind%(9" “; I = Ir and Ind4°79) 15 = 1z @

G(Or Uo(qa)
Stp. The statement that Mo ko (Lp & Str) = Moo ka (1r) & Moo ke (Str) is just a
consequence of the exactness of Moo ga(—). O

Corollary 4.23. The R.,-module
P = Mm7Kq (]1]17) D MOQ_VKq (St]F)

has a filtration
0=V CVi C Vo C V3=
with V1 2 V3 /Va = N ga and Vo /Vi = Mo Kq(]l]]r)@Q

Proof. By Proposition 4.22 this is just a rephrasing of Theorem 4.17. U

5. COMMUTATIVE ALGEBRA LEMMAS

The following is a mild generalisation of the “miracle flatness criterion”, for
which see [Mat89] Theorem 23.1 or [Stal7, Lemma 00R4]. A similar generalisation,
in the setting of noncommutative completed group rings, also appears in [GN16].

Lemma 5.1. Let A — R be a local homomorphism of noetherian local rings, and
let M be a finite R-module. Let m be the maximal ideal of A. Suppose that:

(1) A is regular;


https://stacks.math.columbia.edu/tag/00R4
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(2) M is mazimal Cohen—Macaulay; and
(3) dim R = dim A + dim R/mR.
Then M is a flat A-module.

Proof. The proof is essentially the same as that of [Stal7, Lemma 00A4]. If M
is zero, the result is clear; so suppose that M is nonzero. The proof is then by
induction on d = dim A. The base case d = 0 is trivial, as then A is a field.

In general, suppose the lemma is true when dim A < d. Choose z € m \ m?.
Then z is the first element in a regular system of parameters (x,zs,...,z4) for A.
The third condition implies that (z,xs,...,24) extends to a system of parameters
(x,T2,...,24,Tas1,---,%e) for R which is therefore also a system of parameters for
M (by the hypothesis that M is mazimal Cohen-Macaulay). Since M is Cohen—
Macaulay, this is a regular sequence on M. In particular, x is a non-zerodivisor on
M.

Now, A/xA is regular of dimension dim A — 1, dim(R/zR) = dim R — 1 (since
x is part of a system of parameters for R), and M/xM is a maximal Cohen—
Macaulay R/xR-module. So, by induction, M/xzM is a flat A/xzA-module. More-
over, Tor{"(M, A/(z)) = 0 as x is a non-zerodivisor on M. Therefore, by the local
criterion for flatness in the form of [Stal7, Lemma 00ML], M is a flat A-module. O

Lemma 5.2. Let A =TF[[X,Y]]/(X?Y) and let R be an A-algebra. Let 0 — L —
M — N — 0 be a short exact sequence of R-modules such that

(1) M is a flat A-module;

(2) (X) Canna(L);

(3) (XY) Canng(N).
Then N =M ®4 A/(XY) and so N is a flat A/(XY)-module. Moreover we have
an isomorphism N/XN = L of R-modules.

Proof. By the snake lemma, as multiplication by X is zero on L, there is an exact
sequence of R modules

0—-L—-MX]|—-NX|—-L—->M/XM-—N/XN —O0.

But we have an exact sequence 0 — (XY) - A — (X) — 0 (the second map
being multiplication by X). As M is flat this is still exact when tensored over
A with M, and for any ideal I we can identify I ® 4 M with IM C M. Thus
M[X] = XY M. But as N is killed by XY, this implies that the map M[X] — N[X]
is zero. From the displayed exact sequence, we see that L = M[X] = XY M, and
so N=M/L=M/XYM. This is flat over A/(XY).

Now as L = XYM and M/XM is killed by X, the map L — M/XM in
the above exact sequence is zero, which implies that the map N[X] — L is an
isomorphism of R-modules.

But now we have an exact sequence 0 — A/(X) R A/(XY) X, XA/(XY) —
0. As N is flat over A/(XY), the sequence of R-modules 0 - N/XN LN
XN — 0 is exact, and so we get the desired isomorphism N/XN = N[X]| 2 L of
R-modules. O

Lemma 5.3. Let B = F[[X,Y]]/(XY) and let R be a complete local noetherian
B-algebra with residue field F. Suppose that L, M, N and P are R-modules such
that:

(1) M is flat over B;


https://stacks.math.columbia.edu/tag/00A4
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(2) (Y) C anng(N) and N is flat over B/(Y);

(3) there is an isomorphism of R-modules L — M /X M
(4) there is an isomorphism of R-modules o : P~ L & M;
()

5) there is a filtration 0 C Py C P, C P by R-modules and isomorphisms of

R-modules P, = N, P,/P, = L& L, and P/P, = N.
Then there is a short exact sequence of R-modules
0—>N-—->M/Y - N —0.
Proof. Since L is flat over B/X by points (1) and (3), it has no Y-torsion, and so
« induces an isomorphism P[Y] = M[Y]. From the short exact sequence
0P =ZEN—->P—>LL—0

of point (5), we have P,[Y] = P[Y] = N.
From the other short exact sequence

0—-P,—P—>N=0
of point (5), we get an exact sequence
0 P[Y] =N = P[Y]= M[Y] = N[Y] =N

By the flatness of M, we can identify M[Y] with X - M, and so the image of M[Y]
in N is XN. Since N is flat over B/(Y), N =2 XN. Thus we have a short exact
sequence

0> BY]|ZN->MY|Z2XM—-X-N=N—0.

Finally, since M is flat over B there is an isomorphism M/Y M = XM. We
get the desired short exact sequence:

0>N—->XM=M/YM — N — 0. O

6. JTHARA’S LEMMA

Let D be a quaternion division algebra over F' ramified at exactly one infinite
place, so that we are in the indefinite case of section 2. Suppose that p is a finite
place of F' at which D is unramified.

6.1. Statements. Let K C G(Ap ) be unramified at p and sufficiently small, and
let S be any finite set of finite places of F' containing X(K)UX; U {p} UX. There
are two natural degeneracy maps 71,72 @ Xg(p) — Xk, defined in section 2.11.

Conjecture 6.1. Suppose that A is the local system on X attached to a finite-
dimensional continuous Fi-representation of K*. Then for any non-Eisenstein maz-
imal ideal m of T3 the map

T @& He(Xie, A)m @ Hey (Xre, Mm = Hig(Xkco(p)s Mm
18 injective.
For A the constant sheaf F;, this becomes:
Conjecture 6.2. For any non-Fisenstein mazimal ideal m of ']I‘%, the map
w1 @yt He (X, Fi)m @ Heg (X, Fi)m — Hgg(X ko (), Fi)m
1s injective.

We also have an equivalent dualized version:
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Conjecture 6.3. For any non-Fisenstein mazimal ideal m of Tgl, the map
(T1em24) * Hi (X gy (p), Fi)m — Hi( X5k, F1)m © Hi (X, Fi)m
18 surjective.

Lemma 6.4. Conjecture 6.2 (or, equivalently, Conjecture 6.3) for all K implies
Conjecture 6.1 for all K.

Proof. Suppose that Conjecture 6.2 holds for all K. Suppose that A and m are as in
the statement of Conjecture 6.1, and that A is associated to a representation V of
K*. Let H? C K* be an open subgroup that acts trivially on V, and H = HP K,,.
Let f : Xg — Xk be the projection. The Hochschild—Serre spectral sequence
provides a (Hecke-equivariant) exact sequence

0— H'(K/H,H*(Xg, f*A) = H'(Xx,\) — H°(K/H,H' (Xg, f*A)).

After localizing at m, the first term vanishes by Lemma 2.3. Noting that f*A is
constant, we get an inclusion

H (X, ) — HY (X g, BV

that commutes with the maps 7*. Since Conjecture 6.2 holds for the subgroup H
by assumption, we deduce Conjecture 6.1 for the subgroup K. (|

Our main result is the following;:

Theorem 6.5. Conjectures 6.1, 6.2 and 6.3 are true for any non-FEisenstein max-
imal ideal m of Tgl satisfying the conditions:
(1) U|#Pm(GF). That is, m is not exceptional.
(2) If I = 5 and the image of the projective representation projp, : Gp —
GLy(F5) — PGLo(Fs) is isomorphic to PGLo(Fs), then ker projp,, €
Grc)- (This condition is automatically satisfied whenever V5 & F.)

Remark 6.6. Condition (1) implies the Taylor-Wiles condition that py|c ., is
absolutely irreducible. Condition (2) is simply the other Taylor-Wiles condition
(see [Kis09, 3.2.3)).

The reason for including the stronger assumption that m is not exceptional,
instead of just the usual Taylor-Wiles conditions, is that this assumption will be
necessary for picking the auxiliary prime g. See Lemma 6.9 below.

Remark 6.7. We have assumed that K is sufficiently small, for convenience. This
assumption could be removed by the standard device of introducing auxiliary level
structure at a place qo at which there are no congruences, as in [Manl19] section 4.2
or [EGS15] section 6.2.

6.2. Definite quaternion algebras. Let D be a totally definite quaternion al-
gebra over F, unramified at p. Let G be the associated algebraic group. If
H C G(Ar, £) is a compact open subgroup unramified at p then we have degen-
eracy maps 7, T2 : Yg,(p) — Yu. Let S be a finite set of places of F' containing
¥ U3Xs U {p} and all places at which H or D ramify. The following version of
Thara’s Lemma is known:

Theorem 6.8. If H C G(Ap,f) is unramified at p, then for any non-Eisenstein
mazimal ideal m of ']I‘gl, the map

™ =nf+ a5 H' (Y, F)am ® H(Ye, F)m = H'(Yiry () F)m
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18 1njective.
Proof. Versions of this have been proved by Ribet (over Q, [Rib90a] Theorem 3.15)
and Taylor (over F, [Tay89] Lemma 4). There it is proved that with Z; coefficients,
without localizing at m, 7* has saturated image, from which the theorem may be
easily deduced — but the method for doing this actually directly gives the result in
the form we need. For Q this is carried out in [DT94b] Lemma 2 and the general
case is no harder. We include the proof for completeness.

Suppose thati(f7 g) is in the kernel of 7*. Regard f and g as H-invariant func-
tions on G(F)\G(Ar,f). Then f(z) = —g(aw) for all  in this quotient, where
w = <ﬁ(j)p (1)> (making use of the isomorphism G(F,) & GLy(F,)). Then f is
invariant under H and w~!Hw. These subgroups generate a subgroup containing
HPSLy(F,), under which f is invariant. Let G be the subgroup of G of elements
with reduced norm 1. Then by the strong approximation theorem in él, the func-
tion f factors through the reduced norm map:

v G(F\G(Apy)/G (Aps)H — FX\AY . /v(H).

But the functions factoring through this map form a module over ']I‘% that is sup-
ported on Eisenstein maximal ideals (the argument is similar to that of Proposi-
tion 2.3). The theorem follows. O

6.3. The auxiliary prime. Recall our assumption that I|#p,,(Gr). After con-
jugating p,, if necessary, we may thus assume that p,,(Gr) contains the matrix

(é i) We now get the following;:

Lemma 6.9. There are infinitely many primes q for which:

(1) 9 ¢ AUD(K) UX U {p}
2) P s unramified at q

2)
(3) Nm(q) =1 (mod 1)
(@) pa(rvoby) = g 1)

Proof. All but finitely many primes satisfy (1) and (2), so it suffices to find infinitely
many primes satisfying (3) and (4).

Pick a number field L/F for which F(¢;) C L and p,, : Gr — GL2(F;) fac-
tors through Gal(L/F). Let € : Gal(L/F) — Gal(F(¢)/F) — (Z/IZ)* be the
cyclotomic character. By the Chebotarev density theorem, it suffices to find some
o € Gal(L/F) for which p,,(0) = ((1) 1) and €(o) =1 € (Z/1Z)*.
Now by our assumption on the image of p,,, there is some oy € Gal(L/F) for

which p, (00) = ((1) }) Let o = 03" € Gal(L/F). Then we indeed have

o) =pute == (5 1) = (5 1)

€(0) =%(o0) "t =1 € (z)12)*. O

and
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For the rest of the proof we fix such a prime q. Note that it satisfies the require-
ments of sections 2.13 and 3.3. We let D be a definite quaternion algebra ramified
at AU{q,7}.

6.4. The proof. Choose F large enough that p,, is defined over F, and let (E, O, T)
be the coefficient system satisfying Hypothesis 3.1. Let ¢ : Ggp — O* be a finite
order character lifting det(p,,)€, and also write ¢ for the character 1) o Artp of
A% ;/F*. We make sure that F*(K N Z(Afy)) C ker(y) and that the prime q is
chosen so that 1 is unramified at q.

Let S be as in section 6.1. Enlarging S if necessary (which is allowed, by
Lemma 4.11), we assume that q € S. We write X for the set of finite places in
S. The results of section 2 imply that there is a filtration of H'(X g, (q), F)m[¥] (by
TS-submodules) whose graded pieces are

HO(YK“’F)m[wLHl(XK’IF)m[Q/}}@Z’ HO(YquF)m[w]'

In section 4 we explain how these cohomology groups and this filtration (more
precisely, their duals) may be ‘patched’ using the Taylor—Wiles method. For each
place v € ¥ let R, be

e if v 1l the universal fixed determinant framed deformation ring R%’ ’TG o
mlGp,

of PnlGr, i
e if v | I, the potentially semistable (over a fixed extension depending only
on K NG(F,), and of parallel Hodge-Tate weights {0, 1}) deformation ring

ROWENGE)st qo61ed in section 3.6.
Pmlcp, O

For some integers g, d > 0 (determined in section 4, with d = r+j in the notation
of that section) we let

Ro = (®vEERv) [[Xla e 7X9“

and
Seo = O[Y1,..., Yd]],
and recall that d and g were chosen so that R., and S, have the same dimension.
Then in section 4.4 we constructed an injective homomorphism S, — R,
maximal Cohen-Macaulay R..-modules Mo x and Ny ga, and an exact functor
Mo ko from the category of finitely-generated O-modules with a continuous action
of GLy(OF,q) (satisfying a condition on the central character) to the category of
finitely-generated Ro.-modules. Moreover, M., ka has the property that if o is a
finite free O-module (resp. a finite dimensional F-vector space) then My ia(0) is
maximal Cohen—Macaulay over Ry, (resp. Roo = Ro @0 F). These are equipped
with isomorphisms
My x ®s, F = Hl(XK,F)m,w—l
and
Noo,K‘l XS F = HO(YK%IF)m,w*l-
In Table 1, for various patched modules, we write down a corresponding quotient
Rz of Ry on which they are supported. Here ? is an element of {nr, N, unip, ps},
and we write

I Y
R =R

?
,O
q \qu

and )
Eq = R; R0 F,
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TABLE 1. Supports of patched modules.

patched module M., quotient RZ

Moo,Kq(]lO) Rgr
Moo, Ka (St(g) Runip
Noo,Kq RN
My, ka(0%) RpS

as shorthand for the rings defined in section 3.3. The claims of Table 1 follow
from the properties of the Jacquet—Langlands correspondence and local-global com-
patibility, and are the content of Propositions 4.20 and 4.21. Furthermore, for
? € {nr, N, unip, ps} we define the quotient

R, = R!® (Ruesy (g} o) [ X1, . .-, X]]

of Ry
The filtration provided by Theorem 2.11 may be patched as in section 4. Thus
(see Corollary 4.23) there is a filtration of

P =M ko(q) = Moo, ko (1r) & Moo ko (Str)

by Ro.-modules
(%) OCP CPCP
together with isomorphisms

Neo xa — P,

Noo o — P/Ps,
and

Moo xa (15)®? =5 Py /Py

To go further, we need the structure of the local deformation rings at q. The
deformation rings Ry, RY and Ry are regular by Propositions 3.5 and 3.6. There-
fore, by Lemma 5.1, we have:

Proposition 6.10. (1) Moo ka(lo) is flat over Ry*.
(2) Noo,ka is flat over RY .
(3) Mw,ka(0%) is flat over Ry®.

By Proposition 3.7, there are isomorphisms

—=unip
R, = F[[X,Y,P,Q,R]|/(XY)
and
Ry = F[[X,Y,P,Q.R]|/(X?Y)
compatible with the natural surjection R R‘;n P and so that
R — Runlp/( )
and
Ry =R /(Y).

By section 3.5, equation (2), we have an exact sequence
0= Mo Ka (1p) — My Ko (O’ﬁ?s) — Moo, ia (Str) — 0.
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Proposition 6.11. The module Mo i (Str) is flat over Rgmp and there is an
isomorphism

Moo 0 (Str) Do Ry = Muo,ica(15) = Moo o

Proof. By Proposition 6.10 and the above exact sequence, the hypotheses of Lemma 5.2
apply with R = RWP @ F (made into an F[[X, Y]]/(X?Y)-algebra in the evident
way), L = Moo ka(1g), M = Moo ga(0f"), and N = My ka(Str). The proposition
follows. ([l

Now we know that Mo, xa(Str) is flat, the filtration (x) can be used to “transfer
information” between N, and M.,. More precisely, we have:

Proposition 6.12. There is a short exact sequence of Rs-modules

0— N@Q,Kq — Mw7Kq (St]p) ®§unip R;V — Noo,Kq — 0.
q

Proof. By Proposition 6.11 and the filtration (%), the hypotheses of Lemma 5.3
apply with R = RE ®¢ F (made into an F[[X,Y]]/(XY)-algebra in the evident
Way), L = Moo,Kq (]l]F), M = Moo,K‘l (Stﬂ:), P = Moo,Ko(q)a N = Noo,Kﬂ, and P1
and P, given by (x). The proposition follows. O

Proof of Theorem 6.5: Now we are ready to prove our main result. We may carry
out the constructions and arguments above equally well with K9 replaced by Kq(p)9
in a way compatible with the degeneracy maps 7,. We therefore obtain a commut-
ing diagram

0 —— Nookopyr — Mo ko(p)a(Str)/(Y) —— Nockopya — 0

0 —— (Noos)™® —— Moo ga(Sts)®2/(¥) —— (Nooien)™

— 0.

By Theorem 6.8 the outer maps are surjective after applying ®gs F, and so by
Nakayama’s Lemma they are surjective. It follows that the middle map is surjective,
and by Nakayama’s Lemma again that the map

Ty - JZ\4oo,Ko(p)rl (St]F) — ]\400,1{q (StHT)@Q
is surjective. Tensoring with R;lr and applying Proposition 6.11 this gives that
MOO,KO('J) — (MOO,K)@Q is surjective. Applying ®gs_F, we see that
Tt Hi( X ko (p)s F)mygp—1 — Hl(XKJF)fEip,l
is surjective. By Nakayama’s Lemma, we obtain that

Tt Hi(X ko (p), F)m = Hi1(Xk,F)E?

is surjective. This proves Conjecture 6.3 and hence Theorem 6.5 for this m. O
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