1 Problems: Why Quantum Mechanics?

1.1. Hamilton’s equations:
Write down Hamilton’s equations for a particle in a harmonic potential,

1
V = §mw2x2. (1)

and show that its solutions are as stated.

Solution:

The Hamiltonian and its derivatives with respect to z and p are

1 1 OH OH p
Hzi 2 2 _— = 2 _— 2
2mp + 2mw . or M dp m 2)

Hamilton’s equations are thus
#(t) ===, p(t) = —mw’a(t), 3

which you can solve in a variety of ways, e.g. by taking the time-derivative of the
first and then inserting the second, to get

i(t) = —wa(t), 4
and observing that this is solved by
x(t) = Csin(tw + ¢) . 5)

The constant C is fixed by inserting both z(¢) and p(¢) into the Hamiltonian, and
noting that the result should be E.

1.2. Quantisation condition:

Consider the simple harmonic oscillator. Fill in the missing steps in the computation
that takes you from the ad-hoc quantisation condition

/ pdx =nh, neZ, (6)
orbit

to the conclusion that ¥ = vhn with n € Z.

Solution:

Inserting the solution

= me sin(wt + @) , o
= V2mE cos(wt + ¢) ,
into the integral gives
1.
/ pdx = 2F cos(wt + ¢)d ( sin(wt + qzﬁ)) . (8
orbit orbit w

By applying the chain rule we can rewrite the complicated differential d(. . .) in terms
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of dt. Moreover, one orbit is given by taking ¢ from 0 to 27 /w. Together, this gives

27‘{'/(.«) 2 E
=2F cos? (wt + ¢)dt 7; €©)

0

2 Problems: The Double Slit Experiment

2.1.

2.2.

Approximations:

We have discussed several approximations to arrive at the wave interference pat-
tern

I(z) = 4C? cos® <§(7‘1 - 7‘2)) . (10)

There is one hidden assumption which we have not mentioned explicitly, which is
related to the normalisation constant C'. Can you spot it? What would the effect
be of relaxing this assumption?

Solution:

Strictly speaking, the intensity of the wave drops as a function of the distance
from the source, unless you are in one dimension. In two dimensions, you would
have C' ~ 1/r. This means that as you get further away from the axis, and the
distance to the slit gets larger, the intensity drops.

Finite-width single slit:
Another approximation we have made is that the slits are infinitesimally thin,

which of course in the real world would not allow for electrons to pass through.
We can do better than that.

Consider first a single slit of width b as in the figure below, centered on the z-axis.

Figure 1: Finite-width single slit experiment, with a slit of width b.

You can view this as a superposition of a continuum of sources, so that the wave is
given by

x t C/ 'Lkr(azs thdS. (11)
—b/2
Express r(z, s) as the sum of ry plus a correction, then perform this integral. Show
that the intensity |¢)(z,t)|* takes the form

2
281;25, =22 (12)

2L
Give a qualitative plot of |+ (z,t)|? versus z.

[z, ) =C
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Solution:

Start by writing
rd=L*+a%, r?(x,s)=L°+ (z —s)?. (13)

Expanding to first order in x/L gives

ro(x) = L+O((«/L)*), r(z,s) = Ly/(s/L)* + 1—#($/L)+0(($/L)2)~

(s/L)2+1
(14
Now also expand r(z, s) to first order in s/L to get
r(z,s) = L — L(s/L)(z/L) + O((x/L)? (s/L)?). s
A Taylor series expansion to lowest order in s/L and «/L thus yields
ST 2 2
r(x,s) =ro—— +O((x/L)", (s/L)7) - (16)
This means that the amplitude at the screen is
b2 , : , b2
w(x) ~ C/ ezkr(z,s)—zwtds — Cezkro—zwt/ e—zksm/Lds
—b/2 —b/2 a”n
— ikro—iwté —iksz/L b/2 — ikro—iwt% : @
e ka© s=—b/2 e ke M\ 2n )
The intensity is the norm-squared, so
.2
9 9,980 kbx
= = — . 1
vl = PP, 8= 7 (8)

A plot for kb/2L = 1 is given below.

!
-5 5

Figure 2: Interference pattern for a single slit, with the size of the slit b set by
kb/2L = 1 (with arbitrary normalisation for C).

2.3. Finite-width double slit:

Now consider a situation with finite-width slits, as in the figure below. Instead of
integrating the contributions from —b/2 to b/2, we should now integrate (11) over
(a —b)/2 to (a4 b)/2, and then add the contribution from the second slit.



Figure 3: Finite-width double slit experiment, with slits of width b with their
midpoints separated by a distance a.

Perform these integrals. Show that the result can be written in the form of the
product of two factors, one which is the interference pattern of infinitesimally thin
double slits separated by a distance a, and one the interference pattern of a single
slit of finite width b.

Solution:

Instead of doing the integral over —b/2 < s < b/2, we now have two integrals, one
ranging over (a —b)/2 < s < (a+b)/2 and the other ranging over —(a+b)/2 < s <
—(a — b)/2. The integrand is the same. Working out the 4 exponential terms, you
get, up to the factors irrelevant for |¢|?,

P(x) x (i:[; sin,B) cosa, (19)

where the first factor is the single-slit result and the second factor the double-slit.
We can write the intensity as

sin? 3
32

Plots for separation a equal to 5 times the slit size b are given below.

kbx _ kaz
oL 0 YT oL

()] o cos’(a), B= (20)

-6 -4 -2 2 4 6

Figure 4: Interference pattern for a single slit superposed with the interfer-
ence pattern of a double-slit screen with infinitesimally small slits. The single
slit parameter is set to kb/2L = 1 and the double-slit separation parameter is
ka/2L = 5.
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Figure 5: Interference pattern for a finite-size double slit, parameters as above.

3 Problems: Wave function and Probabilities

3.1. Practice with wave functions: PROBLEMS CLASS 1

The wave function of a particle at time ¢ = 0 is

X

C - 0<z<a
a
Y(x) = Cb_x a<x<b (21)
b—a
0 otherwise

for constants 0 < a < b.

What principle fixes the normalisation C?
Find C in terms of a and b.

Sketch the probability density P(z) = |y(z)]?.
Where is the particle most likely to be found?

a bk L=

Compute the position expectation value (x). Does it coincide with your previ-
ous answer?

6. What is the probability of finding the particle in the region z < a?
Solution:

1. The probability to find the particle anywhere should be 1.
2. The total probability is

1= [ antunp =108 [Car(2) vicr [ (22E) = bep
= . X xT = o i o . X b—a —3 .

Therefore C = \/% up to a phase.
3. Plot of probability density:




4. The most likely value (mode) is = = a.

5. The expectation value of z (mean) is

<x>:/0bdxx|1/)(x)|2:Z/Oada:x(z)Q—l—i/abdxx(z_z)Q:le(2a+b).

The probability distribution is skewed for generic constants 0 < a < b and
therefore the mode and mean to not coincide. However, for a = % the proba-
bility distribution is symmetric and both answers give the same result, %

6. The probability to find the particle in the region z < a is

Pa<a= [war=3 [ (5) =5

3.2. More practice with wave functions:

Consider the wave function

Y(x,t) = CeMrle=iwt (22)

where C, A\, w € Ryg.

a bk L=

Find the normalisation C.

Find the expectation values (x) and (x2) and the uncertainty Ax.

Sketch the probability density P(z) and mark the points x4 := (x) £ Ax.
What is the probability to find the particle in the region z_ < z < z4?

Can the wave function be physical if w has an imaginary part?

Solution:

1. The probability to find the particle anywhere must be 1.

00 e} oS} 2
1= / [ (z,t)de = |C|2/ e~ el gy = 2|C|2/ ey = 7|C;\| .
0

o — 00

Therefore C' = v/ up to a phase.




2. First, (x) = 0 since the integrand is an odd function of z. Second,
(z?) = )\/ z2e 2Nl gy (23)

o0
= 2)\/ 22e g
0

Ly
200
1
=5 (25)

Finally, Az = /{22) — (2)2 = 1/\/2\.

3. The probability density is P(z,t) = Ae=2M=l,

A P(x)

» T

4. We have x4+ = +1/v/2)\. The probability to find the particle in the region
x_ < x < x4 is therefore

1/7/2) 1/V2X
/ e Ml gy = 2)\/ e ATGr — 1] — V2,
—1/V2X 0

5. If w had an imaginary part, the probability density would become

]3(];7 t) — |C|2672A|m|67i(w7w*)t
— |C|26—2>\|w|62§(w)t ) (26)

Attempting to normalise the wave function we would find

C? 5
1= ‘ )\| eQJ(w)t’

which cannot be satisfied for all time ¢ unless $(w) = 0. Therefore the wave
function is not physical if 3(w) # 0.

3.3. Gaussian wave function:
The quantum mechanical wave function of a particle at time ¢ = 0 is

(a) = Celm-m0 /402

1. Find the normalisation C.
2. Sketch the probability density P(z) = |y (z)]?.
3. Find the expectation values (z) and (z?) and the uncertainty Ax.

4. Which parameter controls how well the particle is localised in position space?



You may use the Gaussian integrals

/ e_yZdy =T / yze_dey = \27? :

Solution:

1. Probability to find the particle anywhere should be 1. We find,

1= |C|2/ da e~ (= w0)? /287 27)
= \/2A2|C\2/ dyefyrz
=V2rA2|C?, (28)

where we defined y = (x — x¢)/V2AZ2. Therefore
C =1/(2nA%)V/4

up to a phase.
2. Sketch of the probability density.

P(x)
A

/

Y
8

Zo
3. First,
(x) = [ dz z e~ (T0)* /247 (29)
N V 27TA2 —00
1 oo
= FLOO dy (zo + V2A2y) eV’
— % dy e_y2 (30)
—00




Second,

1 o0 2 2
%) = dx 2% e~ (@) /24 (32)
< > V 27TA2 /;oo

1 e 2
—— VIAZ )2 Y

2 oo 2 oo

CUO 2 PR
= — dye ™ + — dyy“e ¥ (33)
f —0o0 f — 00
=22 4+ A%, 34)

Finally,
g Az =+/{(z?) — ()2 =A.

4. Az = A is a measure of how well localised the particle is in space.

3.4. Another wave packet: TUTORIAL 1

Consider the following wave function

1 po+dp —_
= iz /h gy,
V) =\ iy | <

Compute and sketch the probability density P(x).

Verify that the wave function is normalised.

What happens if you try to compute Ax?

> w b=

Instead compute the distance dx between the zeroes of P(x) closest to the
origin and show that
6z dp = 2wh.

You may assume the following integral,

00 Lin2
/ sin 2(y) .
—0 Y

Solution:

1. We first compute the integral

) 1 Po+op I
W) = 1) —— / eva/h gy (35)
47hdp Jpo—sp
_ ieipo””/hsin(aﬁp/h)
) T '

The probability density is therefore

o sin? (zp/h)
Tp 2

P(z) =




wh 2mwh
op  dp

. Changing variables to y = xdp/h, we have

[ pwar= B [ e,

:7r6p e x2
oo 2
Ll (36)
T Y

. The integrals required to compute (z™) for n > 0 do not converge. Therefore
we cannot compute the uncertainty Az.

4. The zeroes closest to the origin are at =77 /dp. We therefore take dz = 27 /dp.

. Hence ézdép = 2nh.

4 Problems: Momentum and Planck’s constant

4.1. Momentum expectation value:

The expectation value of momentum measurements on a particle with wave func-
tion ¥ (x) is

@_—mﬁémw@¢w@.

o
You may assume the wave function is normalised, / dz|y(z)|* = 1.
—o

1. Show that (p) is real.
. Show that if ¢(x) is real then (p) = 0.

. Suppose a wave function ¢(z) has momentum expectation value (p), = P.
Compute the expectation value (p),, for

Y(a) = P Mg(a).

Solution:

10



1. We compute the conjugate

(p) = +ih [ - dz ()0, (x)

— —in / " e 0@ + i [[e@)2]™, (37)
:_m/mdamaawm) 38)
= (p)- (39

In passing to the second line we have integrated by parts. The boundary term
vanishes provided the probability density |(x)|? vanishes at 2 — 4oc. This is
a necessary condition for the wave function to be normalizable, [~ |4 (z)|* <
0.

2. Assuming the wave function is real ¢(z) = (), then

) =-in [ " drp(a)0,(x) 40)
_ 7% O; dx 0, ((x)?)
= P e, 1)

which vanishes for the same reason as the boundary term in part (a).

3. By direct computation

@wz—M/i@x«m@w@ (42)
— _in [ Z dz e~ P /MG 8, (e“m/%(az))
= —ih /_ Z dz ¢(x) (am(a:) - i?(é(m)) (43)
——in [~ dwg@ooa) +m [ delota)? (44)
=P +po (45)

where in the last step we used that the wave function is normalized.

4.2. Gaussian wave function:

Reconsider the Gaussian wave function which you have seen in one of the problems
in the previous chapter.

1. Explain why the momentum expectation value is zero, (p) = 0.
2. Compute the momentum uncertainty Ap.

3. Show that the wave function saturates Heisenberg’s uncertainty principle,
h
Ax Ap > 5

4. What happens to Ap when the particle is localised in space?

5. What changes if you multiply the wave function by e#*Po/"?

11



Solution:

1. The wave function is real.

2. First compute the action of the momentum operator p = —z‘ha% on the wave
function,

p(r) = _in (ce—m—mo)?/W)

ox
= Q%(x — xg) Ce™ (07 w0)"/447 (46)
ih
= E(m —x0) (). 47)
Acting again, we find
52

P’ Y(z) = = (@ = 20)* — 24%) P(z).
4A
We can now re-use the position expectation values (z) = z and (z?) = z3+A?

computed in question 3 (together with the normalisation condition (1) = 1) to
compute the momentum expectation values,

(@ —20) =0 (48)
() = *%«x —m9)% — 24%)
= ——— ((2%) — 2zo(z) + 2§ — 2A?) (49)
- —. (50)

If you are uncomfortable with the above manipulations, you can first compute
the momentum expectation values using the integral definitions

) =-in [ " 4 P @)0. ()

— 00

(p*) = —-n* / N da ()02 (x) . (51)

You will find that the computation is equivalent to the one above! Finally,

Ap = /(p?) — (p)* = 1/2A.
3. Recalling that Az = A, we have AzAp =1/2.
4. The uncertainty in momentum increases.

5. If you multiply the wave function by e**7o/" the momentum expectation value
changes to (p) = po.

4.3. Non-normalisable wave functions: TUTORIAL 1

Consider the wave function ’
Y1 (x) = Cek® | (52)

for some constant C' and k. The total integrated probability is not defined, because
the integral

/ " @)z (53)

does not exist for any non-zero value of C. However, we can make sense of it by

12



‘cutting off’ the integral so that —L < = < L (‘putting the particle in a box’), doing
all computations at finite L, and then taking the limit . — oo. If you use this
‘regularisation’, what is the expectation value (p) when the system is described by
the wave function above? Also compute (p?).

Solution:
If we cut off the integrals,
L
0—2:/ dv=2L, — C=1/v2L, (54)
-L
and the expectation value of the momentum becomes
L
(p) = C? / (—ih)(ik)dx = hk. (55)
-L

This is independent of L. However, manipulations like these are on a shoddy math-
ematical ground (we e.g. did not discuss the boundary conditions on the wave
function), and we will see some examples where naive reasoning like this goes flat

on its face.

4.4. Momentum in a box:

Consider a particle in an infinite potential well, so that —L/2 < = < L/2. If you
want to show that (p) is real (see above), you will encounter boundary terms which
need to vanish. Do they? Why?

Solution:

The boundary term you encounter when computing (p) — (p) reads

‘ _qL/2 6
@] (56)
For generic wave functions (z) this would not vanish. It will, however, vanish if
the wave function vanishes at the edge of the box, which is precisely the condition

we have used in the chapter where we first introduced the wave function.

5 Problems: Schrodinger’s Equation

5.1. Conservation of the inner product:

Consider two square normalizable solutions v (x,t) and v(x,t) of Schrédinger’s
equation.

1. Show that the inner product of these wavefunctions is conserved,
at<1/}17 ¢2> =0.

2. Hence explain why

1. a normalized wavefunction remains normalized,
2. a pair of orthogonal wavefunctions remain orthogonal.

13



Solution:

1. Schrodinger’s equation is .
thoyp = H -4

and therefore

aw:%ﬁrw.

Computing the time derivative of the inner product,

Or(1,2) = (01, 92) + (Y1, Orha) (57)
= (- ﬁﬁ Y1, 92) + <1/117* H P2)
= L (- a,m) <w1,H-w2>) =0 (58)
To see that this last line is true, write out what the pointy bracket notation
means:
A > h 02 :
(- vra) = [ (g @)+ Via(a) ) dala) (59)
0o h 62

= bdy. terms + /_Oo Y3 () <_2m@a:2¢2(x) + V(ff)) Yo (z)
(60)
= (1, H - ¢2). (61)

In going to the pre-last line, we have integrated by parts twice to move the
derivative to the () factor, and we have used that V() is real.
The cancellation of these two terms in 58 is a manifestation of the fact that

is a so-called Hermitian operator. We will discuss this in more detail in chapter
7 & 8.

2. We conclude that (1)1, 15) is constant in time for any square-normalizable so-
lutions +; and v, of Schrodinger’s equation. The results follow immediately.

5.2. Heat equation:

Consider the Schrodinger equation with, for simplicity, » = 1 and m = 1, and
vanishing potential,

81/} 1 0y
Yo = T20.2 62
1. Make the change of variable t = —it and show that this leads to the heat

equation with diffusivity 1/2 (look up these terms if you do not know them).

2. The heat equation has the well-known solution

~ 1 x?
Y(x,t) = 7 exp ( - §> , (63)

What does this solution describe? (make some plots at various fixed values
of t).

3. Do the inverse transformation ¢ = it on this solution, to obtain your first time-
dependent solution to the Schrodinger equation. Make plots or sketches at a
fixed value of ¢ for the real and imaginary part, as well as the norm |¢(z, t|?.

14
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Solution:

1. Under this transformation, and using

o oto
===, (64)
ot Ot ot
we get
(x, 1)  10%Y(x,t
vad) _ 15*0(d) ©5)
ot 2 02
the heat equation with coefficient 1/2.
2. The solution looks like a Gaussian blob which spreads out in time,
-1.5 -1.0 70‘ 5 0‘5 1.0 1.5
Figure 6: Solution of the heat equation, describing a localised high-temperature
region at £ = 0.1, 0.2, 0.4, showing how it spreads out.
3. The inverse transform yields
1 ix? )
x,t) = exp| — |, (66)
vt = e (5

which for ¢ = 0.1 produces the plot below.

15F le

Figure 7: Solution of the Schrédinger equation.

We will discuss the use of this solution later when we discuss the free particle
in quantum mechanics.

15



6 Problems: The Hilbert Space

6.1. Properties of the inner product:
The inner product on continuous square-integrable functions is

(b1, a) = /_ @) a()da
Show that

- (1, 92) = (o, 1)

. (3, a19P1 + agpa) = a1 (Y3, 1) + az(s, o)
. (a1 + agipo, ¥3) = ar (Y1, ¥3) + a2, ¥3)
(Y, Y) >0

- {¢,¢) = 0 implies ¢ (x) =

for any constants ai,as € C.

v A~ LN

Solution:
1. We have
(1,1h2) = / 1 (x) () do 67)
= / VYo ()1 () dz
= (12, 91) . (68)
2. We have
(3, a191 + agths) = / ¥3(x) (a191 () + agipa(z)) da (69)
*al/ ¢3 Y1 (z d$+a2/ Y3(w
= a1 (Y3, Y1) + az (Y3, P2) . (70)
3. This follows from parts (a) and (b).
4. We have (¢, 1) = / [ (x)|*dz > 0 since |¢p(z)|?> > 0 for all z € R.
5. Suppose (1, 9) = / |4(2)|*dz = 0. Then [¢)(z)|? can be non-zero at most
on a set of measurg O;)ero in R. But since the wavefunction is continuous,
|4(2)]? = 0 everywhere and therefore ¢(x) =

6.2. Inconsistent?: PROBLEMS CLASS 2
Consider the canonical commutation relation

[&,p] = ih. (71)

We have argued that wave functions are vectors in Hilbert space, and operators are
‘matrices’ acting on those vectors. In this case, the operators & and p are then both

16



matrices, and the right hand side should be read as ‘h times the unit matrix’. All
fine so far.

Now let use take the trace of the above equation,

Tf([fc,ﬁ]) - Tr(z'h) . (72)

The left-hand side vanishes by virtue of cyclicity of the trace. The right-hand side
clearly does not vanish, as it is the trace over the unit operator. How can this be
consistent?

Solution:

This argument shows that Hilbert space cannot be finite-dimensional, as the trace
of a commutator of finite-dimensional matrices definitely vanishes, and the trace of
a finite-dimensional unit matrix does not.

If you write this in terms of wave functions, you can see the kind of trouble we get
into. The left-hand side would be an integral or infinite sum over all normalisable
wave functions,

Tr([ ])“ » ik 3 / (@) (xix) o(x)de,  (73)

all normalisable ¢(x) ¥ —

where the derivatives act on everything to the right, and the ‘sum’ of course needs
careful definition. However, the key point is that e.g. in the second term, the deriva-
tive acts on z¢(x), which may not be a normalisable function!

For more details on this and related tricky points, see e.g. F. Gieres. “Dirac’s formal-
ism and mathematical surprises in quantum mechanics”. In: Rept. Prog. Phys. 63
(2000), p. 1893. arXiv: quant-ph/9907069.

7 Problems: Hermitian Operators

7.1. Properties of the adjoint:

The adjoint Af of a linear operator A is defined by

(1, Atha) = (ATopy, 1hn)

for any continuous square-integrable wavefunctions ; () and 2 (x). Show that

1.
2.
3.
4.
S.

(A1 + Ayt = Al + A]

(aA)t = aA' for any constant a € C

(A14,)T = ALA]

(A™)T = (AT)" for any n € N

If f(z) is a real analytic function of z € R, f(A)" = f(AT).

Solution:

These properties can be shown algebraically using the properties of the inner prod-
uct in question 2.1.
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1. We have

(¥, (A1 + A2)Y") = (¥, iy’ + Agy)’) (74)
= (1, A1) + (1, Ay)
= (A}, ¢') + (Abu,v") (75)
= (A1) + A9, 9) (76)
= ((A] + ADyy,v") 77)
and therefore (4, + As)T = Al + Al
2. We have
(¥, (ad)Y’) = (¢, a(AY")) (78)
= a(y, AY')
= a(ATy, ') (79)
= (a(A"p,9") (80)
= ((@A")y,9') 81)
and therefore (aA)! = aAf.
3. We have
(¥, (A1 A2)Y") = (1, A1(A2¢")) (82)
= (A]¢, Ag)
= (Ah(ADw, ¥ (83)
= ((43AD)y, v 84)

and therefore (4; A;)" = ALAT.

4. From part (c), we have immediately (42)" = (A")2. We now proceed by in-
duction on n. Let us assume (A")! = (A")". Then

where have again used part (c) with A; = A and 4, = A™.

5. Areal analytic function f(z) has a convergent power series expansion

f@) =" fox"
n=0

with real coefficients f,, € R. The result now follows from parts (a), (b), and

(d).

7.2. Properties of Hermitian operators: TUTORIAL 2

Hermitian operators satisfy various properties which will be important in later
chapters:

1. Show that any linear operator A can be expressed as a sum
A=U+V

where UT = U is Hermitian and VT = —V is anti-Hermitian.
2. Show that if A and B are Hermitian then A + B is Hermitian.

3. Show that if A is Hermitian then a A is Hermitian if and only if « € R. What
happens if a € iR?

18



4. Show that if A and B are Hermitian then the commutator
[A,B] .= AB— BA

is anti-Hermitian.
5. Suppose A and B are Hermitian. Under what condition is AB Hermitian?

6. Show that if A is Hermitian then A" is Hermitian for n > 0.

Solution:

For this question, you will need to use properties of the adjoint from question 2.

1. We can express any linear operator as A = U + V where
1 n 1 n
U:§(A+A) V:§(A—A).

It is straightforward to see that UT = U and VT = —V.

2. Suppose A and B are Hermitian, then (4 + B)" = A" + Bf = A + B and
therefore A 4+ B is Hermitian.

3. Suppose A is Hermitian and a € C. Then (aA)" = @Al = aA. Therefore aA is
Hermitian if « € R and anti-Hermitian if a € iR.

4. The commutator is [A, B] = AB — BA. Computing the adjoint
[A,B]' = (AB)" — (BA)' = BTA" — ATBT = BA — AB = —[A, B].
5. Suppose A and B are Hermitian then (AB)" = BTAT = BA. So AB is Hermi-

tian if AB = BA, or equivalently if [4, B] = 0.

6. If A is Hermitian, we have (A")! = (A")" = A". This implies f(A) is also
Hermitian where f(a) is a real analytic function.

7.3. Eigenfunctions have zero uncertainty:
Consider a eigenfunction of a Hermitian operator A with eigenvalue a. You may

assume the wavefunction is normalised.
1. Show that (A") = a" for any n > 0.
2. Hence show that AA = 0.
3. What is the physical interpretation of these results?

Solution:

1. Since A -1 = ay) we also have A™ - ¢ = a™ for any n > 0 and therefore
(A") = (Y, A" - ) = a™ (1, ¥) = a”
since (¢, 1) = 1 for a normalised wavefunction.

2. Using part (a), (AA)? = (A?) — (A)2 = a? —a®? = 0.

3. An eigenfunction of a Hermitian operator A has zero uncertainty for mea-
surements of A. In fact a measurement of A will yield the eigenvalue a with
probability 1.
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8 Problems: The Spectrum of a Hermitian Operator

8.1. More on Hermitian operators:

A Hermitian operator obeys Af = A or equivalently (A1, 1) = (11, Atp) for any
square-normalizable ¢, (x), V2 (z).

1.
2.

Show that eigenvalues of Hermitian operators are real.

Show that two eigenfunctions of a Hermitian operator with different eigen-
values are orthogonal.

. Show that position & and momentum p are Hermitian.

Show that H = % + V(x) is Hermitian.

. Why are measurable quantities represented by Hermitian operators?

Solution:

1. Suppose Ay = aip. We have,

(Y, AY) = (¥, a¥) = a(yh, V) (85)
(A, ¥) = (a, ¥) = a(y, ).

Subtracting these equations we find (a — @)(¥, 1) = 0. Assuming ¢ # 0, we
find a = @ and therefore a € R.

2. Suppose Ay = aitpy and Ay = agipe with a; # as. We have

(1, Aha) = (1, a21ba) = az(¥1,12) (86)
(Arp1,2) = (@11, ¥2) = a1 (Y1, ¥2) = a1 (Y1, ¥2) .

Subtracting these equations we find (a2 —a1)(¥1, ¥2) = 0 and therefore (1)1, ¢3) =
0 since a; # as.

3. For position, using the fact that z € R,

<oz=-w1,w2>=/_m P01 (@) o) d 87

/ V1 (z) wipa(w
1zZJ1a QZ)> (88)

For momentum, integrating by parts,

<ﬁ-w1,wz>=/°;— A2 () (89)
:/ 511)1(
/ (@ ( p V2 (x)>dx (90)

= (1,D - 2) . 9D

where in passing to the third line we have integrated by parts and discarded
the boundary term since v;(x)¢2(x) must vanish as + — oo for square-
normalizable wavefunctions.
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4. For the hamiltonian, we can use the properties of the adjoint together with the
fact that z and p are Hermitian to show

)
it = (gn)l + V() (92)
(")?
2m
p° A
:%—s—V(a:):H. (93)

where we assume the potential V' (z) is a real analytic function. You can also
show this directly using the differential operator

h 92
H=——
2m Ox2 +V(@)
inside the inner product and integrating by parts twice.

5. In quantum mechanics, the possible outcomes of a measurement are the eigen-
values of the corresponding linear operator A. Measurements must yield real
numbers. If A is Hermitian, this is guaranteed from part (a).

In quantum mechanics, if a measurement of A yields the result a;, then the
probability another measurement will yield a different result a; # ¢ immedi-
ately afterwards is zero. If A is Hermitian, this is guaranteed from part (b).

8.2. Delta function: TUTORIAL 2

Prove the following property of the Dirac delta function §(z) and the Heaviside
step function #(x) by integrating with a test function g(x).
df(x)
dx

=d(z), (94)

Also prove
6(x — o)

‘ df ()
dz

(95)

5(f@) = Y

o s.t. f(xo) =0

You may want to start by doing an explicit example, e.g. by rewriting

/OO §(z% — 4)g(z)dx, (96)

—00

as the sum of two integrals over y = 2% — 4. Be careful with signs and the order of
integration limits.

Solution:

1. For a smooth test function g(z) we have
[ s@tomas=— [ o= [ Ly =g =90
9(z) - == & X = pd@)dx=—g = 9(0),

- ©97)
from which the conclusion follows.

2. Change variables to y = f(x) so that dy = |f/(z)|dz (where the absolute sign
is used so we can keep the integration limits for integration over y in natural
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order). This gives

- -1 5(y)
()d(f(x))dx = r=f""(y) ——dy. (98)
| _s@its@)is= [ of e

The integral on the right-hand side may consist of of multiple integrals if f(z)
is not monotonic. The integrals get contributions at y = 0 only, where the
integral will lead to replacement of = with the value of x at which y = 0. That
can also be done in terms of an integral over z,

= /OO Z oz —20) xo)g(x)dx, (99)

T st f(x)=0 ‘f/(x)’

from which the requested result follows.

The example would give f(x) = 22 — 4 so that f/(z) = 2z, and f'(-2) = —4
and f'(2) = 4. If you use dy = f’(x)dx and keep track of the integration
direction, you get

/_ 5(x2—4)g(x)dx:/ 5(9)Wdy+/_4 5(y)wdy

_ /j 5) {g(fﬂ = —4¢m> L= zl/m)] dy

_ i(g(x =-2)+g(z =2)).

(100)

9 Problems: Postulates of Quantum Mechanics

9.1. Momentum space representation:

Recall that classically there is a symmetry between position and momentum. In
fact, we could also have formulated the postulates of quantum mechanics in terms
of a so-called momentum wave function {/?(p) with momentum operator p = p
and position operator & = ihd,. Can you work out the commutator [Z,p] in this
representation? We will return to this formulation in a later chapter.

Solution:

In this representation, we get

[,5] ¥(p) = 2(H(x)) — PEY(x))

0

.0 ) (101)
o (p(p)) —p (zhapw(p)> =ih(p).

=1h

Which of course gives the same result as we derived before using the position rep-
resentation.

9.2. Wave function collapse: TUTORIAL 2
A quantum mechanical system is, at ¢ = 0, prepared in a state described by the
wave function
1

we=0.0)=c (5

Yp=1(x)+ eme2<37)> , (102)
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where the wave functions on the right-hand side are orthonormal energy eigen-
functions. Both C' and « are real constants.

1. Determine the constant C.

2. An energy measurement is made. What are the possible outcomes, and what
are the probabilities of those outcomes?

3. Subsequently, the position of the particle is measured. What do you know
about the wave function of the system immediately after this measurement?

Solution:

1. Because (¢1]12) = 0 and each of the wave functions is normalised, we have
1 3
o) = 0* (Gl + el ) = €23, = c= v a0y

2. Either F = 1 with probability 1/3, or E = 2 with probability 2/3.

3. The position operator does not commute with the energy operator, and in
particular the energy eigenstates are not position eigenstates. Rather, the wave
function will now be an eigenfunction of the position operator, which is a Dirac
delta function at the position at which the particle was measured to be.

10 Problems: Commutators and Uncertainty Principle

10.1.

10.2.

10.3.

Generalised uncertainty principle:
Derive the generalised uncertainty principle,

2
A2 @82 > (5 148)) (104
where (AA)?2 = (A?) — (A)? and similar for B.

Energy-position uncertainty relation:

Show that measurements of position and measurements of energy of a particle in
one dimension satisfy the uncertainty relation

h
Az AE > %Km\ . (105)

Time-energy uncertainty relation (sort of):
For an operator () which does not depend on time explicitly, we have

d A i, A
&<Q> = ﬁ<[H7Q]> : (106)
For small A¢ and small standard-deviation AQ we can write
AQ ~ dfﬂ? At (107)

What is the meaning of A¢ here? Use (107) to derive the “time-energy uncertainty
relation” AHAt > h/2. What does this ‘uncertainty relation’ express?
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Solution:

1. Writing R X
a(x) := (A = (YAY))Y(x) (108)

and ditto for B we can write
(AA)*(AB)? = (a,a)(b,b) > [{a,b)|*. (109)

Setting z = (a, b) we then have

2
|22 > Im(2)* = <211(Z — z*)) , (110)

For the particular z we have
{a,0) = (AB) — (A)(B) (111)

and similar for the conjugate. Using that for the difference z — z* then gives
the requested result.

2. This requires computing

o L ih
and thus
5 2
@oP(AEP 2 (501 (113

from which the relation follows.

3. Insertion of the Schrodinger equation into the uncertainty relation gives

AHAng

Q)

T (114)

Then inserting the definition of At and rearranging factors produces the £ — ¢
uncertainty relation.

The symbol At is the time it takes the expectation value of the (arbitrary)
operator () to change by one standard deviation.

The uncertainty relation expresses the fact that if all observables change rapidly
(At small), then the uncertainty in the energy must be large, and if all observ-
ables change slowly, the uncertainty in the energy is small.

See Griffiths for more detail and discussion.

11 Problems: Energy Revisited

11.1. Delta function potential: TUTORIAL 3

So far we have seen only situations in which the energy spectrum is either contin-
uous (when e.g. V(x) = 0 everywhere) or discrete (e.g. the infinite square well).
That is not the generic situation, however. Most potentials lead to spectra which
have both a discrete and a continuous part.

Consider particle on a real line with potential given by

V(z) =—ad(x), (115)
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where o > 0.

1. Solve for the most general ¢ (x) in the region x < 0 which is an eigenfunc-
tion of the Hamiltonian with negative eigenvalue E. This should have one
unknown parameter (in addition to the constant FE).

2. Do the same for the region x > 0. This again should have one unknown
parameter (again, in addition to FE).

3. Impose that the wave function is continuous. Integrate the Hamiltonian eigen-
function equation over an interval —e < = < e with ¢ — 0. Use this to relate £
to a.

4. Unit-normalise the wave function to completely fix ¢)(x).

There is thus a single (bound) state with £ < 0.

We will look at the continuum part of the spectrum (eigenfunctions with £ > 0)
later (problem in chapter 17).

Solution:

1. The eigenvalue equation is

W 0
—%@w(w) + V(z)y(z) = E(x)¢(z). (116)
For z < 0 the potential V(x) = —ad(z) vanishes, and the general solution
reads

z<0: Y(x) = Ae™ ™ 4+ Be™ | k= —2:—2E. (117)

For a normalisable solution A = 0.

2. For x > 0 the story is similar, now we get

Y(x) = Be ", (118)

3. Continuity implies B = B. Integrating the eigenfunction equation over an
infinitesimal region around x = 0 yields

| (= 5ot @) — ad(@)ila) — Bu(e)de. (119)

The last term vanishes in the limit ¢ — 0, while the second term gives —a(0) =
—aB. The first term is a total derivative, equal to

h? ¢ h?
oy —_
2m¢ () r=—c QmQBH' (120)
Together we thus find
RO o g e (121)
R o

4. Integrating the norm-squared of the wave function over all of space gives

Ju=zp [Cerar=Bhoas o pa e a2
0
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12 Problems: Stationary states

12.1. Properties of stationary states:

Suppose {¢;(x)} is an orthonormal basis of eigenfunctions of the Hamiltonian &
with eigenvalues {E£;}. Consider the stationary wavefunctions

Pi(a,t) = e Fitlho,(x).
1. Show that (v, ;) = d;; for all ¢.

2. Show that ¢ (z, t) satisfy Schodinger’s equation.
3. Hence explain why

Y(x,t) = ch%‘(%t)

is a solution of Schrédinger’s equation for any ¢; € C.
4. What equation do c; obey if the wavefunction is normalised, (1, %) = 1?
5. Show that the probability of measuring energy E; is independent of ¢.

Solution:

See chapter “Energy Revisited”.

12.2. Time evolution on a circle:

An orthonormal basis of Hamiltonian eigenfunctions for a free particle on a circle
of circumference L is

oulo) = o (P7) nez

with energy eigenvalues

Figure 8: A particle on a circle.

1. The normalised initial wavefunction is

W(x, 0) = \Ecos (27;:) .

Find the wavefunction ¢ (z,t) at ¢ > 0 and explain why the solution is a
stationary wavefunction.

2. Suppose the Hamiltonian operator is deformed to

=L (p+ay

where 0 < a < %ﬁ is a constant. Find the new wavefunction ¢ (x,t) at ¢t > 0
and explain why the solution is no longer stationary.
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Solution:

1. Following the recipe described in the lectures, we first expand the initial wave-
function as a linear combination

b(x,0) = (627rix/L + e—27rix/L)

8-
h

(¢1(z) + P-1(2)) . (123)

Sl -

The wavefunction at later times is therefore

= \% ((bl(x)e*iElt/h + ¢_1(x)eﬂ‘E,1t/h)

2 2 ; L7\'2
=4/ T cos (Zx) e izt , (124)

2h2 2
Ei=F_ 1= ——+.
1 1 Iz
We could also have noticed that since £y = E_;, the initial wavefunction

1 (z,0) is a Hamiltonian eigenfunction. The time evolution is therefore a sta-
tionary solution of Schrédinger’s equation.

Uz, t)

where we have used

2. The energy eigenvalues become

B2 (2mn o\’
E,=—|—+=) .
2m< L +h)

n

The wavefunction at later times is now

Y(x,t) = % (¢1(x)e—iE1t/7L + ¢71(l,)e—iE,1t/h)

- \/ECOS (QL” (m - Oﬂ‘f)) exp [—z;i ((2;)2 + (Z)Qﬂ . (125)

As a consistency check, this reduces to the previous result when o« — 0. Since
now F; # E_; the initial wavefunction v(z,0) is no longer a Hamiltonian
eigenfunction and so the wavefunction at later times is not a stationary solu-
tion of Schrodinger’s equation.

12.3. Time dependence in a square well I: PROBLEMS CLASS 3

The wavefunction of an infinite square well 0 < = < L at time ¢t = 0 is

P(2,0) = Cl¢1(x) + da())

1. Write down the normalisation factor C.
2. Write down the wave function ¢ (z,t) at ¢t > 0.

3. What are the possible outcomes of an energy measurement and their proba-
bilities? Why do they not depend on time?

4. Show that the position expectation value has the form
L
(x) = 5 A cos(wt)
and determine the constants A and w.
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5. Sketch (x) as a function of ¢.

6. How would your sketch change if the initial wavefunction were

™
You may use the integral / dyy cos (ny) =
0

(x,0) = C(1(2) + d3()) ?
(-1 -1

n2 for n e Z>().

Solution:
1. The normalisation is C' = 1/+/2 up to a constant phase.
2. The wavefunction at time £ > 0 is
1 —i —i
T3 B (e )

3. The possible outcomes and probabilities are

w(xvt) =

E, : P = (126)

E2 : P2 =

N = N =

The probabilities of energy measurements are always independent of time be-
cause the phases e~ *Fi*/" cancel out in computing P = [{¢;, ).

4. Using the inner product notation, the position expectation value is

(z) = (¥, 2Y)
_ %@1 B g oiBat/h BN | g o=iBst/h) (127)
= (1,8 ¢1) + (B, 8 do) + € "IN 3 o) 4 e FLTERI MGy G 1)
(128)
= (¢1, & ¢1) + (b2, & da) + €1, T h2) + €™ (Pa, & 1) (129)
where

w = (El _EQ)/h
We know that
(P1,2 h1) = (P2, T p2) = 3

because the Hamiltonian eigenfunctions are either symmetric or anti-symmetric
around the centre of the potential well. Using the definite integral given in the
question, the cross term is

(f1,2 o) = / da?xsm ) (2721‘)

= —2 dy ysin (y) sin (2y) (130)
™ Jo
L L
== dy y (cos (y) — cos (3y)) (131)
0

__ Lt 1\_ 8L
Tox2z\12 32 9p2”
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with the same result for (¢o, & ¢1). Putting these results together, we find

L 16L
(x) = 5 9 cos(wt)

and can identify A = 16L/97>.

5. The sketch should look like the following. =1

6. If we replace ¢2(x) — ¢3(z) in the initial wavefunction, the cross term in the
computation of (x) vanishes,

L
(P1,T d3) = %/0 dx = sin (%) sin (37;5>

= % /7r dy y sin (y) sin (3y) (132)
L -
= ﬁ/ dy y (cos (2y) — cos (4y)) (133)
0
=0

and therefore (z) = L/2 independent of time.

12.4. Time dependence in a square well II:

The initial wavefunction in an infinite square well 0 < z < L is

T

Y(z,0) = Csin® (f) .

1. Express ¢(z,0) as a linear combination of an orthonormal basis of Hamilto-
nian eigenfunctions ¢, (z).
Hint: express sin®(z) as a linear combination of sin(3z) and sin(z).

2. Using the orthonormality of ¢,,(z), determine C.

3. What are the possible outcomes of an energy measurement and their proba-
bilities?

4. Hence find the expectation value (H).

5. Write down the wavefunction ¢ (z, t) for arbitrary later time ¢ > 0.

6. Show that the probability density has the form
P(xz,t) = f(z) + g(z) cos(wt)

and determine the functions f(x) and g(x) and the constant w.
7. Sketch P(z,t) in the region 0 < z < L at times

t:()fzi

) ) .
w w
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L
8. Show that (x) = 5 independent of ¢. Is this consistent with your sketches?

4 -1 -1
You may use the integral / dyy cos (ny) = % forn € Z~,.
0 n
Solution:
1. We first expand
Smm(xr) = % & e
1 .
3 .~ (piw _ —ix\3
sin(2) = — )
1 . , , .
_ _g(eiﬁ’m — 3¢t + e~ _ 6—3196) (135)
1
= 3 sin(z) — L sin(3 (136)
=1 sin(z) — 7 5in x)

and therefore

v@) =% (3or(0) - Juta))

2. We now compute inner product using the orthonormal property of the eigen-

functions,
Ll 3\ (1\*\ 5L .,
(W, 4) = = ((4) +(4) = 2ZcP.

For the wavefunction to be normalised, we therefore require C' =

16
57> UP to

a constant phase.

3. Substituting the normalisation C back in, the wavefunction is

o) =13 (Sonte) - Jouto)) (137)

= \/Edn(ﬂc) - \/Eéﬁs(l“f

The possible outcomes and an energy measurement and their probabilities are
therefore given by

9
B Pl—ﬁ (138)
1

4. The expectation value of the hamiltonian is

9 1 Oh% 2
(H) = PLE1 + PyEy = 1—0E1 + 105 = 1om2
5. The wave function for ¢t > 0 is
3 —iBvt/h L —iEst/h
Y(x,0) = ﬁ@(v’ﬂ)e - ﬁ%(m)@ .
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6. Noting that the wavefunctions ¢, (z) are real, the probability density is

P(x,t) = |¢(xat)|2 (139)
_ gqﬁ (x)2 + igﬁ (m)2 _ i(ﬁ ($)¢ (x) (e—i(E1—E3)t/h +e C)
10t 1073 1071 3 .C.
9 1 6
= E¢1($)2 + E¢3(m)2 _ E¢1(x)¢3($) cos(wt), (140)
where

E3—E1 - 4h7T2
o mL?’

Therefore

_ 9 L = 2 (T2 L2 (3
) = fon() + génta)? = psin? () + g s (517

g(x) = —%aﬁl( )¢3(x) = —5% sin (%x) sin (32”3) : (141)
P(z,t)

t=0,2T

w

€13

7. The sketch looks like the following. 0

8. To compute the expectation value first note that

L
| dveonw? =3
0 2

for any n > 0 since ¢,,(x)? is symmetric around x = L/2. You may check this
explicitly using the hint if you are not convinced. The remaining integral we
need is

L L
/0 o 1 (2)ds () = = /O esin (™) sin (T)
L
= %/ x (cos (27;33) — oS (lex)) (142)
0

=0, (143)

using the hint. We therefore find

9 1 L L
d I T A
/ @) =53 02 9

independent of ¢. This is consistent with the sketch: P(z,t) is clearly symmet-
ric around = = L/2 for the values sketched.
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13 Problems: Case Study: The Free Particle

13.1. Time evolution of a free particle:
Consider a free particle with initial wavefunction ¢ (z, 0).

1. Assuming all relevant integrals converge, show that

m \1/2 [~ im ,
00 = (grm) /_OO da exp (2ht(x_x )2> (e, 0)

is a solution of Schrodinger’s equation for a free particle,

L0 h? o2
'Lh&'(b('mvt) = T om oz 2¢( t).

2. Consider the initial wavefunction

¢(x70):{0 if—a<x<a

0 else

where C' is a normalisation constant you should determine. Write down an
integral for the wavefunction v (x, t) at later times.

Solution:

1. We compute both sides of Schrodinger’s equation by differentiating under the
integral and compare.

First computing derivatives with respect to x:

Dtp(,t) = \/E/Oo dz' 9, exp (;;Z(a: - a:’)2> b(z',0) (144)

024 (z, t) \/;/ o (’g)z (z — x')2] exp (;;”t(x - x')2> W(2',0)

(145)

and hence

h? / m , im , ,
_%82 x,t) 27T7,ht/ [——1—2]52( x)2:| exp (m($—x)2> P(x',0)
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Second computing the derivative with respect to ¢:

o) \/ﬁ = exp (m (e-a )2> ¥(',0) (146)
\/;/ da’ 8texp<2ht($_x) )w(x 0)
\/; [ 2t 271152( xl)z} exp <th (z — x/>2) P(a',0),

(147)

and hence

ihopp(z,t) = 4/ 2mht / {— + 27?2 (x — x/f} exp (;;nt(x — m’)2> ¥(a',0)

We therefore see explicitly that

2

RO (1) = 5D (,1).

2. The normalisation constant is C' = 1/v/2a.

The wavefunction at ¢t > 0 is

B m \V2 [ im 2
(1) = <4m'hat) /,adx P <2ht(xz) ) '

You are not expected to know how to compute this integral.

13.2. Numerical wave packets:
In the notebook linked in the margin, you will find some basic Python code to nu-

merically solve the Schrodinger equation. It is used to compute the time-evolution
of a Gaussian wave packet, based on the discretisation scheme

Y(z,t +dt) = P(z,t —dt)
+idt (e — da, t) + (e + do, t) — 2(1+ V() y(z, t)} . (148)

For more information on this, see section 3.3 of Schroeder’s book.
L

Use this code to verify that width of the Gaussian wave function spreads as J'u pyt\er
-4

/ h2t2
Sample notebook t:
A( ) Ayt + 4m 2A4 ’ (149) nirr?lgr?czﬁyee\(;glve()the

Schrodinger equation.

as we derived analytically.

13.3. Degenerate or non-degenerate?:
In an earlier chapter we have argued that the spectrum of the Hamiltonian operator
on the real line is non-degenerate. However, the present chapter starts by arguing
that there are two wave functions for every energy eigenvalue. Which assumption
in that proof of non-degeneracy does not hold in the present chapter?

33


https://colab.research.google.com/github/kpeeters/quantum_notebooks/blob/master/one_dimensional_particle.ipynb
https://colab.research.google.com/github/kpeeters/quantum_notebooks/blob/master/one_dimensional_particle.ipynb
https://colab.research.google.com/github/kpeeters/quantum_notebooks/blob/master/one_dimensional_particle.ipynb

14 Problems: Two-particle systems

14.1. Verify the normalisation constant for the example wave function used in the notes,

_ 181 [ . /mx1N . 3Ty 1 . 3rxy . 2wy
1/1(:1:1,3;2)—\/33 {sm(l/)sm( 7 >+381n< 7 >sm< T ﬂ

(150)

Solution:

To avoid having to do integrals, write this function in terms of single-particle wave
functions,

Y(x1,22) = Pl {1#1(561)1/13(332) + 1/)3(901)%(@)} . (151)

We can now use orthonormality of the 1, (y) to compute the norm of the wave
function,

oy = 2 / d, / day (w303 (ea) + U (eo) )

9 1
=5 <1+9> 1, (152)

where the cross-terms drop out because of orthonormality of the single-particle
wave functions. The wave function is thus correctly normalised.

14.2. How does the wave function in the previous problem evolve in time?

Solution:

The two terms in the wave function are each eigenfunctions of the Hamiltonian, so
we know their time evolution is simply multiplication with exp(—iEt/%) with E the
energy eigenvalue for each term. So we get

= %l —iB1 3t/h (Lxl) . [ 37y
Pl 1) = \/ZL g T\
+361E1~3t/hsin( 7TLzl>sin< 7;”)] (153)

with the energy eigenvalues

2 2
him? hem?

szt 3%), Esa= R (32 +2%). (154)

Ei3=

15 Problems: Simple Harmonic Oscillator

15.1. Virial theorem:
(Do this problem only after you have read the last chapter, on Ehrenfest’s theorem).

Consider the Hamiltonian H = T+ V where T' = % is the kinetic energy and V' (z)
is the potential energy.

1. Use Ehrenfest’s theorem to show that 0;(xp) = 2(T") — (20, V).
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2. Now consider a stationary solution of Schrodinger’s equation in the simple
harmonic oscillator with potential

1
V(z) = §mw2$2.
Show that
(T) =(V)
Solution:
1. Ehrenfest’s theorem is ]
Ou(A) = 7 ([H, A))

for any Hermitian operator A. We apply this theorem to A = xp. We therefore
compute the commutator on the right,

[H,zp| = z[H,p] + [H,z]p (155)
2
= alV().p] + [ alp
=1ih (xan(:r) — ij) , (156)

where we used the fundamental commutator [z, p] = i%. We therefore find
Op{zp) = 2(T) — (x0, V)

where T = p?/2m is the kinetic energy.

2. First, for the simple harmonic oscillator potential, 29,V (x) = 2V (x). Second,
for a stationary solution of Schrédinger’s equation, the expectation value of
any observable is independent of time. Combining with part (a), we find (T") =
V).

15.2. Ground state of the harmonic oscillator:
Consider the initial wavefunction

2
¥(x,0) = Cexp (_m;hx > .

In this question, there is no need to determine C'!

1. Show that ¢(x,0) is an eigenfunction of a Hamiltonian of the form

and determine the constant k.
2. What is the corresponding energy eigenvalue?

3. Hence write down the wavefunction v (z,t) for ¢ > 0.

Solution:
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1. Compute the action of the Hamiltonian operator on the initial wavefunction,

2
H-(z,0) = ( n o +;kx2> Y(x,0)

 2m 022
h? 0% mee 1,
= — — e T 2h — 1
C2m 89626 + 2kx ¥(x,0) (157)

2

h mwz? muws? 1
= C% <e 2h  — mc;x e 2h > —+ 5k$2¢($,0) (158)

= h?ww(m,O) + (k: - ;mwz) 21 (z,0) . (159)

For the initial wavefunction to be a Hamiltonian eigenfunction, this must equal
E(z,0) where F is a real constant that is independent of z. We therefore
require k = mw? to cancel the term proportional to 2% (x,0).

2. The energy is therefore £ = fiw/2.

3. The wavefunction at later times is

2 B
P(x,t) = Cexp (— m;uhz ) exp (—th> (160)

mwx? 1wt
=Cexp| — o exp -5 )

The constant w has units of inverse time and specifies the frequency of the
harmonic oscillator.

15.3. The coherent state: PROBLEMS CLASS 4
Consider a normalized wave function obeying o
L)
ap(x,t) = age” i (x,1) Py
—4
where Jupyter notebook (on Google
4= 1 (mw:ﬁ 1 A) Colab) to explore the
- /2mhw D time-dependence of coherent
states of the simple harmonic
is the annihilation operator and o € R is a real constant. oscillator.

1. Show that (H) = hw(a + 1).
2. Show that

(z) =/ 772"% o cos(wt) (p) = —V2mhwag sin(wt) .

3. Show that the above result is a solution of Hamilton’s equations.
4. How does the classical energy of the solution of Hamilton’s equations compare
to (H)?

Hint (a): use the form of the hamiltonian H = hw(aTa + %)
Hint (b): first express x, p in terms of a, al.

General hint: remember the definition of the adjoint (1)1, alvs) = (at)y, ).

Solution:

1. The Hamiltonian can be expressed H = fiw(a'a + 3). The expectation value of
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the hamiltonian is therefore

(H) = hw(a'a + %) .

We evaluate the two terms in this expression as follows:

* First, (1) := (¢, 4¢) = 1 for a normalized wave function.
* Second, using the definition of the adjoint,

(a%a) == (,atay) = (aph, ap)) = (ape ™", ape™ ") = ag (¥, ¥) = af

where in the final step we again used that the wave function is normal-
ized.

We conclude that (H) = hw(ad + 3).

2. Let us first compute the expectation values of the ladder operators

<a’> = <¢7a/‘/)> = <¢7 aoe—iwtw> = aoe_i“’t
(a') = (¥, alyh) = (arp, ) = (e ™p, ) = ape™™" . (161)

We now express position and momentum in terms of the ladder operators

2:M (a+ah) (162)

p=—iy/ m;w(a—af).

The expectation values of position and momentum are then

. , 2ha
(x) = f ap(e™™t 4 ety =4/ hag cos(wt) (163)
mw mw
(p) = —iy/ hn;w (e7™t — ety = — J2mhAwa? sin(wt) .

3. This is a solution of Hamilton’s equations with classical energy E = hiwa? > 0.

Tr =

DO

4. If E > 0 denotes the classical energy of the corresponding solution of Hamil-
ton’s equations then (H) = E + $hw. This is consistent with the fact that
(H) > 0 for normalizable wave functions in quantum mechanics. Note that in
the limit oy — 0 we recover the ground state of the simple harmonic oscillator
with ‘zero-point’ energy 1hw.

15.4. Properties of Hamiltonian eigenfunctions: TUTORIAL 4
The ladder operators are defined by

1
a4 = ——(mwT +1ip (164)
vV 2mhw( P)
al = ;(mwi’ —ip).
2mhw

1. Using the canonical commutator [z, p| = ik, show that [a,a] = 1.
2. What property does the ground state ¢y(x) obey?

3. Write down an expression for the excited wave functions ¢, (x) in terms of
creation operators acting on ¢o(x).

4. Compute the expectation values (z), (x?) and the uncertainty Az for ¢, ().

5. Compute the expectation values (p), (p?) and the uncertainty Ap for ¢, ().
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6. Check consistency with Heisenberg’s uncertainty principle.

7. Check that (T") = (V'), where T is the kinetic energy.

Solution:

1. Using the canonical commutation relation [z, p] = ih,

1

] - 2hmw

2. The ground state wave function obeys a - ¢¢(z) = 0.

3. The Hamiltonian eigenfunctions are

n(z) = —=(a')"¢o(z).

2~

They obey the following important properties
* Orthonormality: (¢, d)m = dnm
* Annihilation: a¢, = v/nd,—_1
e Creation: a'¢, = vn + 1¢, 41

which are used freely below.

4. We compute the expectation value of x using ladder operators as follows,

(@) = |/ 5o 0+ a")) (165)

- \/Z@m Vin—1+Vn + 1gni1)

h
=1/ m(\/ﬁén,n—l +Vn+ 105 n41) (166)
=0. 1e67)

The expectation value of z? is computed similarly,

(47) = (6. (0 + a?00) (168)
- %%n, (a® +a™ + aa’ + a'a)¢y,)
- %wm (a® + a'® + 2ata + 1)¢y,) (169)
= %( \% n(n - 1)6n,n—2 + (TL + 1)(” =+ 1)5n,n+2 + (2n + 1)5n,n)
(170)
h
= %(% +1) (171)
h
= m(vﬁ%)- (172)

The uncertainty is therefore

Az = /(x?) — (z)? = \/%(n—ké).
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Note that the hamiltonian eigenfunctions are even or odd functions of =z,
dn(—2) = (—1)"¢,(2). We therefore have |¢,(—z)|*> = |¢,(z)|* and should
have expected (x) = 0.

5. We compute the expectation values of p and p? in the same way,

) = iy "2 G 0~ a")on) (a73)

= 7“/ M<¢m \/ﬁén—l —Vvn+ 1¢n+1>

i b~V D) (174)
=0 (175)
9 hmw 2
<p > = _T<¢nv (G; —a ) ¢n> (176)
- mTw<¢m (—a? —a'? + aa’ +a'a)o,)
= m((ﬁn, (—a® — a'? +2ata + 1)dn) a77)
hmw
—vn(n—1)0pn—2—+vV M+ 1)(n+1)0nnte + 2n+1)0p.n)
(178)
- h”;‘”(gn 1) (179)
= hmw(n + %) . (180)

The uncertainty is therefore

=/ (p hmw n—|—;)

Note that the hamiltonian eigenfunctions ¢, (z) are all real functions and
therefore we should have expected (p) = 0.

6. The product of position and momentum uncertainties is

AxAp =Hh(n+

2) 2

for n > 0. Note that the ground state wave function ¢, (z) saturates the Heisen-
berg uncertainty principle - it is a Gaussian wave function.

7. The expectation values of kinetic and potential energy are

1,5 hw 1
() =5 —p7) = 5 (n+3) (181)
1 5 hw 1
(V) 5w (%) 7(” 5)
and therefore (T') = (V) in agreement with the quantum mechanical Virial
theorem.
15.5. Instantaneous shift of frequency: TUTORIAL 4

For ¢t < 0, a particle is in the ground state of a simple harmonic oscillator of fre-
quency w with stationary wave function

Y(a,t) = e " Pg(x).
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At t = 0 the frequency suddenly doubles to w’ = 2w leaving the wave function
momentarily unchanged.

1. Explain why a measurement at ¢t < 0 yields energy %hw with probability 1.

2. Explain why the probability of measuring energy %hw att > 0 is zero.

3. What is the probability of measuring energy hw just after t = 0?

Solution:
The hamiltonian eigenvalues before are E,, = hw(n + 3) and after are E' = hw'(n+
1) =hw(2n+1).
1. Fort < 0, we have a stationary wave function for the ground state with energy
E() = %hw

2. Fort > 0, the possible outcomes of energy measurements are E/, = iw(2n+1)
with n > 0. The probability to measure $hw at ¢ > 0 is therefore zero.

3. Note that Ejj = 37w’ = hw is the energy of the ground state wave function for
t > 0. Since the wave function is momentarily unchanged, the probability of

measuring this energy just after t = 0 is

P = |(¢0, dp)|

where

1/4
<Z50(33) _ (%) e—mwx2/2h

The probability is therefore

dww! Y2  2Vww' 24/2
) -

P= = ~ 0.943.
[(w—i—w’ 2 w—+w 3 0-943

mw/ 1/4 1,2
do(w) = ( - ) T, (182)
™
are the ground state eigenfunctions functions before and after. We find
/4 poo
o (T 4 (mw' / —mwa?/2h  —mw’'z?/2h
(o, #o) = ( 7h ) ( 7h oo due ¢
1/2 oo ,
(ﬂ_h) 1/4/ dxe—m(w+w Yz2 /2h (183)
Y 1/2
(ﬁ) 1/4 ( w + w ) / dye” g (184)
N (ﬁ) m(w + w’) \/TT (185)
dw’ M

16 Problems: The Continuity Equation

16.1. Interpretation of the probability current:
Let P,;(t) be the probability to find the particle in the interval a < = < b.
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1. Write down a definite integral for P (t).
2. Write down the continuity equation and use it to show that

OrPyp(t) = J(a,t) — J(b,t).
3. Hence discuss the physical interpretation of J(z, t).

Solution:

1. The probability to find the particle in the interval a < x < b is
b b
Pu(t) = / da P(z,t) = / da [ (, )2
2. We compute the derivative with respect to time and use the continuity equation
b
8tpab(t) = / dx 8tp(.’b,t) (187)

b

= —/ dz 0, J(z,1)

= J(a,t) — J(b,t). (188)
3. This equation represents the conservation of probability: the rate of change of

the probability to find the particle in the region a < = < b, is equal to the rate
the probability is flowing in / out at the boundaries z = ¢ and = = b.

16.2. Stationary probability current:
Consider a stationary solution of Schrodinger’s equation,

P(x,t) = e Bz .
1. Write down an expression for the probability density P(x,t) and show that it
is independent of ¢.

2. Write down an expression for the probability current J(z,¢) and show that it
is independent of ¢.

3. Using the continuity equation and part (a), show that J(z, ) is also indepen-
dent of z.

4. Hence explain why J(x,t) = 0 if ¢(x) is square-normalizable.

Solution:

1. For a stationary wavefunction, the probability density is

P(z,t) = [ (2, t)* = [$(2)/?

which is independent of time.

2. For a stationary wavefunction, the probability current is

Tet) = 51 (D00 1) — U, 00,0, 1)
= S (G)0.0(z) — D) 0u() (189

T 2mi

which is independent of time.
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3. The continuity equation is
P+ 0;J=0.

From part (a), we find 9,J = 0 and therefore the probability current is also
independent of position.

4. For a square-normalizable wavefunction, ¢(z) — 0 and therefore J — 0 as
|z| = oo. Since J is independent of position, J = 0 everywhere.

16.3. Probability current in an infinite potential well:
Consider an infinite potential well 0 < z < L.

1. By integrating the continuity equation over 0 < z < L, explain why
J(0,t) — J(L,t) =0.

2. Show that the standard boundary conditions on the wavefunction v (z,t) at
2z = 0 and z = L imply the stronger conditions

J(0,t) = J(L,t) =0.
3. What is the physical interpretation of these results?

Solution:

1. From the continuity equation 0; P + 9,J = 0, the time-derivative of the total
probability to find the particle anywhere in 0 < x < L is

d [t L L
— Pdz = / Oy Pdx = 7/ OpJdx = J(0,t) — J(L,1).
dt Jo 0 0

For the conservation of the total probability we therefore require J(0,t) =
J(L,t) for all ¢.

2. The standard boundary condition for the infinite-square well is

¥(0,t) =(L,t) =0.

We do not set the spatial derivative of the wavefunction to vanish at z = 0, L
because the potential jumps by an infinite amount there. Nevertheless, from
the definition of the probability current

h _ _

we find
J(0,t) =J(L,t) =0.

This is stronger than the condition from part (a). Intuitively, the probability to
find the particle in the regions = < 0 and = > L is zero, so there should not be
any probability flowing into or our of these regions.

16.4. Time-dependence of the probability current:
Consider the infinite potential well 0 < = < L with wavefunction

B, t) = 12(¢1(x)6—iE1t/h + ¢2($)€—2E2t/h)'

S
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1. Show that the probability current has the form
—aind (TN &
J(x,t) = Csin ( 7 ) sin(wt)

where w = (E2 — E1)/h and C > 0 is a constant.

2. Show that
J(0,t) = J(L,t) =0.

What is the physical interpretation of this result?
3. Sketch the probability current J(x,t) at times

;= T 7w 3 27
7w w w w

4. In which direction is the probability “flowing" when
2
M 0<t<™ () ~<t<=2?

w w w

5. Compare this to a sketch of the expectation value

L
(x) = 3= Acos(wt),
where 0 < A < L. Is it consistent?

Hint 1: For part (a), you may assume the result from section 16.5 of the lecture notes.

Hint 2: For part (a), you may use the trigonometric identity

2sin® y = sin(2y) cos(y) — 2 cos(2y) sin(y) .
Solution:
1. In the section “Example: Sum of Two Stationary Wave functions”, we derived

the following formula for the probability current of a sum of Hamiltonian
eigenfunctions of energies F; and F»,

(o t) = % (G20 br — D105 hs) sin(wt)

where w = (Ey — E7)/h. In the present case,

and hence
h
T(@,1) = 5 (620061 — 61062) sin(wt) (150)
= % (sin <22x> cos (%) — 2cos (272%> sin (ﬂ;)) sin(wt)
2h . .
- 2 (5) e

using the hint.

2. It is clear that J(0,t) = J(L,t) = 0 since sin(0) = sin(7) = 0. The physical
explanation is that the wavefunction vanishes for x < 0 and = > L so there
cannot be any probability flowing into / out of these regions.

3. The sequence of sketches is
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t=0 2w w
3T 21
—_ = - 5 t e
2w w

4. 1. For0 <t < Z,J > 0 so the probability is flowing to the right.
2. For Z <t < 27”, J < 0 so the probability is flowing to the left.

5. Let us compare this to the sketch below of the expectation value
L
(x) = 5" A cos(wt)
where A = 16L /972

(z)
L

o
:‘>
~

We see that whenever J > 0 the position expectation value is moving to the
right and vice verse, as expected.

17 Problems: Scattering Problems

17.1. Scattering off a finite step potential:

V(x):{o <0

Consider the potential

Vo x>0

1. What are the boundary conditions on the wavefunction at z = 0?

2. Construct Hamiltonian eigenfunctions appropriate for incoming particles of
energy E > Vj sent from x = —ooc.

3. Compute the reflection and transmission probabilities R and 7" and sketch
them as a function of E/Vj.

4. Check that R + T = 1. Explain!
5. Discuss the behaviour of R, T in the limits £ >> Vj and E — V4.

44



Solution:

See lecture 17.

17.2. Scattering off a delta function potential:
Consider the potential well
V(z) = —ad(x)
where a > 0.

1. Show that a Hamiltonian eigenfunction with energy E > 0 obeys
2m

¢//(x) _ _? (E + Oz(S(Z')) ¢(x) :

2. The wavefunction 1 (x) is continuous at x = 0. By integrating part (a) over
an interval (e, —e) show that the derivative of the wavefunction has a discon-
tinuity at x = 0,

2ma

: / /

lim (¢/() — o/ (~0)) = 7

3. Find the constant & in terms of m, f, E such that

o) eFr preihT if 2 <0

x) = ,
teike if x>0

¢(0).

is a Hamiltonian eigenfunction with £ > 0 for  # 0. What is the physical
interpretation of the three terms?

4. Impose the boundary conditions from part (a) and show that

1 212 E /ma?
1+ 2h2E /ma? 1+ 20*E/ma?’
What is the physical interpretation of R, 7' and why does R+ T = 1?

5. Sketch R, T as a function of energy £ > 0 and explain intuitively their be-
haviour as £ — oc.

R=|r]>= T =t =

Solution:
1. A Hamiltonian eigenfunction in the potential V' (x) = —ad(z) obeys
h2
o (a) — ad(@)o(x) = E(a).

Rearranging this equation,

2m

#'(@) = 2% (B +ad(@) o).

2. Integrating this equation over an interval (e, —e),

@y = -2 [ (B 1 as()le).

T2
—e he J_e

Using the fundamental theorem of calculus and the defining property of the
delta-function é(x), we find

#(0)— 0 = =250 - 2 [ oty
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In the limit ¢ — 0 the second term on the right tends to zero, leaving

lim (¢ (€) — ¢'(—e)) = — 2

e—0 h2

$(0).

3. A by now standard computation shows that k = /2mE/ %%, The components
e*e re~k teihT correspond to the incident, reflected and transmitted waves.

4. Imposing the boundary conditions from part (b), we find

2
14+r=t ik(l—r)—ikt= Z;at.

The solution for r, t is

imao K2k
r=—og T — =y
Ak + ima Ak + ima
We therefore find

2 = m2a? _ 1

2R+ m202 1+ 20%E/ma?

k2nt 2h*E /ma?

It]2 = fma” (192)

TRy m2a? 1+ 202 E /ma?

The quantities R = |r|?, T = [|t|? are the probabilities for a particle with energy
E to be reflected transmitted. The relation R+7 = 1 ensures that probabilities
sum to 1.

5. The solutions look like the following.

0 E

As E — oo, R — 0and T — 1. As the energy of the particle increases so does
the probability of transmission.

17.3. Critical scattering off a potential barrier:
Consider the potential barrier with V, > 0,

0 <0
Vi) =<V O0<z<L. (193)
0 x> L

1. Show that the wavefunction

ethr 4 pe=ikr 0 ()
¢(zr) =4 A+ Bz 0<z<L (194)
tetkr x> L
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is a Hamiltonian eigenfunction with energy £ = Vj; where

kE=/2mVy/h?.

2. What are the boundary conditions at x = 0 and = = L?

3. Imposing the boundary conditions, eliminate A, B and show that

P = W =
K2L2 44 k21244

4. Show that |r|? + |#|?> = 1 and discuss the physical significance of |r|?, |¢|2.

. Sketch |r|?, |t|* as a function of the dimensionless ratio 7 = kL and explain
the behaviour as v — 0 and v — oo.

Solution:

. . . i 52
1. For z < 0 and = < L the Hamiltonian operator is H = 2- and therefore

2
. , B ,
H - e:l:v,km — _ aﬁeizkm _

21.2
h°k ) )
— e:l:lkm — ‘roej:zkm
2m

2m ’

since k = \/2mV,/h*. For 0 < z < L the Hamiltonian operator is H= % +V

and therefore R
H-(A+ Bz)=Vy(A+ Bzx).

In all regions we therefore have Hamitlonian eigenfunctions with energy £ =
Vo.

2. Since the potential has a finite discontinuities at + = 0 and = = L, we require
that the wavefunction ¢(z) and its first derivative ¢’(z) are continuous at
z=0and x = L.

3. The boundary condition at = 0 is
1+r=A4 ik(l—r)=DB.
The boundary condition at z = L is
A+BL=te™ B =ikte'l.

There are four linear equations for four unkowns r, A, B, t. Eliminating A an
B, the solution for r and ¢ is

. kL L 2ie kL
kL +2i T kL4 2i
and therefore oo
= e WP = o
k212 +4 k2L2 +4°

4. It is clear that |r|? + |t|> = 1. The wavefunction describes the reflection and
transmission of particles incoming from the left with definite energy £ = V}.
The quantities |r|?, |t|? are probabilities for an incoming particle to be re-
flected, transmitted. The relation |r|? + |t|? = 1 is the statement that the total
probability is 1.
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5. In terms of the dimensionless ration v = kL,

2
4
2 = =L o2

R

The sketch should shown |r|? starting at 0 when v = 0, increasing monotoni-
cally for 0 < v < oo, and asymptote to 1 as v — oc.

1.0~
08+
0.6+
04+

02

1. The limit ¥ — 0 corresponds to L << f, where |r|> — 0, [¢|* — 1: tun-
nelling is inevitable. If the barrier length is much less than the incoming
wavelength (ox 1), the particle does not resolve the barrier and so the
probability of transmission is high.

2. The limit v — oo corresponds to L >> +, where |r|> — 1 and [t|*> — 0:
reflection is inevitable. If the barrier length is much greater than the
incoming wavelength (o 1), the probability density decays to near zero
inside the barrier and the probability of transmission is high.

17.4. Scattering off a finite potential barrier:

Consider particles with definite energy £ > V; > 0 incoming from the left on the
potential barrier

Vo if 0<z<lL
Vi)=4 " oo
0 otherwise
1. Write down appropriate Hamiltonian eigenfunctions in the regions = < 0,
O<z<L,and x > L.

2. Impose the boundary conditions at = 0 and x = L and hence compute the
transmission and reflection coefficients R, T'.

3. Verify that R+ T = 1.
4. How do R, T behave when E — V;" and E — co? Explain!
5. What happens to R, 7' when

R 2
£ 5 (T)
for n € Z- such that £ > V{j? Why is this happening?

6. Sketch R, T as a function of energy.

Hint (b): after imposing boundary conditions, you should find four linear equations
for four unknowns. At this stage you may use a computer to do the linear algebra.

Solution:

1. The hamiltonian eigenfunctions appropriate for the scattering of particles in-
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3.

coming from x = —oo with energy F are

etk'T 4 pe—ik'e <0
d(x) = < Aetk® + Be~h* <2 < L,
tetk'e x> L

where

K =\/2mE/h? (195)

k=\/2m(E — Vp)/h?

and r, t, A, B are constant we need to determine. For scattering problems, the
wavefunctions are not normalizable and so the overall constant is not phys-
ically meaningful. We have used this freedom to set the coefficient of the
incoming wave to 1.

We now impose ¢(z) and 9,¢(x) are continuous at + = 0 and z = L. The
boundary conditions at x = 0 give

l+r=A+B (196)
K(1—7)=k(A—B)

while those at x = L give

At 4 Bem Rl = gtk (197)
k(AeikL _ BefikL) _ k/teik'L .

This gives four linear equations for the four unknowns r, ¢, A, B. These are
just simultaneous linear equations and the solution can of course be found by
hand with some patience. Instead, you can use a computer. In any case, the
solution for r and ¢ is
k"? — k?)sin(kL
r= (K" — k7) sin(kL) (198)
(k"2 + k2)sin(kL) + 2ik'k cos(kL)
2ik ke =ML
(k"2 + k2)sin(kL) + 2ik’k cos(kL)

t:

The reflection and transmission probabilities are

(k2 — k2)? sin® (kL)
(k"2 + k2)? sin®(kL) + 4k"k2 cos? (kL)
Ak
(k"2 + k2)? sin®(kL) + 4k’2k2 cos? (kL)

R=|r]*= (199)

T = |t]? =
It is straightforward to see that R + T = 1 using sin® z 4 cos? z = 1.

1. The limit £ — Vj corresponds to &' — 0. In this limit we find R — 1 and
T — 0. We recover the classical expectation for £ < Vj.

2. The limit E — oo corresponds to k, k' — co with k/k' = 1. We find R — 0
and T — 1. The potential well has effectively vanishes and the particle
is transmitted with probability 1. We recover the classical expectation for
E> V.
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4. This corresponds to kL = nw with n € Z- (. At these points R =0and T = 1.
They correspond to ‘transmission resonances’ where the particle is transmitted
with probability 1. Roughly, at these points there is destructive interference
between the waves reflected from the boundaries at x = 0 and = = L.

5. The reflection / transmission coefficients looks like:

1

0 E/Vy

18 Problems: Tunnelling

18.1. Tunneling through a finite step potential:
Consider the same problem but with £ < V}.

1. How do the hamiltonian eigenfunctions change in the region = > 0?
2. Explain why the probability current J vanishes for = > 0.

3. Show that R=1and T = 0.

4. Sketch the probability density in the region x > 0.

18.2. Bound States in a Finite Potential Well:

(This problem is similar to problem 9 of the May 2019 exam and provided here
to illustrate the method required to solve it. This problem was not part of the
2020-2021 module). Consider the finite potential well

Vo <0
V(z)=40 0O<z<L.
Vo z>1L
Vo
0
0 L

Consider the following ansatz for “bound state" wavefunctions,

Aer* <0
¢(x) = < Bsinkx + C cos(kx) O<z<lL
De™"* x> L.
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. Find constants x, k in terms of E, Vj such that this is a Hamiltonian eigen-
function with energy 0 < E < Vj.

. Explain why there are no terms in the ansatz proportional to e™"* for x < 0
and e** for x > L.

. What boundary conditions do the wavefunction obey at x = 0 and = = L?

4. Impose the boundary conditions and eliminate A, B, C, D to obtain the

“quantisation condition"
K tankL — ¢

ko 1—}—%tank:L'

. Illustrate solutions of the quantisation condition graphically and show that

1. There is at least one solution independent of L and V.

2. Show that you reproduce the spectrum of the infinite potential well in the
limit Vy — oo.

Solution:

1. The Hamiltonian operator for x < 0 and = > 0 is

hz
H=-_—024+V,
2m

so the ansatz is a Hamiltonian eigenfunction with energy 0 < E < V;, provided

k = 1/2m(Vy — E)/h?. The Hamiltonian operator for 0 < z < L is

and the ansatz is a Hamiltonian eigenfunction with energy 0 < E < Vj pro-

vided k = /2mE/h>.

2. These solutions diverge as x+ — —oo and x — oo respectively and are therefore
not square-normalisable.

3. Since the potential remains finite both the wavefunction ¢(z) and its deriva-
tive ¢/ (z) are continuous at x = 0 and x = L.

Although not asked for in the question, we can show this as follows. First,
continuity of ¢(x) is required for a probabilistic interpretation. Second, con-
sider the equation obeyed by a Hamiltonian eigenfunction

(@) = 23 V() - E)ola).

We now integrate this over a small interval —e < = < ¢ around the discontinu-
ity in the potential at « = 0 to find

_2m [€

¢ (@)le — ¢/ (2)]-c = Sz | V(@)= E)g(z)de,

where we assume ¢'(z) is continuous away from the discontinuity. Provided
V(z) remains finite in —e < x < ¢, the integral on right vanishes in the limit
e — 0. We conclude that ¢’(x) also remains continuous across = = 0. The
argument is identical at x = L.
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4. We now impose the boundary conditions at z = 0 and « = L. First, from the
requirement that the wavefunction and its derivative are continuous across
z = 0, we have
A=C kA =kB.

We can immediately eliminate A, leaving xC = kB. Second, from the require-
ment that the wavefunction and its derivative are continuous across x = 0, we
have

A'e "L = BsinkL + C cos kL (200)
—C (% sinkL + cos kL) (201)

—kA'e " = k(BcoskL — CsinkL) (202)
= xC (cos kL — % sin k‘L) (203)

where we have eliminated B using xC' = kB. Dividing these equations, we
can eliminate the remaining constants A’ and C to find

k  sinkL — 7 coskL

A 20
k coskL + ¢ sinkL (204)
tankL — &
k
= 205
1+ ZtankL (205)

5. We first rearrange to find a quadratic equation for the ratio x/k,
tan kL (f)2+2(5) tan kL = 0
an % k an =U.
whose solution is

K 1 _ 3 _ +tan(%)
k‘fka( 1+ /17 tan kL>_{—cot(k'2L)

Since «, k can be expressed in terms of F, this is a constraint or “quantisation
condition" on the possible eigenvalues E. It is impossible to solve analytically.
However, we can understand the solutions graphically. For this purpose, it is
convenient to introduce the dimensionless variables

L [2mFE L [2mV,
z = 5 7 zZo = 5 h2 .

The quantisation condition then becomes

/ +tanz
28/22 —1= {cotz

We can now understand the solutions by plotting both sides of this equation
on the same graph and looking for their intersection points.
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\/22/22—1 tanz  —cotz

m
2 2

Figure 9: Graphical method to solve the non-linear equation which determines
the energy spectrum.

1. There is a discrete number of solutions, which increases with the dimen-
sionless parameter zy. It is clear graphically that there is always at least
one intersection point for 0 < zy < co.

2. The limit Vj — oo corresponds to zg — oo. In this limit, there are an
infinite number of intersection points that move closer to the asymptotes
z = 4F for n € Z-(. From the definition of z, the intersection points in
this limit correspond to energies

E:hj(nj){
2m \ L

which are those of an infinite square well.

19 Problems: Momentum-space Wave function

19.1. Gaussian in momentum space:

Consider the normalized Gaussian wave function

1 —x22 /4A? ipoxz/h
w(x)zme / epo/

. Compute the momentum expectation values (p), (p?) and uncertainty Ap us-
ing the momentum operator p = —ihd,.

. Show that the momentum space wave function has the form

~ ]. 2 A2
— —(p—po)?/4A
= —— e

vip (2w A2)1/4

up to a constant phase factor and determine A.

3. Repeat part (a) using the momentum probability density.

19.2. Momentum-space wavefunction for a particle in a box:
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A particle confined to the region —a < = < a has wave function
T .
Csin(—) if —a<z<a
W) = a e
0 otherwise

1. Find the normalisation C.
2. Using the momentum operator p = —ihd, show that (p) = 0.

3. Show that the momentum space wave function is

~ [2nh3  sin(pa/h)
P(p) =i a® p?— (hr/a)?’

4. Sketch the momentum probability density |¢(p)|? and hence explain why

1. (p) = 0, compatible with part (b).
2. The mostly likely outcomes of a momentum measurement are

7h
=+,
p a

Hints:

(c) Integrate by parts twice or convert the sine to complex exponentials.
(d) If you are having difficulty with the sketch, try Wolfram Alpha!

Solution:

1. To determine the normalisation,

1= |C’|2/a sin? (%ﬂ) dx

—a

so we can choose C' = 1/+/a.

2. The momentum expectation value is
o0 —_—
o) =i [ FEo.(a)
—00
N x

—a a

and real, which implies that (p) = 0 by problem 1.3.

2 a
= —|C| / <1 — cos (27“6)) dz (206)
2 J_. a

=|Ca, (207)

_ _m% sin (%) cos (ﬁ) (208)
=0 (209)

because the integrand is odd. Alternatively, the wave function is normalised
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3. The momentum space wave function is

- 1 o
= — e~ /M (2)dx
W)= [ )
1 @ T
_ —ipz/h L
%/_ae sm( P ) (210)
_ 1 L iphen/a)e _ —ilp/ht/a)e
= Varha 2i /_ (¢ ‘ ) @D
1 1 6i]oa/h _ 67ipa/h eipa/h _ efipa/h (212)
_\/27rha2< p/h—m/a - p/h+7/a )
3 .
_ 2rh”  sin(pa/h) (213)

@@ = (hrja)?

You may also integrate by parts twice to find the same result!
4. The probability density is

~ 2k’ [ sin(pa/h) 2
Po = (72 )
P(p)
p
—hr/a hr/a

1. The momentum probability density is an even function so (p) = 0.
2. The momentum probability density has global maxima at p = +hn/a.
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