
PROBLEMS CLASS 1

1 Problems: Why Quantum Mechanics?

1.1. Hamilton’s equations:
Write down Hamilton’s equations for a particle in a harmonic potential,

V =
1

2
mω2x2 . (1)

and show that its solutions are as stated.

Solution:

The Hamiltonian and its derivatives with respect to x and p are

H =
1

2m
p2 +

1

2
mω2x2 ,

∂H

∂x
= mω2x ,

∂H

∂p
=

p

m
. (2)

Hamilton’s equations are thus

ẋ(t) =
p(t)

m
, ṗ(t) = −mω2x(t) , (3)

which you can solve in a variety of ways, e.g. by taking the time-derivative of the
first and then inserting the second, to get

ẍ(t) = −ω2x(t) , (4)

and observing that this is solved by

x(t) = C sin(tω + φ) . (5)

The constant C is fixed by inserting both x(t) and p(t) into the Hamiltonian, and
noting that the result should be E.

1.2. Quantisation condition:
Consider the simple harmonic oscillator. Fill in the missing steps in the computation
that takes you from the ad-hoc quantisation condition∫

orbit
pdx = nh , n ∈ Z , (6)

to the conclusion that E = νhn with n ∈ Z.

Solution:

Inserting the solution

x(t) =

√
2E

mω2
sin(ωt+ φ) ,

p(t) =
√
2mE cos(ωt+ φ) ,

(7)

into the integral gives∫
orbit

pdx = 2E

∫
orbit

cos(ωt+ φ)d

(
1

ω
sin(ωt+ φ)

)
. (8)

By applying the chain rule we can rewrite the complicated differential d(. . .) in terms
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of dt. Moreover, one orbit is given by taking t from 0 to 2π/ω. Together, this gives

= 2E

∫ 2π/ω

0

cos2(ωt+ φ)dt =
2πE

ω
. (9)

2 Problems: The Double Slit Experiment

2.1. Approximations:
We have discussed several approximations to arrive at the wave interference pat-
tern

I(x) = 4C2 cos2
(
k

2
(r1 − r2)

)
. (10)

There is one hidden assumption which we have not mentioned explicitly, which is
related to the normalisation constant C. Can you spot it? What would the effect
be of relaxing this assumption?

Solution:

Strictly speaking, the intensity of the wave drops as a function of the distance
from the source, unless you are in one dimension. In two dimensions, you would
have C ∼ 1/r. This means that as you get further away from the axis, and the
distance to the slit gets larger, the intensity drops.

2.2. Finite-width single slit:
Another approximation we have made is that the slits are infinitesimally thin,
which of course in the real world would not allow for electrons to pass through.
We can do better than that.

Consider first a single slit of width b as in the figure below, centered on the x-axis.

Figure 1: Finite-width single slit experiment, with a slit of width b.

You can view this as a superposition of a continuum of sources, so that the wave is
given by

ψ(x, t) = C

∫ b/2

s=−b/2
eikr(x,s)−iωtds . (11)

Express r(x, s) as the sum of r0 plus a correction, then perform this integral. Show
that the intensity |ψ(x, t)|2 takes the form

|ψ(x, t)|2 = C̃2 sin
2 β

β2
, β =

bkx

2L
. (12)

Give a qualitative plot of |ψ(x, t)|2 versus x.
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Solution:

Start by writing
r20 = L2 + x2 , r2(x, s) = L2 + (x− s)2 . (13)

Expanding to first order in x/L gives

r0(x) = L+O((x/L)2) , r(x, s) = L
√
(s/L)2 + 1− L√

(s/L)2 + 1
(x/L)+O((x/L)2) .

(14)
Now also expand r(x, s) to first order in s/L to get

r(x, s) = L− L(s/L)(x/L) +O((x/L)2, (s/L)2) . (15)

A Taylor series expansion to lowest order in s/L and x/L thus yields

r(x, s) = r0 −
sx

L
+O((x/L)2, (s/L)2) . (16)

This means that the amplitude at the screen is

ψ(x) ≈ C

∫ b/2

−b/2
eikr(x,s)−iωtds = Ceikr0−iωt

∫ b/2

−b/2
e−iksx/Lds

= Ceikr0−iωt
iL

kx
e−iksx/L

∣∣∣b/2
s=−b/2

= Ceikr0−iωt
2L

kx
sin

(
kbx

2L

)
.

(17)

The intensity is the norm-squared, so

|ψ(x)|2 = |C|2b2 sin
2 β

β2
, β =

kbx

2L
. (18)

A plot for kb/2L = 1 is given below.
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Figure 2: Interference pattern for a single slit, with the size of the slit b set by
kb/2L = 1 (with arbitrary normalisation for C).

2.3. Finite-width double slit:
Now consider a situation with finite-width slits, as in the figure below. Instead of
integrating the contributions from −b/2 to b/2, we should now integrate (11) over
(a− b)/2 to (a+ b)/2, and then add the contribution from the second slit.

3



Figure 3: Finite-width double slit experiment, with slits of width b with their
midpoints separated by a distance a.

Perform these integrals. Show that the result can be written in the form of the
product of two factors, one which is the interference pattern of infinitesimally thin
double slits separated by a distance a, and one the interference pattern of a single
slit of finite width b.

Solution:

Instead of doing the integral over −b/2 < s < b/2, we now have two integrals, one
ranging over (a− b)/2 < s < (a+ b)/2 and the other ranging over −(a+ b)/2 < s <
−(a − b)/2. The integrand is the same. Working out the 4 exponential terms, you
get, up to the factors irrelevant for |ψ|2,

ψ(x) ∝
(
2L

kx
sinβ

)
cosα , (19)

where the first factor is the single-slit result and the second factor the double-slit.
We can write the intensity as

|ψ(x)|2 ∝ sin2 β

β2
cos2(α) , β =

kbx

2L
, α =

kax

2L
. (20)

Plots for separation a equal to 5 times the slit size b are given below.
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Figure 4: Interference pattern for a single slit superposed with the interfer-
ence pattern of a double-slit screen with infinitesimally small slits. The single
slit parameter is set to kb/2L = 1 and the double-slit separation parameter is
ka/2L = 5.
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Figure 5: Interference pattern for a finite-size double slit, parameters as above.

3 Problems: Wave function and Probabilities

3.1. Practice with wave functions:
The wave function of a particle at time t = 0 is

ψ(x) =


C
x

a
0 ≤ x ≤ a

C
b− x

b− a
a < x ≤ b

0 otherwise

(21)

for constants 0 < a < b.

1. What principle fixes the normalisation C?

2. Find C in terms of a and b.

3. Sketch the probability density P (x) = |ψ(x)|2.
4. Where is the particle most likely to be found?

5. Compute the position expectation value 〈x〉. Does it coincide with your previ-
ous answer?

6. What is the probability of finding the particle in the region x < a?

Solution:

1. The probability to find the particle anywhere should be 1.

2. The total probability is

1 =

∫ ∞

−∞
dx|ψ(x)|2 = |C|2

∫ a

0

dx
(x
a

)2
+ |C|2

∫ b

a

dx

(
b− x

b− a

)2

=
b

3
|C|2 .

Therefore C =
√

3
b up to a phase.

3. Plot of probability density:
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ba
x

P (x)

4. The most likely value (mode) is x = a.

5. The expectation value of x (mean) is

〈x〉 =
∫ b

0

dxx|ψ(x)|2 =
3

b

∫ a

0

dxx
(x
a

)2
+

3

b

∫ b

a

dxx

(
b− x

b− a

)2

=
1

4
(2a+ b) .

The probability distribution is skewed for generic constants 0 < a < b and
therefore the mode and mean to not coincide. However, for a = b

2 the proba-
bility distribution is symmetric and both answers give the same result, b2 .

6. The probability to find the particle in the region x < a is

P (x < a) =

∫ a

0

|ψ(x)|2 =
3

b

∫ a

0

(x
a

)2
=
a

b
.

3.2. More practice with wave functions:
Consider the wave function

ψ(x, t) = Ce−λ|x|e−iωt (22)

where C, λ, ω ∈ R>0.

1. Find the normalisation C.

2. Find the expectation values 〈x〉 and 〈x2〉 and the uncertainty ∆x.

3. Sketch the probability density P (x) and mark the points x± := 〈x〉 ±∆x.

4. What is the probability to find the particle in the region x− < x < x+?

5. Can the wave function be physical if ω has an imaginary part?

Solution:

1. The probability to find the particle anywhere must be 1.

1 =

∫ ∞

∞
|ψ(x, t)|2dx = |C|2

∫ ∞

−∞
e−2λ|x|dx = 2|C|2

∫ ∞

0

e−2λxdx =
|C|2

λ
.

Therefore C =
√
λ up to a phase.
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2. First, 〈x〉 = 0 since the integrand is an odd function of x. Second,

〈x2〉 = λ

∫ ∞

−∞
x2e−2λ|x|dx (23)

= 2λ

∫ ∞

0

x2e−2λxdx

=
λ

2

∂2

∂λ2

∫ ∞

0

e−2λxdx (24)

=
1

2λ2
. (25)

Finally, ∆x =
√
〈x2〉 − 〈x〉2 = 1/

√
2λ.

3. The probability density is P (x, t) = λe−2λ|x|.

x

P (x)

4. We have x± = ±1/
√
2λ. The probability to find the particle in the region

x− < x < x+ is therefore∫ 1/
√
2λ

−1/
√
2λ

λe−2λ|x|dx = 2λ

∫ 1/
√
2λ

0

e−2λxdx = 1− e−
√
2 .

5. If ω had an imaginary part, the probability density would become

P (x, t) = |C|2e−2λ|x|e−i(ω−ω
∗)t

= |C|2e−2λ|x|e2=(ω)t . (26)

Attempting to normalise the wave function we would find

1 =
|C|2

λ
e2=(ω)t ,

which cannot be satisfied for all time t unless =(ω) = 0. Therefore the wave
function is not physical if =(ω) 6= 0.

3.3. Gaussian wave function:
The quantum mechanical wave function of a particle at time t = 0 is

ψ(x) = Ce−(x−x0)2/4∆2

1. Find the normalisation C.

2. Sketch the probability density P (x) = |ψ(x)|2.
3. Find the expectation values 〈x〉 and 〈x2〉 and the uncertainty ∆x.

4. Which parameter controls how well the particle is localised in position space?

7



You may use the Gaussian integrals∫ ∞

−∞
e−y

2
dy =

√
π

∫ ∞

−∞
y2e−y

2
dy =

√
π

2
.

Solution:

1. Probability to find the particle anywhere should be 1. We find,

1 = |C|2
∫ ∞

−∞
dx e−(x−x0)

2/2∆2

(27)

=
√
2∆2|C|2

∫ ∞

−∞
dy e−y

2

=
√
2π∆2 |C|2 , (28)

where we defined y = (x− x0)/
√
2∆2. Therefore

C = 1/(2π∆2)1/4

up to a phase.

2. Sketch of the probability density.

P (x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3. First,

〈x〉 = 1√
2π∆2

∫ ∞

−∞
dxx e−(x−x0)

2/2∆2

(29)

=
1√
π

∫ ∞

−∞
dy (x0 +

√
2∆2 y) e−y

2

=
x0√
π

∫ ∞

−∞
dy e−y

2

(30)

= x0 . (31)
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Second,

〈x2〉 = 1√
2π∆2

∫ ∞

−∞
dxx2 e−(x−x0)

2/2∆2

(32)

=
1√
π

∫ ∞

−∞
dy (x0 +

√
2∆2 y)2 e−y

2

=
x20√
π

∫ ∞

−∞
dy e−y

2

+
2∆2

√
π

∫ ∞

−∞
dy y2 e−y

2

(33)

= x20 +∆2 . (34)

Finally,
∆x =

√
〈x2〉 − 〈x〉2 = ∆ .

4. ∆x = ∆ is a measure of how well localised the particle is in space.

3.4. Another wave packet:
Consider the following wave function

ψ(x) =

√
1

4πh̄δp

∫ p0+δp

p0−δp
eipx/h̄dp .

1. Compute and sketch the probability density P (x).

2. Verify that the wave function is normalised.

3. What happens if you try to compute ∆x?

4. Instead compute the distance δx between the zeroes of P (x) closest to the
origin and show that

δx δp = 2πh̄ .

You may assume the following integral,∫ ∞

−∞

sin2(y)

y2
= π .

Solution:

1. We first compute the integral

ψ(x) =

√
1

4πh̄δp

∫ p0+δp

p0−δp
eipx/h̄dp (35)

=

√
h̄

πδp

eip0x/h sin (xδp/h̄)

x
.

The probability density is therefore

P (x) =
h̄

πδp

sin2 (xδp/h̄)

x2
.
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x

2. Changing variables to y = xδp/h̄, we have∫ ∞

−∞
P (x)dx =

h̄

πδp

∫ ∞

−∞

sin2 (xδp/h̄)

x2
dx

=
1

π

∫ ∞

−∞

sin2(y)

y2
= 1 . (36)

3. The integrals required to compute 〈xn〉 for n > 0 do not converge. Therefore
we cannot compute the uncertainty ∆x.

4. The zeroes closest to the origin are at ±πh̄/δp. We therefore take δx = 2πh̄/δp.

5. Hence δxδp = 2πh̄.

4 Problems: Momentum and Planck’s constant

4.1. Momentum expectation value:
The expectation value of momentum measurements on a particle with wave func-
tion ψ(x) is

〈p〉 = −ih̄
∫ ∞

−∞
dxψ(x) ∂xψ(x) .

You may assume the wave function is normalised,
∫ ∞

−∞
dx|ψ(x)|2 = 1.

1. Show that 〈p〉 is real.

2. Show that if ψ(x) is real then 〈p〉 = 0.

3. Suppose a wave function φ(x) has momentum expectation value 〈p〉φ = P .
Compute the expectation value 〈p〉ψ for

ψ(x) = eixp0/h̄φ(x) .

Solution:
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1. We compute the conjugate

〈p〉 = +ih̄

∫ ∞

−∞
dxψ(x)∂xψ(x)

= −ih̄
∫ ∞

−∞
dx ∂xψ(x)ψ(x) + ih̄

[
|ψ(x)|2

]∞
−∞ (37)

= −ih̄
∫ ∞

−∞
dxψ(x)∂xψ(x) (38)

= 〈p〉 . (39)

In passing to the second line we have integrated by parts. The boundary term
vanishes provided the probability density |ψ(x)|2 vanishes at x→ ±∞. This is
a necessary condition for the wave function to be normalizable,

∫∞
−∞ |ψ(x)|2 <

∞.

2. Assuming the wave function is real ψ(x) = ψ(x), then

〈p〉 = −ih̄
∫ ∞

−∞
dxψ(x)∂xψ(x) (40)

= − ih̄
2

∫ ∞

−∞
dx ∂x(ψ(x)

2)

= − ih̄
2

[
ψ(x)2

]∞
−∞ , (41)

which vanishes for the same reason as the boundary term in part (a).

3. By direct computation

〈p〉ψ = −ih̄
∫ ∞

−∞
dxψ(x)∂xψ(x) (42)

= −ih̄
∫ ∞

−∞
dx e−ixp0/h̄φ(x) ∂x

(
eixp0/h̄φ(x)

)
= −ih̄

∫ ∞

−∞
dxφ(x)

(
∂xφ(x) +

ip0
h̄
φ(x)

)
(43)

= −ih̄
∫ ∞

−∞
dxφ(x)∂xφ(x) + p0

∫ ∞

−∞
dx|φ(x)|2 (44)

= P + p0 (45)

where in the last step we used that the wave function is normalized.

4.2. Gaussian wave function:
Reconsider the Gaussian wave function which you have seen in one of the problems
in the previous chapter.

1. Explain why the momentum expectation value is zero, 〈p〉 = 0.

2. Compute the momentum uncertainty ∆p.

3. Show that the wave function saturates Heisenberg’s uncertainty principle,

∆x∆p ≥ h̄

2
.

4. What happens to ∆p when the particle is localised in space?

5. What changes if you multiply the wave function by eixp0/h̄?
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Solution:

1. The wave function is real.

2. First compute the action of the momentum operator p = −ih̄ ∂
∂x on the wave

function,

pψ(x) = −ih̄ ∂

∂x

(
Ce−(x−x0)

2/4∆2
)

=
ih̄

2∆2
(x− x0)Ce

−(x−x0)
2/4∆2

(46)

=
ih̄

2∆2
(x− x0)ψ(x) . (47)

Acting again, we find

p2 ψ(x) = − h̄2

4∆4

(
(x− x0)

2 − 2∆2
)
ψ(x) .

We can now re-use the position expectation values 〈x〉 = x0 and 〈x2〉 = x20+∆2

computed in question 3 (together with the normalisation condition 〈1〉 = 1) to
compute the momentum expectation values,

〈p〉 = ih̄

2∆2
〈x− x0〉 = 0 (48)

〈p2〉 = − h̄2

4∆2
〈(x− x0)

2 − 2∆2〉

= − h̄2

4∆2

(
〈x2〉 − 2x0〈x〉+ x20 − 2∆2

)
(49)

=
h̄2

4∆2
. (50)

If you are uncomfortable with the above manipulations, you can first compute
the momentum expectation values using the integral definitions

〈p〉 = −ih̄
∫ ∞

−∞
dxψ(x)∂xψ(x)

〈p2〉 = −h̄2
∫ ∞

−∞
dxψ(x)∂2xψ(x) . (51)

You will find that the computation is equivalent to the one above! Finally,
∆p =

√
〈p2〉 − 〈p〉2 = h̄/2∆.

3. Recalling that ∆x = ∆, we have ∆x∆p = h̄/2.

4. The uncertainty in momentum increases.

5. If you multiply the wave function by eixp0/h̄, the momentum expectation value
changes to 〈p〉 = p0.

4.3. Non-normalisable wave functions:
Consider the wave function

ψ1(x) = Ceikx , (52)

for some constant C and k. The total integrated probability is not defined, because
the integral ∫ ∞

−∞
|ψ(x)|2dx (53)

does not exist for any non-zero value of C. However, we can make sense of it by
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‘cutting off’ the integral so that −L < x < L (‘putting the particle in a box’), doing
all computations at finite L, and then taking the limit L → ∞. If you use this
‘regularisation’, what is the expectation value 〈p̂〉 when the system is described by
the wave function above? Also compute 〈p2〉.

Solution:

If we cut off the integrals,

C−2 =

∫ L

−L
dx = 2L , → C = 1/

√
2L , (54)

and the expectation value of the momentum becomes

〈p〉 = C2

∫ L

−L
(−ih̄)(ik)dx = h̄k . (55)

This is independent of L. However, manipulations like these are on a shoddy math-
ematical ground (we e.g. did not discuss the boundary conditions on the wave
function), and we will see some examples where naive reasoning like this goes flat
on its face.

4.4. Momentum in a box:
Consider a particle in an infinite potential well, so that −L/2 < x < L/2. If you
want to show that 〈p〉 is real (see above), you will encounter boundary terms which
need to vanish. Do they? Why?

Solution:

The boundary term you encounter when computing 〈p〉 − 〈p〉 reads

ih̄
[
ψ(x)ψ̄(x)

]L/2
−L/2

. (56)

For generic wave functions ψ(x) this would not vanish. It will, however, vanish if
the wave function vanishes at the edge of the box, which is precisely the condition
we have used in the chapter where we first introduced the wave function.

5 Problems: Schrödinger’s Equation

5.1. Conservation of the inner product:
Consider two square normalizable solutions ψ1(x, t) and ψ2(x, t) of Schrödinger’s
equation.

1. Show that the inner product of these wavefunctions is conserved,

∂t〈ψ1, ψ2〉 = 0 .

2. Hence explain why

1. a normalized wavefunction remains normalized,
2. a pair of orthogonal wavefunctions remain orthogonal.
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Solution:

1. Schrödinger’s equation is
ih̄∂tψ = Ĥ · ψ

and therefore
∂tψ = − i

h̄
Ĥ · ψ .

Computing the time derivative of the inner product,

∂t〈ψ1, ψ2〉 = 〈∂tψ1, ψ2〉+ 〈ψ1, ∂tψ2〉 (57)

= 〈− i

h̄
Ĥ · ψ1, ψ2〉+ 〈ψ1,−

i

h̄
Ĥ · ψ2〉

=
i

h̄

(
〈Ĥ · ψ1, ψ2〉 − 〈ψ1, Ĥ · ψ2〉

)
= 0 (58)

To see that this last line is true, write out what the pointy bracket notation
means:

〈Ĥ · ψ1, ψ2〉 =
∫ ∞

−∞

(
− h̄

2m

∂2

∂x2
ψ1(x) + V (x)ψ1(x)

)∗

ψ2(x) (59)

= bdy. terms +
∫ ∞

−∞
ψ∗
1(x)

(
− h̄

2m

∂2

∂x2
ψ2(x) + V (x)

)
ψ2(x)

(60)

= 〈ψ1, Ĥ · ψ2〉 . (61)

In going to the pre-last line, we have integrated by parts twice to move the
derivative to the ψ2(x) factor, and we have used that V (x) is real.
The cancellation of these two terms in 58 is a manifestation of the fact that Ĥ
is a so-called Hermitian operator. We will discuss this in more detail in chapter
7 & 8.

2. We conclude that 〈ψ1, ψ2〉 is constant in time for any square-normalizable so-
lutions ψ1 and ψ1 of Schrödinger’s equation. The results follow immediately.

5.2. Heat equation:
Consider the Schrödinger equation with, for simplicity, h̄ = 1 and m = 1, and
vanishing potential,

i
∂ψ

∂t
= −1

2

∂ψ

∂x2
. (62)

1. Make the change of variable t = −it̃ and show that this leads to the heat
equation with diffusivity 1/2 (look up these terms if you do not know them).

2. The heat equation has the well-known solution

ψ(x, t̃) =
1√
2πt̃

exp
(
− x2

2t̃

)
, (63)

What does this solution describe? (make some plots at various fixed values
of t̃).

3. Do the inverse transformation t̃ = it on this solution, to obtain your first time-
dependent solution to the Schrödinger equation. Make plots or sketches at a
fixed value of t for the real and imaginary part, as well as the norm |ψ(x, t|2.
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Solution:

1. Under this transformation, and using

∂

∂t
=
∂t̃

∂t

∂

∂t̃
, (64)

we get
∂ψ(x, t̃)

∂t̃
=

1

2

∂2ψ(x, t̃)

∂x2
, (65)

the heat equation with coefficient 1/2.

2. The solution looks like a Gaussian blob which spreads out in time,

-1.5 -1.0 -0.5 0.5 1.0 1.5

0.2

0.4

0.6

0.8

1.0

1.2

Figure 6: Solution of the heat equation, describing a localised high-temperature
region at t̃ = 0.1, 0.2, 0.4, showing how it spreads out.

3. The inverse transform yields

ψ(x, t) =
1√
2πit

exp

(
ix2

2t

)
, (66)

which for t = 0.1 produces the plot below.

Figure 7: Solution of the Schrödinger equation.

We will discuss the use of this solution later when we discuss the free particle
in quantum mechanics.
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6 Problems: The Hilbert Space

6.1. Properties of the inner product:
The inner product on continuous square-integrable functions is

〈ψ1, ψ2〉 =
∫ ∞

−∞
ψ1(x)ψ2(x)dx .

Show that

1. 〈ψ1, ψ2〉 = 〈ψ2, ψ1〉
2. 〈ψ3, a1ψ1 + a2ψ2〉 = a1〈ψ3, ψ1〉+ a2〈ψ3, ψ2〉
3. 〈a1ψ1 + a2ψ2, ψ3〉 = ā1〈ψ1, ψ3〉+ ā2〈ψ2, ψ3〉
4. 〈ψ,ψ〉 ≥ 0

5. 〈ψ,ψ〉 = 0 implies ψ(x) = 0

for any constants a1, a2 ∈ C.

Solution:

1. We have

〈ψ1, ψ2〉 =
∫ ∞

−∞
ψ1(x)ψ2(x) dx (67)

=

∫ ∞

−∞
ψ2(x)ψ1(x) dx

= 〈ψ2, ψ1〉 . (68)

2. We have

〈ψ3, a1ψ1 + a2ψ2〉 =
∫ ∞

−∞
ψ3(x) (a1ψ1(x) + a2ψ2(x)) dx (69)

= a1

∫ ∞

−∞
ψ3(x)ψ1(x)dx+ a2

∫ ∞

−∞
ψ3(x)ψ2(x)dx

= a1〈ψ3, ψ1〉+ a2〈ψ3, ψ2〉 . (70)

3. This follows from parts (a) and (b).

4. We have 〈ψ,ψ〉 =
∫ ∞

−∞
|ψ(x)|2dx ≥ 0 since |ψ(x)|2 ≥ 0 for all x ∈ R.

5. Suppose 〈ψ,ψ〉 =

∫ ∞

−∞
|ψ(x)|2dx = 0. Then |ψ(x)|2 can be non-zero at most

on a set of measure zero in R. But since the wavefunction is continuous,
|ψ(x)|2 = 0 everywhere and therefore ψ(x) = 0.

6.2. Inconsistent?:
Consider the canonical commutation relation

[x̂, p̂] = ih̄ . (71)

We have argued that wave functions are vectors in Hilbert space, and operators are
‘matrices’ acting on those vectors. In this case, the operators x̂ and p̂ are then both

16



matrices, and the right hand side should be read as ‘ih̄ times the unit matrix’. All
fine so far.

Now let use take the trace of the above equation,

Tr
(
[x̂, p̂]

)
= Tr

(
ih̄
)
. (72)

The left-hand side vanishes by virtue of cyclicity of the trace. The right-hand side
clearly does not vanish, as it is the trace over the unit operator. How can this be
consistent?

Solution:

This argument shows that Hilbert space cannot be finite-dimensional, as the trace
of a commutator of finite-dimensional matrices definitely vanishes, and the trace of
a finite-dimensional unit matrix does not.

If you write this in terms of wave functions, you can see the kind of trouble we get
into. The left-hand side would be an integral or infinite sum over all normalisable
wave functions,

Tr
(
[x̂, p̂]

)
“=” − ih̄

∑
all normalisable φ(x)

∫ ∞

−∞
φ(x)

(
x
∂

∂x
− ∂

∂x
x

)
φ(x) dx , (73)

where the derivatives act on everything to the right, and the ‘sum’ of course needs
careful definition. However, the key point is that e.g. in the second term, the deriva-
tive acts on xφ(x), which may not be a normalisable function!

For more details on this and related tricky points, see e.g. F. Gieres. “Dirac’s formal-
ism and mathematical surprises in quantum mechanics”. In: Rept. Prog. Phys. 63
(2000), p. 1893. arXiv: quant-ph/9907069.

7 Problems: Hermitian Operators

7.1. Properties of the adjoint:
The adjoint A† of a linear operator A is defined by

〈ψ1, Aψ2〉 = 〈A†ψ1, ψ2〉

for any continuous square-integrable wavefunctions ψ1(x) and ψ2(x). Show that

1. (A1 +A2)
† = A†

1 +A†
2

2. (aA)† = āA† for any constant a ∈ C

3. (A1A2)
† = A†

2A
†
1

4. (An)† = (A†)n for any n ∈ N

5. If f(x) is a real analytic function of x ∈ R, f(A)† = f(A†).

Solution:

These properties can be shown algebraically using the properties of the inner prod-
uct in question 2.1.
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1. We have

〈ψ, (A1 +A2)ψ
′〉 = 〈ψ,A1ψ

′ +A2ψ
′〉 (74)

= 〈ψ,A1ψ
′〉+ 〈ψ,A2ψ

′〉

= 〈A†
1ψ,ψ

′〉+ 〈A†
2ψ,ψ

′〉 (75)

= 〈A1ψ +A2ψ,ψ
′〉 (76)

= 〈(A†
1 +A†

2)ψ,ψ
′〉 (77)

and therefore (A1 +A2)
† = A†

1 +A†
2.

2. We have

〈ψ, (aA)ψ′〉 = 〈ψ, a(Aψ′)〉 (78)

= a〈ψ,Aψ′〉
= a〈A†ψ,ψ′〉 (79)

= 〈ā(A†ψ,ψ′〉 (80)

= 〈(āA†)ψ,ψ′〉 (81)

and therefore (aA)† = āA†.

3. We have

〈ψ, (A1A2)ψ
′〉 = 〈ψ,A1(A2ψ

′)〉 (82)

= 〈A†
1ψ,A2ψ

′〉

= 〈A†
2(A

†
1)ψ,ψ

′〉 (83)

= 〈(A†
2A

†
1)ψ,ψ

′〉 (84)

and therefore (A1A2)
† = A†

2A
†
1.

4. From part (c), we have immediately (A2)† = (A†)2. We now proceed by in-
duction on n. Let us assume (An)† = (A†)n. Then

(An+1)† = (AAn)† = (An)†A† = (A†)nA† = (A†)n+1

where have again used part (c) with A1 = A and A2 = An.

5. A real analytic function f(x) has a convergent power series expansion

f(x) =

∞∑
n=0

fnx
n

with real coefficients fn ∈ R. The result now follows from parts (a), (b), and
(d).

7.2. Properties of Hermitian operators:
Hermitian operators satisfy various properties which will be important in later
chapters:

1. Show that any linear operator A can be expressed as a sum

A = U + V

where U † = U is Hermitian and V † = −V is anti-Hermitian.

2. Show that if A and B are Hermitian then A+B is Hermitian.

3. Show that if A is Hermitian then aA is Hermitian if and only if a ∈ R. What
happens if a ∈ iR?
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4. Show that if A and B are Hermitian then the commutator

[A,B] := AB −BA

is anti-Hermitian.

5. Suppose A and B are Hermitian. Under what condition is AB Hermitian?

6. Show that if A is Hermitian then An is Hermitian for n > 0.

Solution:

For this question, you will need to use properties of the adjoint from question 2.

1. We can express any linear operator as A = U + V where

U =
1

2
(A+A†) V =

1

2
(A−A†) .

It is straightforward to see that U† = U and V † = −V .

2. Suppose A and B are Hermitian, then (A + B)† = A† + B† = A + B and
therefore A+B is Hermitian.

3. Suppose A is Hermitian and a ∈ C. Then (aA)† = āA† = āA. Therefore aA is
Hermitian if a ∈ R and anti-Hermitian if a ∈ iR.

4. The commutator is [A,B] = AB −BA. Computing the adjoint

[A,B]† = (AB)† − (BA)† = B†A† −A†B† = BA−AB = −[A,B] .

5. Suppose A and B are Hermitian then (AB)† = B†A† = BA. So AB is Hermi-
tian if AB = BA, or equivalently if [A,B] = 0.

6. If A is Hermitian, we have (An)† = (A†)n = An. This implies f(A) is also
Hermitian where f(a) is a real analytic function.

7.3. Eigenfunctions have zero uncertainty:
Consider a eigenfunction of a Hermitian operator A with eigenvalue a. You may
assume the wavefunction is normalised.

1. Show that 〈An〉 = an for any n > 0.

2. Hence show that ∆A = 0.

3. What is the physical interpretation of these results?

Solution:

1. Since A · ψ = aψ we also have An · ψ = anψ for any n > 0 and therefore

〈An〉 = 〈ψ,An · ψ〉 = an〈ψ,ψ〉 = an

since 〈ψ,ψ〉 = 1 for a normalised wavefunction.

2. Using part (a), (∆A)2 = 〈A2〉 − 〈A〉2 = a2 − a2 = 0.

3. An eigenfunction of a Hermitian operator A has zero uncertainty for mea-
surements of A. In fact a measurement of A will yield the eigenvalue a with
probability 1.
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8 Problems: The Spectrum of a Hermitian Operator

8.1. More on Hermitian operators:
A Hermitian operator obeys A† = A or equivalently 〈Aψ1, ψ2〉 = 〈ψ1, Aψ2〉 for any
square-normalizable ψ1(x), ψ2(x).

1. Show that eigenvalues of Hermitian operators are real.
2. Show that two eigenfunctions of a Hermitian operator with different eigen-

values are orthogonal.
3. Show that position x̂ and momentum p̂ are Hermitian.

4. Show that Ĥ = p̂2

2m + V (x) is Hermitian.
5. Why are measurable quantities represented by Hermitian operators?

Solution:

1. Suppose Aψ = aψ. We have,

〈ψ,Aψ〉 = 〈ψ, aψ〉 = a〈ψ,ψ〉 (85)

〈Aψ,ψ〉 = 〈aψ, ψ〉 = ā〈ψ,ψ〉 .

Subtracting these equations we find (a − ā)〈ψ,ψ〉 = 0. Assuming ψ 6= 0, we
find a = ā and therefore a ∈ R.

2. Suppose Aψ1 = a1ψ1 and Aψ2 = a2ψ2 with a1 6= a2. We have

〈ψ1, Aψ2〉 = 〈ψ1, a2ψ2〉 = a2〈ψ1, ψ2〉 (86)

〈Aψ1, ψ2〉 = 〈a1ψ1, ψ2〉 = ā1〈ψ1, ψ2〉 = a1〈ψ1, ψ2〉 .

Subtracting these equations we find (a2−a1)〈ψ1, ψ2〉 = 0 and therefore 〈ψ1, ψ2〉 =
0 since a1 6= a2.

3. For position, using the fact that x ∈ R,

〈x̂ · ψ1, ψ2〉 =
∫ ∞

−∞
xψ1(x)ψ2(x) dx (87)

=

∫ ∞

−∞
ψ1(x)xψ2(x) dx

= 〈ψ1, x̂ · ψ2〉 (88)

For momentum, integrating by parts,

〈p̂ · ψ1, ψ2〉 =
∫ ∞

−∞
−ih̄∂ψ1(x)

∂x
ψ2(x)dx (89)

=

∫ ∞

−∞
ih̄
∂ψ1(x)

∂x
ψ2(x)dx

=

∫ ∞

−∞
ψ1(x)

(
−ih̄∂ψ2(x)

∂x

)
dx (90)

= 〈ψ1, p̂ · ψ2〉 . (91)

where in passing to the third line we have integrated by parts and discarded
the boundary term since ψ1(x)ψ2(x) must vanish as x → ±∞ for square-
normalizable wavefunctions.
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4. For the hamiltonian, we can use the properties of the adjoint together with the
fact that x and p are Hermitian to show

Ĥ† =
(p̂2)†

2m
+ V (x)† (92)

=
(p̂†)2

2m
+ V (x†)

=
p̂2

2m
+ V (x) = Ĥ . (93)

where we assume the potential V (x) is a real analytic function. You can also
show this directly using the differential operator

H = − h̄2

2m

∂2

∂x2
+ V (x)

inside the inner product and integrating by parts twice.

5. In quantum mechanics, the possible outcomes of a measurement are the eigen-
values of the corresponding linear operator A. Measurements must yield real
numbers. If A is Hermitian, this is guaranteed from part (a).

In quantum mechanics, if a measurement of A yields the result a1, then the
probability another measurement will yield a different result a2 6= a1 immedi-
ately afterwards is zero. If A is Hermitian, this is guaranteed from part (b).

8.2. Delta function:
Prove the following property of the Dirac delta function δ(x) and the Heaviside
step function θ(x) by integrating with a test function g(x).

dθ(x)

dx
= δ(x) , (94)

Also prove

δ
(
f(x)

)
=

∑
x0 s.t. f(x0) = 0

δ(x− x0)∣∣∣df(x)dx

∣∣∣ . (95)

You may want to start by doing an explicit example, e.g. by rewriting∫ ∞

−∞
δ(x2 − 4)g(x)dx , (96)

as the sum of two integrals over y = x2 − 4. Be careful with signs and the order of
integration limits.

Solution:

1. For a smooth test function g(x) we have∫ ∞

−∞
g(x)

d

dx
θ(x)dx = −

∫ ∞

−∞

d

dx
g(x)θ(x)dx = −

∫ ∞

0

d

dx
g(x)dx = −g(x)

∣∣∣∞
0

= g(0) ,

(97)
from which the conclusion follows.

2. Change variables to y = f(x) so that dy = |f ′(x)|dx (where the absolute sign
is used so we can keep the integration limits for integration over y in natural

21



TUTORIAL 2

order). This gives∫ ∞

−∞
g(x)δ

(
f(x)

)
dx =

∫
g
(
x = f−1(y)

) δ(y)∣∣∣f ′(x)∣∣∣dy . (98)

The integral on the right-hand side may consist of of multiple integrals if f(x)
is not monotonic. The integrals get contributions at y = 0 only, where the
integral will lead to replacement of x with the value of x at which y = 0. That
can also be done in terms of an integral over x,

=

∫ ∞

−∞

∑
x s.t. f(x)=0

δ(x− x0)∣∣∣f ′(x)∣∣∣ g(x)dx , (99)

from which the requested result follows.
The example would give f(x) = x2 − 4 so that f ′(x) = 2x, and f ′(−2) = −4
and f ′(2) = 4. If you use dy = f ′(x)dx and keep track of the integration
direction, you get∫ ∞

−∞
δ(x2 − 4)g(x)dx =

∫ −4

∞
δ(y)

g(x = −
√
y + 4)

−4
dy +

∫ ∞

−4

δ(y)
g(x =

√
y + 4)

4
dy

=

∫ ∞

−4

δ(y)

[
g(x = −

√
y + 4)

4
+
g(x =

√
y + 4)

4

]
dy

=
1

4

(
g(x = −2) + g(x = 2)

)
.

(100)

9 Problems: Postulates of Quantum Mechanics

9.1. Momentum space representation:
Recall that classically there is a symmetry between position and momentum. In
fact, we could also have formulated the postulates of quantum mechanics in terms
of a so-called momentum wave function ψ̃(p) with momentum operator p̂ = p
and position operator x̂ = ih̄∂p. Can you work out the commutator [x̂, p̂] in this
representation? We will return to this formulation in a later chapter.

Solution:

In this representation, we get

[x̂, p̂] ψ̃(p) = x̂(p̂ ψ(x))− p̂(x̂ ψ(x))

= ih̄
∂

∂p
(pψ(p))− p

(
ih̄
∂

∂p
ψ(p)

)
= ih̄ ψ(p) .

(101)

Which of course gives the same result as we derived before using the position rep-
resentation.

9.2. Wave function collapse:
A quantum mechanical system is, at t = 0, prepared in a state described by the
wave function

ψ(t = 0, x) = C

(
1√
2
ψE=1(x) + eiαψE=2(x)

)
, (102)
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where the wave functions on the right-hand side are orthonormal energy eigen-
functions. Both C and α are real constants.

1. Determine the constant C.

2. An energy measurement is made. What are the possible outcomes, and what
are the probabilities of those outcomes?

3. Subsequently, the position of the particle is measured. What do you know
about the wave function of the system immediately after this measurement?

Solution:

1. Because 〈ψ1|ψ2〉 = 0 and each of the wave functions is normalised, we have

〈ψ|ψ〉 = C2

(
1

2
|ψ1|2 + |ψ2|2

)
= C2 3

2
, ⇒ C =

√
2/3 . (103)

2. Either E = 1 with probability 1/3, or E = 2 with probability 2/3.

3. The position operator does not commute with the energy operator, and in
particular the energy eigenstates are not position eigenstates. Rather, the wave
function will now be an eigenfunction of the position operator, which is a Dirac
delta function at the position at which the particle was measured to be.

10 Problems: Commutators and Uncertainty Principle

10.1. Generalised uncertainty principle:
Derive the generalised uncertainty principle,

(∆A)2 (∆B)2 ≥
(

1

2i
〈[Â, B̂]〉

)2

, (104)

where (∆Â)2 = 〈Â2〉 − 〈Â〉2 and similar for B̂.

10.2. Energy-position uncertainty relation:
Show that measurements of position and measurements of energy of a particle in
one dimension satisfy the uncertainty relation

∆x∆E ≥ h̄

2m

∣∣〈p〉∣∣ . (105)

10.3. Time-energy uncertainty relation (sort of):
For an operator Q̂ which does not depend on time explicitly, we have

d

dt
〈Q̂〉 = i

h̄
〈[Ĥ, Q̂]〉 . (106)

For small ∆t and small standard-deviation ∆Q we can write

∆Q ≈

∣∣∣∣∣d〈Q̂〉
dt

∣∣∣∣∣∆t . (107)

What is the meaning of ∆t here? Use (107) to derive the “time-energy uncertainty
relation” ∆H∆t ≥ h̄/2. What does this ‘uncertainty relation’ express?
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Solution:

1. Writing
a(x) := (Â− 〈ψÂψ〉)ψ(x) (108)

and ditto for B̂ we can write

(∆A)2(∆B)2 = 〈a, a〉〈b, b〉 ≥ |〈a, b〉|2 . (109)

Setting z = 〈a, b〉 we then have

|z|2 ≥ Im(z)2 =

(
1

2i
(z − z∗)

)2

, (110)

For the particular z we have

〈a, b〉 = 〈ÂB̂〉 − 〈Â〉〈B̂〉 (111)

and similar for the conjugate. Using that for the difference z − z∗ then gives
the requested result.

2. This requires computing

[x̂, Ĥ] =
1

2m
[x̂, p̂2] =

ih̄

m
p̂ . (112)

and thus

(∆x)2(∆E)2 ≥
(
h̄

2m
〈p̂〉
)2

, (113)

from which the relation follows.

3. Insertion of the Schrödinger equation into the uncertainty relation gives

∆H∆Q ≥ h̄

2

∣∣∣∣∣d〈Q̂〉
dt

∣∣∣∣∣ . (114)

Then inserting the definition of ∆t and rearranging factors produces the E − t
uncertainty relation.
The symbol ∆t is the time it takes the expectation value of the (arbitrary)
operator Q̂ to change by one standard deviation.
The uncertainty relation expresses the fact that if all observables change rapidly
(∆t small), then the uncertainty in the energy must be large, and if all observ-
ables change slowly, the uncertainty in the energy is small.
See Griffiths for more detail and discussion.

11 Problems: Energy Revisited

11.1. Delta function potential:
So far we have seen only situations in which the energy spectrum is either contin-
uous (when e.g. V (x) = 0 everywhere) or discrete (e.g. the infinite square well).
That is not the generic situation, however. Most potentials lead to spectra which
have both a discrete and a continuous part.

Consider particle on a real line with potential given by

V (x) = −α δ(x) , (115)
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where α > 0.

1. Solve for the most general ψ(x) in the region x < 0 which is an eigenfunc-
tion of the Hamiltonian with negative eigenvalue E. This should have one
unknown parameter (in addition to the constant E).

2. Do the same for the region x > 0. This again should have one unknown
parameter (again, in addition to E).

3. Impose that the wave function is continuous. Integrate the Hamiltonian eigen-
function equation over an interval −ε < x < ε with ε→ 0. Use this to relate E
to α.

4. Unit-normalise the wave function to completely fix ψ(x).

There is thus a single (bound) state with E < 0.

We will look at the continuum part of the spectrum (eigenfunctions with E > 0)
later (problem in chapter 17).

Solution:

1. The eigenvalue equation is

− h̄2

2m

∂2

∂x2
ψ(x) + V (x)ψ(x) = E(x)ψ(x) . (116)

For x < 0 the potential V (x) = −αδ(x) vanishes, and the general solution
reads

x < 0 : ψ(x) = Ae−κx +Beκx , κ =

√
−2mE

h̄2
. (117)

For a normalisable solution A = 0.

2. For x > 0 the story is similar, now we get

ψ(x) = B̃e−κx . (118)

3. Continuity implies B = B̃. Integrating the eigenfunction equation over an
infinitesimal region around x = 0 yields∫ ε

−ε

(
− h̄2

2m
ψ′′(x)− αδ(x)ψ(x)− Eψ(x)

)
dx . (119)

The last term vanishes in the limit ε→ 0, while the second term gives −αψ(0) =
−αB. The first term is a total derivative, equal to

− h̄2

2m
ψ′(x)

∣∣∣ε
x=−ε

= − h̄2

2m
2Bκ . (120)

Together we thus find

κ =
mα

h̄2
, or E = −mα

2

2h̄2
. (121)

4. Integrating the norm-squared of the wave function over all of space gives∫
|ψ2| = 2|B|2

∫ ∞

0

e−2κxdx =
|B|2

κ
= 1 , → |B| =

√
κ . (122)
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12 Problems: Stationary states

12.1. Properties of stationary states:
Suppose {φj(x)} is an orthonormal basis of eigenfunctions of the Hamiltonian Ĥ
with eigenvalues {Ej}. Consider the stationary wavefunctions

ψj(x, t) := e−Ejt/h̄φj(x) .

1. Show that 〈ψi, ψj〉 = δij for all t.

2. Show that ψ(x, t) satisfy Schödinger’s equation.

3. Hence explain why
ψ(x, t) =

∑
j

cjψj(x, t)

is a solution of Schrödinger’s equation for any cj ∈ C.

4. What equation do cj obey if the wavefunction is normalised, 〈ψ,ψ〉 = 1?

5. Show that the probability of measuring energy Ej is independent of t.

Solution:

See chapter “Energy Revisited”.

12.2. Time evolution on a circle:
An orthonormal basis of Hamiltonian eigenfunctions for a free particle on a circle
of circumference L is

φn(x) =
1√
L
exp

(
2πinx

L

)
n ∈ Z

with energy eigenvalues

En =
h̄2

2m

(
2πn

L

)2

.

x
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Figure 8: A particle on a circle.

1. The normalised initial wavefunction is

ψ(x, 0) =

√
2

L
cos

(
2πx

L

)
.

Find the wavefunction ψ(x, t) at t > 0 and explain why the solution is a
stationary wavefunction.

2. Suppose the Hamiltonian operator is deformed to

Ĥ =
1

2m
(p̂+ α)2 ,

where 0 < α < πh̄
L is a constant. Find the new wavefunction ψ(x, t) at t > 0

and explain why the solution is no longer stationary.
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Solution:

1. Following the recipe described in the lectures, we first expand the initial wave-
function as a linear combination

ψ(x, 0) =
1√
2L

(
e2πix/L + e−2πix/L

)
=

1√
2
(φ1(x) + φ−1(x)) . (123)

The wavefunction at later times is therefore

ψ(x, t) =
1√
2

(
φ1(x)e

−iE1t/h̄ + φ−1(x)e
−iE−1t/h̄

)
=

√
2

L
cos

(
2πx

L

)
e−i

2h̄π2

mL2 t , (124)

where we have used

E1 = E−1 =
2h̄2π2

mL2
.

We could also have noticed that since E1 = E−1, the initial wavefunction
ψ(x, 0) is a Hamiltonian eigenfunction. The time evolution is therefore a sta-
tionary solution of Schrödinger’s equation.

2. The energy eigenvalues become

En =
h̄2

2m

(
2πn

L
+
α

h̄

)2

.

The wavefunction at later times is now

ψ(x, t) =
1√
2

(
φ1(x)e

−iE1t/h̄ + φ−1(x)e
−iE−1t/h̄

)
=

√
2

L
cos

(
2π

L

(
x− αt

m

))
exp

[
−i h̄t

2m

((
2π

L

)2

+
(α
h̄

)2)]
. (125)

As a consistency check, this reduces to the previous result when α → 0. Since
now E1 6= E−1 the initial wavefunction ψ(x, 0) is no longer a Hamiltonian
eigenfunction and so the wavefunction at later times is not a stationary solu-
tion of Schrödinger’s equation.

12.3. Time dependence in a square well I:
The wavefunction of an infinite square well 0 < x < L at time t = 0 is

ψ(x, 0) = C(φ1(x) + φ2(x))

1. Write down the normalisation factor C.

2. Write down the wave function ψ(x, t) at t ≥ 0.

3. What are the possible outcomes of an energy measurement and their proba-
bilities? Why do they not depend on time?

4. Show that the position expectation value has the form

〈x〉 = L

2
−A cos(ωt)

and determine the constants A and ω.
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5. Sketch 〈x〉 as a function of t.

6. How would your sketch change if the initial wavefunction were

ψ(x, 0) = C(φ1(x) + φ3(x)) ?

You may use the integral
∫ π

0
dy y cos (ny) =

(−1)n − 1

n2
for n ∈ Z>0.

Solution:

1. The normalisation is C = 1/
√
2 up to a constant phase.

2. The wavefunction at time t ≥ 0 is

ψ(x, t) =
1√
2
(φ1(x)e

−iE1t/h̄ + φ2(x)e
−iE2t/h̄) .

3. The possible outcomes and probabilities are

E1 : P1 =
1

2
(126)

E2 : P2 =
1

2
.

The probabilities of energy measurements are always independent of time be-
cause the phases e−iEjt/h̄ cancel out in computing Pj = |〈φj , ψ〉|2.

4. Using the inner product notation, the position expectation value is

〈x〉 = 〈ψ, x̂ ψ〉

=
1

2
〈φ1e−iE1t/h̄ + φ2e

−iE2t/h̄, φ1e
−iE1t/h̄ + φ2e

−iE2t/h̄〉 (127)

= 〈φ1, x̂ φ1〉+ 〈φ2, x̂ φ2〉+ e−i(E2−E1)t/h̄〈φ1, x̂ φ2〉+ e−i(E1−E2)t/h̄〈φ2, x̂ φ1〉
(128)

= 〈φ1, x̂ φ1〉+ 〈φ2, x̂ φ2〉+ e−iωt〈φ1, x̂ φ2〉+ eiωt〈φ2, x̂ φ1〉 (129)

where
ω = (E1 − E2)/h̄ .

We know that
〈φ1, x̂ φ1〉 = 〈φ2, x̂ φ2〉 =

L

2

because the Hamiltonian eigenfunctions are either symmetric or anti-symmetric
around the centre of the potential well. Using the definite integral given in the
question, the cross term is

〈φ1, x̂ φ2〉 =
1

L

∫ L

0

dxx sin
(πx
L

)
sin

(
2πx

L

)
=

L

π2

∫ π

0

dy y sin (y) sin (2y) (130)

=
L

π2

∫ L

0

dy y (cos (y)− cos (3y)) (131)

= − L

π2

(
1

12
− 1

32

)
= − 8L

9π2
,
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with the same result for 〈φ2, x̂ φ1〉. Putting these results together, we find

〈x〉 = L

2
− 16L

9π2
cos(ωt)

and can identify A = 16L/9π2.

5. The sketch should look like the following.

L
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!
<latexit sha1_base64="7zBnA5+vu4mKHvjsCkHpF671C/I=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTu2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlZSU4g==</latexit><latexit sha1_base64="7zBnA5+vu4mKHvjsCkHpF671C/I=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTu2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlZSU4g==</latexit><latexit sha1_base64="7zBnA5+vu4mKHvjsCkHpF671C/I=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTu2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlZSU4g==</latexit>

A
<latexit sha1_base64="fPLvpA0aOqiT9xxHYfE/CJm75fw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4qXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOmVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo2a5V6LU+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/844yK</latexit><latexit sha1_base64="fPLvpA0aOqiT9xxHYfE/CJm75fw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4qXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOmVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo2a5V6LU+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/844yK</latexit><latexit sha1_base64="fPLvpA0aOqiT9xxHYfE/CJm75fw=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4qXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOmVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo2a5V6LU+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/844yK</latexit>

6. If we replace φ2(x) → φ3(x) in the initial wavefunction, the cross term in the
computation of 〈x〉 vanishes,

〈φ1, x̂ φ3〉 =
1

L

∫ L

0

dxx sin
(πx
L

)
sin

(
3πx

L

)
=

L

π2

∫ π

0

dy y sin (y) sin (3y) (132)

=
L

π2

∫ L

0

dy y (cos (2y)− cos (4y)) (133)

= 0

and therefore 〈x〉 = L/2 independent of time.

12.4. Time dependence in a square well II:

The initial wavefunction in an infinite square well 0 < x < L is

ψ(x, 0) = C sin3
(πx
L

)
.

1. Express ψ(x, 0) as a linear combination of an orthonormal basis of Hamilto-
nian eigenfunctions φn(x).
Hint: express sin3(z) as a linear combination of sin(3z) and sin(z).

2. Using the orthonormality of φn(x), determine C.

3. What are the possible outcomes of an energy measurement and their proba-
bilities?

4. Hence find the expectation value 〈H〉.
5. Write down the wavefunction ψ(x, t) for arbitrary later time t > 0.

6. Show that the probability density has the form

P (x, t) = f(x) + g(x) cos(ωt)

and determine the functions f(x) and g(x) and the constant ω.

7. Sketch P (x, t) in the region 0 < x < L at times

t = 0,
π

ω
,
2π

ω
.
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8. Show that 〈x〉 = L

2
independent of t. Is this consistent with your sketches?

You may use the integral
∫ π

0
dy y cos (ny) =

(−1)n − 1

n2
for n ∈ Z>0.

Solution:

1. We first expand

sin(x) =
1

2i
(eix − e−ix) (134)

sin3(x) = − 1

8i
(eix − e−ix)3

= − 1

8i
(e3ix − 3eix + 3e−ix − e−3ix) (135)

=
3

4
sin(x)− 1

4
sin(3x) (136)

and therefore

ψ(x) = C

√
L

2

(
3

4
φ1(x)−

1

4
φ3(x)

)
.

2. We now compute inner product using the orthonormal property of the eigen-
functions,

〈ψ,ψ〉 = L|C|2

2

((
3

4

)2

+

(
1

4

)2
)

=
5L

16
|C|2 .

For the wavefunction to be normalised, we therefore require C =
√

16
5L , up to

a constant phase.

3. Substituting the normalisation C back in, the wavefunction is

ψ(x) =

√
8

5

(
3

4
φ1(x)−

1

4
φ3(x)

)
(137)

=

√
9

10
φ1(x)−

√
1

10
φ3(x) .

The possible outcomes and an energy measurement and their probabilities are
therefore given by

E1 : P1 =
9

10
(138)

E3 : P3 =
1

10
.

4. The expectation value of the hamiltonian is

〈H〉 = P1E1 + P2E2 =
9

10
E1 +

1

10
E3 =

9h̄2π2

10mL2
.

5. The wave function for t > 0 is

ψ(x, 0) =
3√
10
φ1(x)e

−iE1t/h̄ − 1√
10
φ3(x)e

−iE3t/h̄ .
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6. Noting that the wavefunctions φn(x) are real, the probability density is

P (x, t) = |ψ(x, t)|2 (139)

=
9

10
φ1(x)

2 +
1

10
φ3(x)

2 − 3

10
φ1(x)φ3(x)

(
e−i(E1−E3)t/h̄ + c.c.

)
=

9

10
φ1(x)

2 +
1

10
φ3(x)

2 − 6

10
φ1(x)φ3(x) cos(ωt) , (140)

where

ω =
E3 − E1

h̄
=

4h̄π2

mL2
.

Therefore

f(x) =
9

10
φ1(x)

2 +
1

10
φ3(x)

2 =
9

5L
sin2

(πx
L

)
+

1

5L
sin2

(
3πx

L

)
g(x) = − 6

10
φ1(x)φ3(x) = − 6

5L
sin
(πx
L

)
sin

(
3πx

L

)
. (141)

7. The sketch looks like the following.

t =
⇡

!
<latexit sha1_base64="iIWVoeQX6E5nZNEo0gg6ZKdxzOk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEC7oRCm5cVrAPaEKZTCft0HmEmYlQYhb+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1Rwqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaowaWHJpOpGSBNGBWkZahjpJoogHjHSicY3U7/zQJSmUtybSUJCjoaCxhQjY6W+e2TgNQxihXAWJDTPAsnJEOV9t+rVvBngMvELUgUFmn33KxhInHIiDGZI657vJSbMkDIUM5JXglSTBOExGpKepQJxosNsdn8OT60ygLFUtoSBM/X3RIa41hMe2U6OzEgvelPxP6+XmvgqzKhIUkMEni+KUwaNhNMw4IAqgg2bWIKwovZWiEfIhmFsZBUbgr/48jJpn9f8i5p3V6826kUcZXAMTsAZ8MElaIBb0AQtgMEjeAav4M15cl6cd+dj3lpyiplD8AfO5w/OrJXu</latexit>

t = 0,
2⇡

!
<latexit sha1_base64="MhCFOUcPmuzNXQmwIzgrrKdai3k=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgIWE3BrQRAjaWEcwDskuYncwmQ+axzMwKYUlh46/YWChi60fY+TdOki008cCFwzn3cu89UcKoNp737RTW1jc2t4rbpZ3dvf0D9/CorWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGNzO/80CUplLcm0lCQo6GgsYUI2Olvls28Bp68BwGsUI4qwUJnWaB5GSIpn234lW9OeAq8XNSATmaffcrGEicciIMZkjrnu8lJsyQMhQzMi0FqSYJwmM0JD1LBeJEh9n8iSk8tcoAxlLZEgbO1d8TGeJaT3hkOzkyI73szcT/vF5q4qswoyJJDRF4sShOGTQSzhKBA6oINmxiCcKK2lshHiGbhrG5lWwI/vLLq6Rdq/oXVe+uXmnU8ziKoAxOwBnwwSVogFvQBC2AwSN4Bq/gzXlyXpx352PRWnDymWPwB87nD9cHlu4=</latexit>

0
<latexit sha1_base64="Zz2nKBecOmeW76vE+I7Xt/8GsAM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W966rbrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdY2MqA==</latexit>

L
<latexit sha1_base64="k6nTXUMf5Qui9AGdTo2m6GewgzQ=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0GtAzYWFgkYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljvl8puxZ2DrBIvJ2XIUe+XvnqDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtVTSCLWfzQ+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GyKNgRv+eVV0rqseFcVt1Et16p5HAU4hTO4AA+uoQZ3UIcmMEB4hld4cx6dF+fd+Vi0rjn5zAn8gfP5A5/9jMQ=</latexit>

P (x, t)
<latexit sha1_base64="BpGSK8BRyn0Xcwkrq0+QrgJdaqM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBAiSNjVgB4DXjxGMA9IQpidzCZjZmeXmV4xLPkHLx4U8er/ePNvnCR70MSChqKqm+4uP5bCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95iPXRkTqHscx74Z0oEQgGEUrNWqlp3M86xWKbtmdgSwTLyNFyFDrFb46/YglIVfIJDWm7bkxdlOqUTDJJ/lOYnhM2YgOeNtSRUNuuuns2gk5tUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBtfdVKg4Qa7YfFGQSIIRmb5O+kJzhnJsCWVa2FsJG1JNGdqA8jYEb/HlZdK4KHuXZfeuUqxWsjhycAwnUAIPrqAKt1CDOjB4gGd4hTcncl6cd+dj3rriZDNH8AfO5w+GSo5j</latexit>

8. To compute the expectation value first note that∫ L

0

dxxφn(x)
2 =

L

2

for any n > 0 since φn(x)2 is symmetric around x = L/2. You may check this
explicitly using the hint if you are not convinced. The remaining integral we
need is∫ L

0

dxxφ1(x)φ3(x)dx =
2

L

∫ L

0

x sin
(πx
L

)
sin

(
3πx

L

)
=

1

L

∫ L

0

x

(
cos

(
2πx

L

)
− cos

(
4πx

L

))
(142)

= 0 , (143)

using the hint. We therefore find

〈x〉 =
∫ L

0

dxx f(x) =
9

10
· L
2
+

1

10
· L
2
=
L

2

independent of t. This is consistent with the sketch: P (x, t) is clearly symmet-
ric around x = L/2 for the values sketched.
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13 Problems: Case Study: The Free Particle

13.1. Time evolution of a free particle:
Consider a free particle with initial wavefunction ψ(x, 0).

1. Assuming all relevant integrals converge, show that

ψ(x, t) =
( m

2πih̄t

)1/2 ∫ ∞

−∞
dx′ exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)

is a solution of Schrödinger’s equation for a free particle,

ih̄
∂

∂t
ψ(x, t) = − h̄2

2m

∂2

∂x2
ψ(x, t) .

2. Consider the initial wavefunction

ψ(x, 0) =

{
C if − a < x < a

0 else

where C is a normalisation constant you should determine. Write down an
integral for the wavefunction ψ(x, t) at later times.

Solution:

1. We compute both sides of Schrödinger’s equation by differentiating under the
integral and compare.

First computing derivatives with respect to x:

∂xψ(x, t) =

√
m

2πih̄t

∫ ∞

−∞
dx′ ∂x exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0) (144)

=

√
m

2πih̄t

∫ ∞

−∞
dx′

im

h̄t
(x− x′) exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)

∂2xψ(x, t) =

√
m

2πih̄t

∫ ∞

−∞
dx′

[
im

h̄t
+

(
im

h̄t

)2

(x− x′)2

]
exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)

(145)

and hence

− h̄2

2m
∂2xψ(x, t) =

√
m

2πih̄t

∫ ∞

−∞
dx′

[
− ih̄
2t

+
m

2t2
(x− x′)2

]
exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)
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Sample notebook to
numerically evolve the
Schrödinger equation.

Second computing the derivative with respect to t:

∂tψ(x, t) = ∂t

√
m

2πih̄t

∫ ∞

−∞
dx′ exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0) (146)

+

√
m

2πih̄t

∫ ∞

−∞
dx′ ∂t exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)

=

√
m

2πih̄t

∫ ∞

−∞
dx′

[
− 1

2t
− im

2h̄t2
(x− x′)2

]
exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0) ,

(147)

and hence

ih̄∂tψ(x, t) =

√
m

2πih̄t

∫ ∞

−∞
dx′

[
− ih̄
2t

+
m

2t2
(x− x′)2

]
exp

(
im

2h̄t
(x− x′)2

)
ψ(x′, 0)

We therefore see explicitly that

ih̄∂tψ(x, t) = − h̄2

2m
∂xψ(x, t) .

2. The normalisation constant is C = 1/
√
2a.

The wavefunction at t > 0 is

ψ(x, t) =
( m

4πih̄at

)1/2 ∫ a

−a
dx′ exp

(
im

2h̄t
(x− x′)2

)
.

You are not expected to know how to compute this integral.

13.2. Numerical wave packets:
In the notebook linked in the margin, you will find some basic Python code to nu-
merically solve the Schrödinger equation. It is used to compute the time-evolution
of a Gaussian wave packet, based on the discretisation scheme

ψ(x, t+ dt) = ψ(x, t− dt)

+ idt
[
ψ(x− dx, t) + ψ(x+ dx, t)− 2

(
1 + V (x)

)
ψ(x, t)

]
. (148)

For more information on this, see section 3.3 of Schroeder’s book.

Use this code to verify that width of the Gaussian wave function spreads as

∆(t) = ∆

√
1 +

h̄2t2

4m2∆4
, (149)

as we derived analytically.

13.3. Degenerate or non-degenerate?:
In an earlier chapter we have argued that the spectrum of the Hamiltonian operator
on the real line is non-degenerate. However, the present chapter starts by arguing
that there are two wave functions for every energy eigenvalue. Which assumption
in that proof of non-degeneracy does not hold in the present chapter?
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14 Problems: Two-particle systems

14.1. Verify the normalisation constant for the example wave function used in the notes,

ψ(x1, x2) =

√
18

5

1

L

[
sin
(πx1
L

)
sin

(
3πx2
L

)
+

1

3
sin

(
3πx1
L

)
sin

(
2πx2
L

)]
.

(150)

Solution:

To avoid having to do integrals, write this function in terms of single-particle wave
functions,

ψ(x1, x2) =

√
18

5

1

2

[
ψ1(x1)ψ3(x2) +

1

3
ψ3(x1)ψ2(x2)

]
. (151)

We can now use orthonormality of the ψn(y) to compute the norm of the wave
function,

〈ψ,ψ〉 = 18

5

1

4

∫ L

0

dx1

∫ L

0

dx2

(
ψ2
1(x1)ψ

2
3(x2) +

1

9
ψ2
3(x1)ψ

2
2(x2)

)

=
9

10

(
1 +

1

9

)
= 1 , (152)

where the cross-terms drop out because of orthonormality of the single-particle
wave functions. The wave function is thus correctly normalised.

14.2. How does the wave function in the previous problem evolve in time?

Solution:

The two terms in the wave function are each eigenfunctions of the Hamiltonian, so
we know their time evolution is simply multiplication with exp(−iEt/h̄) with E the
energy eigenvalue for each term. So we get

ψ(x1, x2, tt) =

√
18

5

1

L

[
e−iE1,3t/h̄ sin

(πx1
L

)
sin

(
3πx2
L

)

+
1

3
e−iE1,3t/h̄ sin

(
3πx1
L

)
sin

(
2πx2
L

)]
. (153)

with the energy eigenvalues

E1,3 =
h̄2π2

2mL2
(1 + 32) , E3,2 =

h̄2π2

2mL2
(32 + 22) . (154)

15 Problems: Simple Harmonic Oscillator

15.1. Virial theorem:
(Do this problem only after you have read the last chapter, on Ehrenfest’s theorem).

Consider the Hamiltonian H = T +V where T = p2

2m is the kinetic energy and V (x)
is the potential energy.

1. Use Ehrenfest’s theorem to show that ∂t〈xp〉 = 2〈T 〉 − 〈x∂xV 〉.
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2. Now consider a stationary solution of Schrödinger’s equation in the simple
harmonic oscillator with potential

V (x) =
1

2
mω2x2 .

Show that
〈T 〉 = 〈V 〉 .

Solution:

1. Ehrenfest’s theorem is
∂t〈A〉 =

i

h̄
〈[H,A]〉

for any Hermitian operator A. We apply this theorem to A = xp. We therefore
compute the commutator on the right,

[H,xp] = x[H, p] + [H,x]p (155)

= x[V (x), p] + [
p2

2m
,x]p

= ih̄

(
x∂xV (x)− p2

m

)
, (156)

where we used the fundamental commutator [x, p] = ih̄. We therefore find

∂t〈xp〉 = 2〈T 〉 − 〈x∂xV 〉

where T = p2/2m is the kinetic energy.

2. First, for the simple harmonic oscillator potential, x∂xV (x) = 2V (x). Second,
for a stationary solution of Schrödinger’s equation, the expectation value of
any observable is independent of time. Combining with part (a), we find 〈T 〉 =
〈V 〉.

15.2. Ground state of the harmonic oscillator:
Consider the initial wavefunction

ψ(x, 0) = C exp

(
−mωx

2

2h̄

)
.

In this question, there is no need to determine C!

1. Show that ψ(x, 0) is an eigenfunction of a Hamiltonian of the form

Ĥ =
p̂2

2m
+

1

2
kx̂2

and determine the constant k.

2. What is the corresponding energy eigenvalue?

3. Hence write down the wavefunction ψ(x, t) for t > 0.

Solution:
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PROBLEMS CLASS 4

Jupyter notebook (on Google
Colab) to explore the
time-dependence of coherent
states of the simple harmonic
oscillator.

1. Compute the action of the Hamiltonian operator on the initial wavefunction,

Ĥ · ψ(x, 0) =
(
− h̄2

2m

∂2

∂x2
+

1

2
kx2
)
ψ(x, 0)

= −C h̄2

2m

∂2

∂x2
e−

mωx2

2h̄ +
1

2
kx2ψ(x, 0) (157)

= C
h̄ω

2

(
e−

mωx2

2h̄ − mωx2

h̄
e−

mωx2

2h̄

)
+

1

2
kx2ψ(x, 0) (158)

=
h̄ω

2
ψ(x, 0) +

(
k − 1

2
mω2

)
x2ψ(x, 0) . (159)

For the initial wavefunction to be a Hamiltonian eigenfunction, this must equal
E ψ(x, 0) where E is a real constant that is independent of x. We therefore
require k = mω2 to cancel the term proportional to x2ψ(x, 0).

2. The energy is therefore E = h̄ω/2.

3. The wavefunction at later times is

ψ(x, t) = C exp

(
−mωx

2

2h̄

)
exp

(
− iEt

h̄

)
(160)

= C exp

(
−mωx

2

2h̄

)
exp

(
− iωt

2

)
.

The constant ω has units of inverse time and specifies the frequency of the
harmonic oscillator.

15.3. The coherent state:
Consider a normalized wave function obeying

âψ(x, t) = α0e
−iωtψ(x, t) .

where
â =

1√
2mh̄ω

(mωx̂+ ip̂)

is the annihilation operator and α0 ∈ R is a real constant.

1. Show that 〈H〉 = h̄ω(α2
0 +

1
2).

2. Show that

〈x〉 =
√

2h̄

mω
α0 cos(ωt) 〈p〉 = −

√
2mh̄ωα0 sin(ωt) .

3. Show that the above result is a solution of Hamilton’s equations.

4. How does the classical energy of the solution of Hamilton’s equations compare
to 〈H〉?

Hint (a): use the form of the hamiltonian H = h̄ω(a†a+ 1
2).

Hint (b): first express x, p in terms of a, a†.

General hint: remember the definition of the adjoint 〈ψ1, a
†ψ2〉 = 〈aψ1, ψ2〉.

Solution:

1. The Hamiltonian can be expressed H = h̄ω(a†a+ 1
2 ). The expectation value of
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TUTORIAL 4

the hamiltonian is therefore

〈H〉 = h̄ω〈a†a+ 1

2
〉 .

We evaluate the two terms in this expression as follows:

• First, 〈1〉 := 〈ψ,ψ〉 = 1 for a normalized wave function.
• Second, using the definition of the adjoint,

〈a†a〉 := 〈ψ, a†aψ〉 = 〈aψ, aψ〉 = 〈α0e
−iωtψ, α0e

−iωtψ〉 = α2
0〈ψ,ψ〉 = α2

0

where in the final step we again used that the wave function is normal-
ized.

We conclude that 〈H〉 = h̄ω(α2
0 +

1
2 ).

2. Let us first compute the expectation values of the ladder operators

〈a〉 = 〈ψ, aψ〉 = 〈ψ, α0e
−iωtψ〉 = α0e

−iωt

〈a†〉 = 〈ψ, a†ψ〉 = 〈aψ, ψ〉 = 〈α0e
−iωtψ,ψ〉 = α0e

+iωt . (161)

We now express position and momentum in terms of the ladder operators

x =

√
h̄

2mω
(a+ a†) (162)

p = −i
√
h̄mω

2
(a− a†) .

The expectation values of position and momentum are then

〈x〉 =
√

h̄

2mω
α0(e

−iωt + e+iωt) =

√
2h̄α2

0

mω
cos(ωt) (163)

〈p〉 = −i
√
h̄mω

2
(e−iωt − e+iωt) = −

√
2mh̄ωα2

0 sin(ωt) .

3. This is a solution of Hamilton’s equations with classical energy E = h̄ωα2
0 ≥ 0.

4. If E ≥ 0 denotes the classical energy of the corresponding solution of Hamil-
ton’s equations then 〈H〉 = E + 1

2 h̄ω. This is consistent with the fact that
〈H〉 > 0 for normalizable wave functions in quantum mechanics. Note that in
the limit α0 → 0 we recover the ground state of the simple harmonic oscillator
with ‘zero-point’ energy 1

2 h̄ω.

15.4. Properties of Hamiltonian eigenfunctions:
The ladder operators are defined by

a =
1√

2mh̄ω
(mωx̂+ ip̂) (164)

a† =
1√

2mh̄ω
(mωx̂− ip̂) .

1. Using the canonical commutator [x̂, p̂] = ih̄, show that [a, a†] = 1.

2. What property does the ground state φ0(x) obey?

3. Write down an expression for the excited wave functions φn(x) in terms of
creation operators acting on φ0(x).

4. Compute the expectation values 〈x〉, 〈x2〉 and the uncertainty ∆x for φn(x).

5. Compute the expectation values 〈p〉, 〈p2〉 and the uncertainty ∆p for φn(x).
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6. Check consistency with Heisenberg’s uncertainty principle.

7. Check that 〈T 〉 = 〈V 〉, where T is the kinetic energy.

Solution:

1. Using the canonical commutation relation [x, p] = ih̄,

[
a, a†

]
=

1

2h̄mω
[mωx+ ip,mωx− ip] =

1

2h̄
(−i[x, p] + i[p, x]) = 1 .

2. The ground state wave function obeys a · φ0(x) = 0.

3. The Hamiltonian eigenfunctions are

φn(x) :=
1√
n!
(a†)nφ0(x) .

They obey the following important properties

• Orthonormality: 〈φn, φ〉m = δnm
• Annihilation: aφn =

√
nφn−1

• Creation: a†φn =
√
n+ 1φn+1

which are used freely below.

4. We compute the expectation value of x using ladder operators as follows,

〈x〉 =
√

h̄

2mω
〈φn, (a+ a†)φn〉 (165)

=

√
h̄

2mω
〈φn,

√
nφn−1 +

√
n+ 1φn+1〉

=

√
h̄

2mω
(
√
nδn,n−1 +

√
n+ 1δn,n+1) (166)

= 0 . (167)

The expectation value of x2 is computed similarly,

〈x2〉 = h̄

2mω
〈φn, (a+ a†)2φn〉 (168)

=
h̄

2mω
〈φn, (a2 + a†2 + aa† + a†a)φn〉

=
h̄

2mω
〈φn, (a2 + a†2 + 2a†a+ 1)φn〉 (169)

=
h̄

2mω
(
√
n(n− 1)δn,n−2 +

√
(n+ 1)(n+ 1)δn,n+2 + (2n+ 1)δn,n)

(170)

=
h̄

2mω
(2n+ 1) (171)

=
h̄

mω
(n+

1

2
) . (172)

The uncertainty is therefore

∆x =
√
〈x2〉 − 〈x〉2 =

√
h̄

mω
(n+

1

2
) .
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Note that the hamiltonian eigenfunctions are even or odd functions of x,
φn(−x) = (−1)nφn(x). We therefore have |φn(−x)|2 = |φn(x)|2 and should
have expected 〈x〉 = 0.

5. We compute the expectation values of p and p2 in the same way,

〈p〉 = −i
√
h̄mω

2
〈φn, (a− a†)φn〉 (173)

= −i
√
h̄mω

2
〈φn,

√
nφn−1 −

√
n+ 1φn+1〉

= −i
√
h̄mω

2
(
√
nδn,n−1 −

√
n+ 1δn,n+1) (174)

= 0 (175)

〈p2〉 = − h̄mω
2

〈φn, (a− a†)2φn〉 (176)

=
h̄mω

2
〈φn, (−a2 − a†2 + aa† + a†a)φn〉

=
h̄mω

2
〈φn, (−a2 − a†2 + 2a†a+ 1)φn〉 (177)

=
h̄mω

2
(−
√
n(n− 1)δn,n−2 −

√
(n+ 1)(n+ 1)δn,n+2 + (2n+ 1)δn,n)

(178)

=
h̄mω

2
(2n+ 1) (179)

= h̄mω(n+
1

2
) . (180)

The uncertainty is therefore

∆p =
√
〈p2〉 − 〈p〉2 =

√
h̄mω(n+

1

2
) .

Note that the hamiltonian eigenfunctions φn(x) are all real functions and
therefore we should have expected 〈p〉 = 0.

6. The product of position and momentum uncertainties is

∆x∆p = h̄(n+
1

2
) ≥ h̄

2

for n ≥ 0. Note that the ground state wave function φ0(x) saturates the Heisen-
berg uncertainty principle - it is a Gaussian wave function.

7. The expectation values of kinetic and potential energy are

〈T 〉 = 1

2m
〈p2〉 = h̄ω

2
(n+

1

2
) (181)

〈V 〉 = 1

2
mω2〈x2〉 = h̄ω

2
(n+

1

2
)

and therefore 〈T 〉 = 〈V 〉 in agreement with the quantum mechanical Virial
theorem.

15.5. Instantaneous shift of frequency:
For t < 0, a particle is in the ground state of a simple harmonic oscillator of fre-
quency ω with stationary wave function

ψ(x, t) = e−itω/2φ0(x) .

39



At t = 0 the frequency suddenly doubles to ω′ = 2ω leaving the wave function
momentarily unchanged.

1. Explain why a measurement at t < 0 yields energy 1
2 h̄ω with probability 1.

2. Explain why the probability of measuring energy 1
2 h̄ω at t > 0 is zero.

3. What is the probability of measuring energy h̄ω just after t = 0?

Solution:

The hamiltonian eigenvalues before are En = h̄ω(n+ 1
2 ) and after are E′ = h̄ω′(n+

1
2 ) = h̄ω(2n+ 1).

1. For t < 0, we have a stationary wave function for the ground state with energy
E0 = 1

2 h̄ω.

2. For t > 0, the possible outcomes of energy measurements are E′
n = h̄ω(2n+1)

with n ≥ 0. The probability to measure 1
2 h̄ω at t > 0 is therefore zero.

3. Note that E′
0 = 1

2 h̄ω
′ = h̄ω is the energy of the ground state wave function for

t > 0. Since the wave function is momentarily unchanged, the probability of
measuring this energy just after t = 0 is

P = |〈φ0, φ′0〉|2

where

φ0(x) =
(mω
πh̄

)1/4
e−mωx

2/2h̄

φ′0(x) =

(
mω′

πh̄

)1/4

e−mω
′x2/2h̄ . (182)

are the ground state eigenfunctions functions before and after. We find

〈φ0, φ′0〉 =
(mω
πh̄

)1/4(mω′

πh̄

)1/4 ∫ ∞

−∞
dxe−mωx

2/2h̄e−mω
′x2/2h̄

=
( m
πh̄

)1/2
(ωω′)1/4

∫ ∞

−∞
dxe−m(ω+ω′)x2/2h̄ (183)

=
( m
πh̄

)1/2
(ωω′)1/4

(
2h̄

m(ω + ω′)

)1/2 ∫ ∞

−∞
dye−y

2

(184)

=
( m
πh̄

)1/2
(ωω′)1/4

(
2h̄

m(ω + ω′)

)1/2 √
π (185)

=

[
4ωω′

(ω + ω′)2

]1/4
. (186)

The probability is therefore

P =

[
4ωω′

(ω + ω′)2

]1/2
=

2
√
ωω′

ω + ω′ =
2
√
2

3
∼ 0.943 .

16 Problems: The Continuity Equation

16.1. Interpretation of the probability current:
Let Pab(t) be the probability to find the particle in the interval a < x < b.
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1. Write down a definite integral for Pab(t).
2. Write down the continuity equation and use it to show that

∂tPab(t) = J(a, t)− J(b, t) .

3. Hence discuss the physical interpretation of J(x, t).

Solution:

1. The probability to find the particle in the interval a ≤ x ≤ b is

Pab(t) =

∫ b

a

dxP (x, t) =

∫ b

a

dx |ψ(x, t)|2 .

2. We compute the derivative with respect to time and use the continuity equation

∂tPab(t) =

∫ b

a

dx ∂tP (x, t) (187)

= −
∫ b

a

dx ∂xJ(x, t)

= J(a, t)− J(b, t) . (188)

3. This equation represents the conservation of probability: the rate of change of
the probability to find the particle in the region a < x < b, is equal to the rate
the probability is flowing in / out at the boundaries x = a and x = b.

16.2. Stationary probability current:
Consider a stationary solution of Schrödinger’s equation,

ψ(x, t) = e−iEt/h̄φ(x) .

1. Write down an expression for the probability density P (x, t) and show that it
is independent of t.

2. Write down an expression for the probability current J(x, t) and show that it
is independent of t.

3. Using the continuity equation and part (a), show that J(x, t) is also indepen-
dent of x.

4. Hence explain why J(x, t) = 0 if φ(x) is square-normalizable.

Solution:

1. For a stationary wavefunction, the probability density is

P (x, t) = |ψ(x, t)|2 = |φ(x)|2

which is independent of time.

2. For a stationary wavefunction, the probability current is

J(x, t) =
h̄

2mi
(ψ̄(x, t)∂xψ(x, t)− ψ(x, t)∂xψ̄(x, t))

=
h̄

2mi
(φ̄(x)∂xφ(x)− φ(x)∂xφ̄(x)) , (189)

which is independent of time.
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3. The continuity equation is
∂tP + ∂xJ = 0 .

From part (a), we find ∂xJ = 0 and therefore the probability current is also
independent of position.

4. For a square-normalizable wavefunction, φ(x) → 0 and therefore J → 0 as
|x| → ∞. Since J is independent of position, J = 0 everywhere.

16.3. Probability current in an infinite potential well:
Consider an infinite potential well 0 < x < L.

1. By integrating the continuity equation over 0 < x < L, explain why

J(0, t)− J(L, t) = 0 .

2. Show that the standard boundary conditions on the wavefunction ψ(x, t) at
x = 0 and x = L imply the stronger conditions

J(0, t) = J(L, t) = 0 .

3. What is the physical interpretation of these results?

Solution:

1. From the continuity equation ∂tP + ∂xJ = 0, the time-derivative of the total
probability to find the particle anywhere in 0 < x < L is

d

dt

∫ L

0

Pdx =

∫ L

0

∂tPdx = −
∫ L

0

∂xJdx = J(0, t)− J(L, t) .

For the conservation of the total probability we therefore require J(0, t) =
J(L, t) for all t.

2. The standard boundary condition for the infinite-square well is

ψ(0, t) = ψ(L, t) = 0 .

We do not set the spatial derivative of the wavefunction to vanish at x = 0, L
because the potential jumps by an infinite amount there. Nevertheless, from
the definition of the probability current

J =
h̄

2mi
(ψ̄∂xψ − ψ∂xψ̄)

we find
J(0, t) = J(L, t) = 0 .

This is stronger than the condition from part (a). Intuitively, the probability to
find the particle in the regions x < 0 and x > L is zero, so there should not be
any probability flowing into or our of these regions.

16.4. Time-dependence of the probability current:
Consider the infinite potential well 0 < x < L with wavefunction

ψ(x, t) =
1√
2
(φ1(x)e

−iE1t/h̄ + φ2(x)e
−iE2t/h̄) .
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1. Show that the probability current has the form

J(x, t) = C sin3
(πx
L

)
sin(ωt)

where ω = (E2 − E1)/h̄ and C > 0 is a constant.
2. Show that

J(0, t) = J(L, t) = 0 .

What is the physical interpretation of this result?
3. Sketch the probability current J(x, t) at times

t = 0,
π

2ω
,
π

ω
,
3π

2ω
,
2π

ω
.

4. In which direction is the probability “flowing" when

(i) 0 < t <
π

ω
(ii)

π

ω
< t <

2π

ω
?

5. Compare this to a sketch of the expectation value

〈x〉 = L

2
−A cos(ωt) ,

where 0 < A < L
2 . Is it consistent?

Hint 1: For part (a), you may assume the result from section 16.5 of the lecture notes.

Hint 2: For part (a), you may use the trigonometric identity

2 sin3 y = sin(2y) cos(y)− 2 cos(2y) sin(y) .

Solution:

1. In the section “Example: Sum of Two Stationary Wave functions”, we derived
the following formula for the probability current of a sum of Hamiltonian
eigenfunctions of energies E1 and E2,

J(x, t) =
h̄

2m
(φ2∂xφ1 − φ1∂xφ2) sin(ωt)

where ω = (E2 − E1)/h̄. In the present case,

φ1 =

√
2

L
sin
(πx
L

)
φ2 =

√
2

L
sin

(
2πx

L

)
and hence

J(x, t) =
h̄

2m
(φ2∂xφ1 − φ1∂xφ2) sin(ωt) (190)

=
h̄π

mL2

(
sin

(
2πx

L

)
cos
(πx
L

)
− 2 cos

(
2πx

L

)
sin
(πx
L

))
sin(ωt)

=
2h̄π

mL2
sin3

(πx
L

)
sin(ωt) (191)

using the hint.

2. It is clear that J(0, t) = J(L, t) = 0 since sin(0) = sin(π) = 0. The physical
explanation is that the wavefunction vanishes for x < 0 and x > L so there
cannot be any probability flowing into / out of these regions.

3. The sequence of sketches is

43



t = 0
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⇡

2!
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t =
⇡

!
<latexit sha1_base64="nasbfbzn3Jg60Yz4Cg0wXTz3X9M=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARXJVECupCKLhxWcFooQllMp20Q+cRZiZCiVn4K25cqLj1O9z5N07bLLT1wIXDOfdy7z1xyqg2nvftVJaWV1bXquu1jc2t7R13d+9Oy0xhEmDJpOrESBNGBQkMNYx0UkUQjxm5j0dXE//+gShNpbg145REHA0ETShGxko998DASxgmCuE8TGmRh5KTASp6bt1reFPAReKXpA5KtHvuV9iXOONEGMyQ1l3fS02UI2UoZqSohZkmKcIjNCBdSwXiREf59P4CHlulDxOpbAkDp+rviRxxrcc8tp0cmaGe9ybif143M8l5lFORZoYIPFuUZAwaCSdhwD5VBBs2tgRhRe2tEA+RDcPYyGo2BH/+5UUSnDYuGv5Ns95qlmlUwSE4AifAB2egBa5BGwQAg0fwDF7Bm/PkvDjvzsesteKUM/vgD5zPHzQ5lcA=</latexit><latexit sha1_base64="nasbfbzn3Jg60Yz4Cg0wXTz3X9M=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARXJVECupCKLhxWcFooQllMp20Q+cRZiZCiVn4K25cqLj1O9z5N07bLLT1wIXDOfdy7z1xyqg2nvftVJaWV1bXquu1jc2t7R13d+9Oy0xhEmDJpOrESBNGBQkMNYx0UkUQjxm5j0dXE//+gShNpbg145REHA0ETShGxko998DASxgmCuE8TGmRh5KTASp6bt1reFPAReKXpA5KtHvuV9iXOONEGMyQ1l3fS02UI2UoZqSohZkmKcIjNCBdSwXiREf59P4CHlulDxOpbAkDp+rviRxxrcc8tp0cmaGe9ybif143M8l5lFORZoYIPFuUZAwaCSdhwD5VBBs2tgRhRe2tEA+RDcPYyGo2BH/+5UUSnDYuGv5Ns95qlmlUwSE4AifAB2egBa5BGwQAg0fwDF7Bm/PkvDjvzsesteKUM/vgD5zPHzQ5lcA=</latexit><latexit sha1_base64="nasbfbzn3Jg60Yz4Cg0wXTz3X9M=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARXJVECupCKLhxWcFooQllMp20Q+cRZiZCiVn4K25cqLj1O9z5N07bLLT1wIXDOfdy7z1xyqg2nvftVJaWV1bXquu1jc2t7R13d+9Oy0xhEmDJpOrESBNGBQkMNYx0UkUQjxm5j0dXE//+gShNpbg145REHA0ETShGxko998DASxgmCuE8TGmRh5KTASp6bt1reFPAReKXpA5KtHvuV9iXOONEGMyQ1l3fS02UI2UoZqSohZkmKcIjNCBdSwXiREf59P4CHlulDxOpbAkDp+rviRxxrcc8tp0cmaGe9ybif143M8l5lFORZoYIPFuUZAwaCSdhwD5VBBs2tgRhRe2tEA+RDcPYyGo2BH/+5UUSnDYuGv5Ns95qlmlUwSE4AifAB2egBa5BGwQAg0fwDF7Bm/PkvDjvzsesteKUM/vgD5zPHzQ5lcA=</latexit><latexit sha1_base64="nasbfbzn3Jg60Yz4Cg0wXTz3X9M=">AAAB/nicbVDLSsNAFJ3UV62vqODGzWARXJVECupCKLhxWcFooQllMp20Q+cRZiZCiVn4K25cqLj1O9z5N07bLLT1wIXDOfdy7z1xyqg2nvftVJaWV1bXquu1jc2t7R13d+9Oy0xhEmDJpOrESBNGBQkMNYx0UkUQjxm5j0dXE//+gShNpbg145REHA0ETShGxko998DASxgmCuE8TGmRh5KTASp6bt1reFPAReKXpA5KtHvuV9iXOONEGMyQ1l3fS02UI2UoZqSohZkmKcIjNCBdSwXiREf59P4CHlulDxOpbAkDp+rviRxxrcc8tp0cmaGe9ybif143M8l5lFORZoYIPFuUZAwaCSdhwD5VBBs2tgRhRe2tEA+RDcPYyGo2BH/+5UUSnDYuGv5Ns95qlmlUwSE4AifAB2egBa5BGwQAg0fwDF7Bm/PkvDjvzsesteKUM/vgD5zPHzQ5lcA=</latexit>

t =
3⇡

2!
<latexit sha1_base64="mbCNjyld/mgNhK90QeJJGyLXc2M=">AAACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5LUgroQCm5cVjC20IQymU7aofMIMxOhhLrxV9y4UHHrZ7jzb5y2WWjrgQuHc+7l3nvilFFtPO/bWVpeWV1bL22UN7e2d3bdvf17LTOFSYAlk6odI00YFSQw1DDSThVBPGakFQ+vJ37rgShNpbgzo5REHPUFTShGxkpd99DAKxgmCuH8LEzpOK+FkpM+Gnfdilf1poCLxC9IBRRodt2vsCdxxokwmCGtO76XmihHylDMyLgcZpqkCA9Rn3QsFYgTHeXTD8bwxCo9mEhlSxg4VX9P5IhrPeKx7eTIDPS8NxH/8zqZSS6inIo0M0Tg2aIkY9BIOIkD9qgi2LCRJQgram+FeIBsHMaGVrYh+PMvL5KgVr2s+rf1SqNepFECR+AYnAIfnIMGuAFNEAAMHsEzeAVvzpPz4rw7H7PWJaeYOQB/4Hz+ACQ7ljk=</latexit><latexit sha1_base64="mbCNjyld/mgNhK90QeJJGyLXc2M=">AAACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5LUgroQCm5cVjC20IQymU7aofMIMxOhhLrxV9y4UHHrZ7jzb5y2WWjrgQuHc+7l3nvilFFtPO/bWVpeWV1bL22UN7e2d3bdvf17LTOFSYAlk6odI00YFSQw1DDSThVBPGakFQ+vJ37rgShNpbgzo5REHPUFTShGxkpd99DAKxgmCuH8LEzpOK+FkpM+Gnfdilf1poCLxC9IBRRodt2vsCdxxokwmCGtO76XmihHylDMyLgcZpqkCA9Rn3QsFYgTHeXTD8bwxCo9mEhlSxg4VX9P5IhrPeKx7eTIDPS8NxH/8zqZSS6inIo0M0Tg2aIkY9BIOIkD9qgi2LCRJQgram+FeIBsHMaGVrYh+PMvL5KgVr2s+rf1SqNepFECR+AYnAIfnIMGuAFNEAAMHsEzeAVvzpPz4rw7H7PWJaeYOQB/4Hz+ACQ7ljk=</latexit><latexit sha1_base64="mbCNjyld/mgNhK90QeJJGyLXc2M=">AAACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5LUgroQCm5cVjC20IQymU7aofMIMxOhhLrxV9y4UHHrZ7jzb5y2WWjrgQuHc+7l3nvilFFtPO/bWVpeWV1bL22UN7e2d3bdvf17LTOFSYAlk6odI00YFSQw1DDSThVBPGakFQ+vJ37rgShNpbgzo5REHPUFTShGxkpd99DAKxgmCuH8LEzpOK+FkpM+Gnfdilf1poCLxC9IBRRodt2vsCdxxokwmCGtO76XmihHylDMyLgcZpqkCA9Rn3QsFYgTHeXTD8bwxCo9mEhlSxg4VX9P5IhrPeKx7eTIDPS8NxH/8zqZSS6inIo0M0Tg2aIkY9BIOIkD9qgi2LCRJQgram+FeIBsHMaGVrYh+PMvL5KgVr2s+rf1SqNepFECR+AYnAIfnIMGuAFNEAAMHsEzeAVvzpPz4rw7H7PWJaeYOQB/4Hz+ACQ7ljk=</latexit><latexit sha1_base64="mbCNjyld/mgNhK90QeJJGyLXc2M=">AAACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5LUgroQCm5cVjC20IQymU7aofMIMxOhhLrxV9y4UHHrZ7jzb5y2WWjrgQuHc+7l3nvilFFtPO/bWVpeWV1bL22UN7e2d3bdvf17LTOFSYAlk6odI00YFSQw1DDSThVBPGakFQ+vJ37rgShNpbgzo5REHPUFTShGxkpd99DAKxgmCuH8LEzpOK+FkpM+Gnfdilf1poCLxC9IBRRodt2vsCdxxokwmCGtO76XmihHylDMyLgcZpqkCA9Rn3QsFYgTHeXTD8bwxCo9mEhlSxg4VX9P5IhrPeKx7eTIDPS8NxH/8zqZSS6inIo0M0Tg2aIkY9BIOIkD9qgi2LCRJQgram+FeIBsHMaGVrYh+PMvL5KgVr2s+rf1SqNepFECR+AYnAIfnIMGuAFNEAAMHsEzeAVvzpPz4rw7H7PWJaeYOQB/4Hz+ACQ7ljk=</latexit>

t =
2⇡

!
<latexit sha1_base64="kkARAnTdFDOgv//XD0eUCe4sCYM=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXJWkFNSFUHDjsoKxhSaUyXTSDp1HmJkIJWTjr7hxoeLW33Dn3zhts9DWAxcO59zLvffEKaPaeN63s7K6tr6xWdmqbu/s7u27B4cPWmYKkwBLJlU3RpowKkhgqGGkmyqCeMxIJx7fTP3OI1GaSnFvJimJOBoKmlCMjJX67rGB1zBMFMJ5I0xpkYeSkyEq+m7Nq3szwGXil6QGSrT77lc4kDjjRBjMkNY930tNlCNlKGakqIaZJinCYzQkPUsF4kRH+eyBAp5ZZQATqWwJA2fq74kcca0nPLadHJmRXvSm4n9eLzPJZZRTkWaGCDxflGQMGgmnacABVQQbNrEEYUXtrRCPkE3D2MyqNgR/8eVlEjTqV3X/rllrNcs0KuAEnIJz4IML0AK3oA0CgEEBnsEreHOenBfn3fmYt6445cwR+APn8weqt5X8</latexit><latexit sha1_base64="kkARAnTdFDOgv//XD0eUCe4sCYM=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXJWkFNSFUHDjsoKxhSaUyXTSDp1HmJkIJWTjr7hxoeLW33Dn3zhts9DWAxcO59zLvffEKaPaeN63s7K6tr6xWdmqbu/s7u27B4cPWmYKkwBLJlU3RpowKkhgqGGkmyqCeMxIJx7fTP3OI1GaSnFvJimJOBoKmlCMjJX67rGB1zBMFMJ5I0xpkYeSkyEq+m7Nq3szwGXil6QGSrT77lc4kDjjRBjMkNY930tNlCNlKGakqIaZJinCYzQkPUsF4kRH+eyBAp5ZZQATqWwJA2fq74kcca0nPLadHJmRXvSm4n9eLzPJZZRTkWaGCDxflGQMGgmnacABVQQbNrEEYUXtrRCPkE3D2MyqNgR/8eVlEjTqV3X/rllrNcs0KuAEnIJz4IML0AK3oA0CgEEBnsEreHOenBfn3fmYt6445cwR+APn8weqt5X8</latexit><latexit sha1_base64="kkARAnTdFDOgv//XD0eUCe4sCYM=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXJWkFNSFUHDjsoKxhSaUyXTSDp1HmJkIJWTjr7hxoeLW33Dn3zhts9DWAxcO59zLvffEKaPaeN63s7K6tr6xWdmqbu/s7u27B4cPWmYKkwBLJlU3RpowKkhgqGGkmyqCeMxIJx7fTP3OI1GaSnFvJimJOBoKmlCMjJX67rGB1zBMFMJ5I0xpkYeSkyEq+m7Nq3szwGXil6QGSrT77lc4kDjjRBjMkNY930tNlCNlKGakqIaZJinCYzQkPUsF4kRH+eyBAp5ZZQATqWwJA2fq74kcca0nPLadHJmRXvSm4n9eLzPJZZRTkWaGCDxflGQMGgmnacABVQQbNrEEYUXtrRCPkE3D2MyqNgR/8eVlEjTqV3X/rllrNcs0KuAEnIJz4IML0AK3oA0CgEEBnsEreHOenBfn3fmYt6445cwR+APn8weqt5X8</latexit><latexit sha1_base64="kkARAnTdFDOgv//XD0eUCe4sCYM=">AAAB/3icbVDLSsNAFJ34rPUVdeHCzWARXJWkFNSFUHDjsoKxhSaUyXTSDp1HmJkIJWTjr7hxoeLW33Dn3zhts9DWAxcO59zLvffEKaPaeN63s7K6tr6xWdmqbu/s7u27B4cPWmYKkwBLJlU3RpowKkhgqGGkmyqCeMxIJx7fTP3OI1GaSnFvJimJOBoKmlCMjJX67rGB1zBMFMJ5I0xpkYeSkyEq+m7Nq3szwGXil6QGSrT77lc4kDjjRBjMkNY930tNlCNlKGakqIaZJinCYzQkPUsF4kRH+eyBAp5ZZQATqWwJA2fq74kcca0nPLadHJmRXvSm4n9eLzPJZZRTkWaGCDxflGQMGgmnacABVQQbNrEEYUXtrRCPkE3D2MyqNgR/8eVlEjTqV3X/rllrNcs0KuAEnIJz4IML0AK3oA0CgEEBnsEreHOenBfn3fmYt6445cwR+APn8weqt5X8</latexit>

4. 1. For 0 < t < π
ω , J > 0 so the probability is flowing to the right.

2. For π
ω < t < 2π

ω , J < 0 so the probability is flowing to the left.

5. Let us compare this to the sketch below of the expectation value

〈x〉 = L

2
−A cos(ωt)

where A = 16L/9π2.

0
<latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit>

L

2
<latexit sha1_base64="SRRTwEMGCL2l+c6b8RZ6Z+7Wi4I=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lKQb0VvHjwUMFoIQ1ls920Sze7YXcilJCf4cWDilf/jTf/jds2B219MPB4b4aZeVEquAHX/XYqa+sbm1vV7drO7t7+Qf3w6MGoTFPmUyWU7kXEMMEl84GDYL1UM5JEgj1Gk+uZ//jEtOFK3sM0ZWFCRpLHnBKwUtCPNaH5bZG3ikG94TbdOfAq8UrSQCW6g/pXf6holjAJVBBjAs9NIcyJBk4FK2r9zLCU0AkZscBSSRJmwnx+coHPrDLEsdK2JOC5+nsiJ4kx0ySynQmBsVn2ZuJ/XpBBfBnmXKYZMEkXi+JMYFB49j8ecs0oiKklhGpub8V0TGwKYFOq2RC85ZdXid9qXjW9u3aj0y7TqKITdIrOkYcuUAfdoC7yEUUKPaNX9OaA8+K8Ox+L1opTzhyjP3A+fwDIwZEU</latexit><latexit sha1_base64="SRRTwEMGCL2l+c6b8RZ6Z+7Wi4I=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lKQb0VvHjwUMFoIQ1ls920Sze7YXcilJCf4cWDilf/jTf/jds2B219MPB4b4aZeVEquAHX/XYqa+sbm1vV7drO7t7+Qf3w6MGoTFPmUyWU7kXEMMEl84GDYL1UM5JEgj1Gk+uZ//jEtOFK3sM0ZWFCRpLHnBKwUtCPNaH5bZG3ikG94TbdOfAq8UrSQCW6g/pXf6holjAJVBBjAs9NIcyJBk4FK2r9zLCU0AkZscBSSRJmwnx+coHPrDLEsdK2JOC5+nsiJ4kx0ySynQmBsVn2ZuJ/XpBBfBnmXKYZMEkXi+JMYFB49j8ecs0oiKklhGpub8V0TGwKYFOq2RC85ZdXid9qXjW9u3aj0y7TqKITdIrOkYcuUAfdoC7yEUUKPaNX9OaA8+K8Ox+L1opTzhyjP3A+fwDIwZEU</latexit><latexit sha1_base64="SRRTwEMGCL2l+c6b8RZ6Z+7Wi4I=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lKQb0VvHjwUMFoIQ1ls920Sze7YXcilJCf4cWDilf/jTf/jds2B219MPB4b4aZeVEquAHX/XYqa+sbm1vV7drO7t7+Qf3w6MGoTFPmUyWU7kXEMMEl84GDYL1UM5JEgj1Gk+uZ//jEtOFK3sM0ZWFCRpLHnBKwUtCPNaH5bZG3ikG94TbdOfAq8UrSQCW6g/pXf6holjAJVBBjAs9NIcyJBk4FK2r9zLCU0AkZscBSSRJmwnx+coHPrDLEsdK2JOC5+nsiJ4kx0ySynQmBsVn2ZuJ/XpBBfBnmXKYZMEkXi+JMYFB49j8ecs0oiKklhGpub8V0TGwKYFOq2RC85ZdXid9qXjW9u3aj0y7TqKITdIrOkYcuUAfdoC7yEUUKPaNX9OaA8+K8Ox+L1opTzhyjP3A+fwDIwZEU</latexit><latexit sha1_base64="SRRTwEMGCL2l+c6b8RZ6Z+7Wi4I=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lKQb0VvHjwUMFoIQ1ls920Sze7YXcilJCf4cWDilf/jTf/jds2B219MPB4b4aZeVEquAHX/XYqa+sbm1vV7drO7t7+Qf3w6MGoTFPmUyWU7kXEMMEl84GDYL1UM5JEgj1Gk+uZ//jEtOFK3sM0ZWFCRpLHnBKwUtCPNaH5bZG3ikG94TbdOfAq8UrSQCW6g/pXf6holjAJVBBjAs9NIcyJBk4FK2r9zLCU0AkZscBSSRJmwnx+coHPrDLEsdK2JOC5+nsiJ4kx0ySynQmBsVn2ZuJ/XpBBfBnmXKYZMEkXi+JMYFB49j8ecs0oiKklhGpub8V0TGwKYFOq2RC85ZdXid9qXjW9u3aj0y7TqKITdIrOkYcuUAfdoC7yEUUKPaNX9OaA8+K8Ox+L1opTzhyjP3A+fwDIwZEU</latexit>

L
<latexit sha1_base64="qieN+4CqJNrU4WhpbY/8PIvBiXM=">AAAB53icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLBDwTSI6wt5lL1uztHbt7Qgj5BTYWKrb+JTv/jZvkCk18MPB4b4aZeWEquDau++0U1tY3NreK26Wd3b39g/Lh0YNOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c3Mbz2h0jyR92acYhDTgeQRZ9RYqXnXK1fcqjsHWSVeTiqQo9Erf3X7CctilIYJqnXHc1MTTKgynAmclrqZxpSyER1gx1JJY9TBZH7olJxZpU+iRNmShszV3xMTGms9jkPbGVMz1MveTPzP62QmugomXKaZQckWi6JMEJOQ2dekzxUyI8aWUKa4vZWwIVWUGZtNyYbgLb+8SvyL6nXVa9Yq9VqeRhFO4BTOwYNLqMMtNMAHBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/DeWMlg==</latexit><latexit sha1_base64="qieN+4CqJNrU4WhpbY/8PIvBiXM=">AAAB53icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLBDwTSI6wt5lL1uztHbt7Qgj5BTYWKrb+JTv/jZvkCk18MPB4b4aZeWEquDau++0U1tY3NreK26Wd3b39g/Lh0YNOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c3Mbz2h0jyR92acYhDTgeQRZ9RYqXnXK1fcqjsHWSVeTiqQo9Erf3X7CctilIYJqnXHc1MTTKgynAmclrqZxpSyER1gx1JJY9TBZH7olJxZpU+iRNmShszV3xMTGms9jkPbGVMz1MveTPzP62QmugomXKaZQckWi6JMEJOQ2dekzxUyI8aWUKa4vZWwIVWUGZtNyYbgLb+8SvyL6nXVa9Yq9VqeRhFO4BTOwYNLqMMtNMAHBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/DeWMlg==</latexit><latexit sha1_base64="qieN+4CqJNrU4WhpbY/8PIvBiXM=">AAAB53icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLBDwTSI6wt5lL1uztHbt7Qgj5BTYWKrb+JTv/jZvkCk18MPB4b4aZeWEquDau++0U1tY3NreK26Wd3b39g/Lh0YNOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c3Mbz2h0jyR92acYhDTgeQRZ9RYqXnXK1fcqjsHWSVeTiqQo9Erf3X7CctilIYJqnXHc1MTTKgynAmclrqZxpSyER1gx1JJY9TBZH7olJxZpU+iRNmShszV3xMTGms9jkPbGVMz1MveTPzP62QmugomXKaZQckWi6JMEJOQ2dekzxUyI8aWUKa4vZWwIVWUGZtNyYbgLb+8SvyL6nXVa9Yq9VqeRhFO4BTOwYNLqMMtNMAHBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/DeWMlg==</latexit><latexit sha1_base64="qieN+4CqJNrU4WhpbY/8PIvBiXM=">AAAB53icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLBDwTSI6wt5lL1uztHbt7Qgj5BTYWKrb+JTv/jZvkCk18MPB4b4aZeWEquDau++0U1tY3NreK26Wd3b39g/Lh0YNOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c3Mbz2h0jyR92acYhDTgeQRZ9RYqXnXK1fcqjsHWSVeTiqQo9Erf3X7CctilIYJqnXHc1MTTKgynAmclrqZxpSyER1gx1JJY9TBZH7olJxZpU+iRNmShszV3xMTGms9jkPbGVMz1MveTPzP62QmugomXKaZQckWi6JMEJOQ2dekzxUyI8aWUKa4vZWwIVWUGZtNyYbgLb+8SvyL6nXVa9Yq9VqeRhFO4BTOwYNLqMMtNMAHBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/DeWMlg==</latexit>

⇡

!
<latexit sha1_base64="d+VMPUQ69YoR20wfb/J1SATQo9c=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBU0lEUG8FLx4rGFtoStlsJ+3S/Qi7G7GE/BUvHlS8+ku8+W/ctjlo64OBx3szzMyLU0a18f1vp7K2vrG5Vd2u7ezu7R+4h/UHLTNFICSSSdWNsQZGBYSGGgbdVAHmMYNOPLmZ+Z1HUJpKcW+mKfQ5HgmaUIKNlQZuPUoUJnmU0iKPJIcRLgZuw2/6c3irJChJA5VoD9yvaChJxkEYwrDWvcBPTT/HylDCoKhFmYYUkwkeQc9SgTnofj6/vfBOrTL0EqlsCePN1d8TOeZaT3lsOzk2Y73szcT/vF5mkqt+TkWaGRBksSjJmGekNwvCG1IFxLCpJZgoam/1yBjbMIyNq2ZDCJZfXiXhefO6GdxdNFoXZRpVdIxO0BkK0CVqoVvURiEi6Ak9o1f05hTOi/PufCxaK045c4T+wPn8ASBhlKc=</latexit><latexit sha1_base64="d+VMPUQ69YoR20wfb/J1SATQo9c=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBU0lEUG8FLx4rGFtoStlsJ+3S/Qi7G7GE/BUvHlS8+ku8+W/ctjlo64OBx3szzMyLU0a18f1vp7K2vrG5Vd2u7ezu7R+4h/UHLTNFICSSSdWNsQZGBYSGGgbdVAHmMYNOPLmZ+Z1HUJpKcW+mKfQ5HgmaUIKNlQZuPUoUJnmU0iKPJIcRLgZuw2/6c3irJChJA5VoD9yvaChJxkEYwrDWvcBPTT/HylDCoKhFmYYUkwkeQc9SgTnofj6/vfBOrTL0EqlsCePN1d8TOeZaT3lsOzk2Y73szcT/vF5mkqt+TkWaGRBksSjJmGekNwvCG1IFxLCpJZgoam/1yBjbMIyNq2ZDCJZfXiXhefO6GdxdNFoXZRpVdIxO0BkK0CVqoVvURiEi6Ak9o1f05hTOi/PufCxaK045c4T+wPn8ASBhlKc=</latexit><latexit sha1_base64="d+VMPUQ69YoR20wfb/J1SATQo9c=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBU0lEUG8FLx4rGFtoStlsJ+3S/Qi7G7GE/BUvHlS8+ku8+W/ctjlo64OBx3szzMyLU0a18f1vp7K2vrG5Vd2u7ezu7R+4h/UHLTNFICSSSdWNsQZGBYSGGgbdVAHmMYNOPLmZ+Z1HUJpKcW+mKfQ5HgmaUIKNlQZuPUoUJnmU0iKPJIcRLgZuw2/6c3irJChJA5VoD9yvaChJxkEYwrDWvcBPTT/HylDCoKhFmYYUkwkeQc9SgTnofj6/vfBOrTL0EqlsCePN1d8TOeZaT3lsOzk2Y73szcT/vF5mkqt+TkWaGRBksSjJmGekNwvCG1IFxLCpJZgoam/1yBjbMIyNq2ZDCJZfXiXhefO6GdxdNFoXZRpVdIxO0BkK0CVqoVvURiEi6Ak9o1f05hTOi/PufCxaK045c4T+wPn8ASBhlKc=</latexit><latexit sha1_base64="d+VMPUQ69YoR20wfb/J1SATQo9c=">AAAB+nicbVBNS8NAEN3Ur1q/Yj16CRbBU0lEUG8FLx4rGFtoStlsJ+3S/Qi7G7GE/BUvHlS8+ku8+W/ctjlo64OBx3szzMyLU0a18f1vp7K2vrG5Vd2u7ezu7R+4h/UHLTNFICSSSdWNsQZGBYSGGgbdVAHmMYNOPLmZ+Z1HUJpKcW+mKfQ5HgmaUIKNlQZuPUoUJnmU0iKPJIcRLgZuw2/6c3irJChJA5VoD9yvaChJxkEYwrDWvcBPTT/HylDCoKhFmYYUkwkeQc9SgTnofj6/vfBOrTL0EqlsCePN1d8TOeZaT3lsOzk2Y73szcT/vF5mkqt+TkWaGRBksSjJmGekNwvCG1IFxLCpJZgoam/1yBjbMIyNq2ZDCJZfXiXhefO6GdxdNFoXZRpVdIxO0BkK0CVqoVvURiEi6Ak9o1f05hTOi/PufCxaK045c4T+wPn8ASBhlKc=</latexit>

3⇡

2!
<latexit sha1_base64="XphxOJ/kAUuuNED1RpfY5X4DwJs=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5LUgroruHFZwdhCU8pkOmmHziPMTIQagr/ixoWKWz/EnX/jtM1CWw9cOJxzL/feEyWMauN5305pZXVtfaO8Wdna3tndc/cP7rVMFSYBlkyqToQ0YVSQwFDDSCdRBPGIkXY0vp767QeiNJXizkwS0uNoKGhMMTJW6rtHYawQzs7DhOZZPZScDFHed6tezZsBLhO/IFVQoNV3v8KBxCknwmCGtO76XmJ6GVKGYkbySphqkiA8RkPStVQgTnQvm12fw1OrDGAslS1h4Ez9PZEhrvWER7aTIzPSi95U/M/rpia+7GVUJKkhAs8XxSmDRsJpFHBAFcGGTSxBWFF7K8QjZOMwNrCKDcFffHmZBPXaVc2/bVSbjSKNMjgGJ+AM+OACNMENaIEAYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QMOcZUg</latexit><latexit sha1_base64="XphxOJ/kAUuuNED1RpfY5X4DwJs=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5LUgroruHFZwdhCU8pkOmmHziPMTIQagr/ixoWKWz/EnX/jtM1CWw9cOJxzL/feEyWMauN5305pZXVtfaO8Wdna3tndc/cP7rVMFSYBlkyqToQ0YVSQwFDDSCdRBPGIkXY0vp767QeiNJXizkwS0uNoKGhMMTJW6rtHYawQzs7DhOZZPZScDFHed6tezZsBLhO/IFVQoNV3v8KBxCknwmCGtO76XmJ6GVKGYkbySphqkiA8RkPStVQgTnQvm12fw1OrDGAslS1h4Ez9PZEhrvWER7aTIzPSi95U/M/rpia+7GVUJKkhAs8XxSmDRsJpFHBAFcGGTSxBWFF7K8QjZOMwNrCKDcFffHmZBPXaVc2/bVSbjSKNMjgGJ+AM+OACNMENaIEAYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QMOcZUg</latexit><latexit sha1_base64="XphxOJ/kAUuuNED1RpfY5X4DwJs=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5LUgroruHFZwdhCU8pkOmmHziPMTIQagr/ixoWKWz/EnX/jtM1CWw9cOJxzL/feEyWMauN5305pZXVtfaO8Wdna3tndc/cP7rVMFSYBlkyqToQ0YVSQwFDDSCdRBPGIkXY0vp767QeiNJXizkwS0uNoKGhMMTJW6rtHYawQzs7DhOZZPZScDFHed6tezZsBLhO/IFVQoNV3v8KBxCknwmCGtO76XmJ6GVKGYkbySphqkiA8RkPStVQgTnQvm12fw1OrDGAslS1h4Ez9PZEhrvWER7aTIzPSi95U/M/rpia+7GVUJKkhAs8XxSmDRsJpFHBAFcGGTSxBWFF7K8QjZOMwNrCKDcFffHmZBPXaVc2/bVSbjSKNMjgGJ+AM+OACNMENaIEAYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QMOcZUg</latexit><latexit sha1_base64="XphxOJ/kAUuuNED1RpfY5X4DwJs=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5LUgroruHFZwdhCU8pkOmmHziPMTIQagr/ixoWKWz/EnX/jtM1CWw9cOJxzL/feEyWMauN5305pZXVtfaO8Wdna3tndc/cP7rVMFSYBlkyqToQ0YVSQwFDDSCdRBPGIkXY0vp767QeiNJXizkwS0uNoKGhMMTJW6rtHYawQzs7DhOZZPZScDFHed6tezZsBLhO/IFVQoNV3v8KBxCknwmCGtO76XmJ6GVKGYkbySphqkiA8RkPStVQgTnQvm12fw1OrDGAslS1h4Ez9PZEhrvWER7aTIzPSi95U/M/rpia+7GVUJKkhAs8XxSmDRsJpFHBAFcGGTSxBWFF7K8QjZOMwNrCKDcFffHmZBPXaVc2/bVSbjSKNMjgGJ+AM+OACNMENaIEAYPAInsEreHOenBfn3fmYt5acYuYQ/IHz+QMOcZUg</latexit>

2⇡

!
<latexit sha1_base64="cOQbA+BbjVcTwiETgtFcdST/AEU=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AleaU4w==</latexit><latexit sha1_base64="cOQbA+BbjVcTwiETgtFcdST/AEU=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AleaU4w==</latexit><latexit sha1_base64="cOQbA+BbjVcTwiETgtFcdST/AEU=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AleaU4w==</latexit><latexit sha1_base64="cOQbA+BbjVcTwiETgtFcdST/AEU=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFctMKUzopQcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AleaU4w==</latexit>

⇡

2!
<latexit sha1_base64="QSxwIESaItMsVoI/9iu/tlakgUE=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFchCmdFa1QcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlxmU4w==</latexit><latexit sha1_base64="QSxwIESaItMsVoI/9iu/tlakgUE=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFchCmdFa1QcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlxmU4w==</latexit><latexit sha1_base64="QSxwIESaItMsVoI/9iu/tlakgUE=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFchCmdFa1QcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlxmU4w==</latexit><latexit sha1_base64="QSxwIESaItMsVoI/9iu/tlakgUE=">AAAB+3icbVDLSsNAFJ3UV62vaJduBovgqiSloO4KblxWMLbQhDKZTtqh8wgzEyGE+ituXKi49Ufc+TdO2yy09cCFwzn3cu89ccqoNp737VQ2Nre2d6q7tb39g8Mj9/jkQctMYRJgyaTqx0gTRgUJDDWM9FNFEI8Z6cXTm7nfeyRKUynuTZ6SiKOxoAnFyFhp6NbDRCFchCmdFa1QcjJGs6Hb8JreAnCd+CVpgBLdofsVjiTOOBEGM6T1wPdSExVIGYoZmdXCTJMU4Skak4GlAnGio2Jx/AyeW2UEE6lsCQMX6u+JAnGtcx7bTo7MRK96c/E/b5CZ5CoqqEgzQwReLkoyBo2E8yTgiCqCDcstQVhReyvEE2TTMDavmg3BX315nQSt5nXTv2s3Ou0yjSo4BWfgAvjgEnTALeiCAGCQg2fwCt6cJ+fFeXc+lq0Vp5ypgz9wPn8AlxmU4w==</latexit>

t
<latexit sha1_base64="60O4WfGJaqC4ViTI7DG7/cyytvA=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZbtq1m03YnQgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiETd4yTlQUyHSkSCUbRSC/vVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPD52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQd5EKlGXLFFouiTBJMyOxrMhCaM5QTSyjTwt5K2IhqytBmU7EheMsvrxL/on5T91qXtcZlkUYZTuAUzsGDK2jAHTTBBwYcnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBKXYy+</latexit><latexit sha1_base64="60O4WfGJaqC4ViTI7DG7/cyytvA=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZbtq1m03YnQgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiETd4yTlQUyHSkSCUbRSC/vVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPD52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQd5EKlGXLFFouiTBJMyOxrMhCaM5QTSyjTwt5K2IhqytBmU7EheMsvrxL/on5T91qXtcZlkUYZTuAUzsGDK2jAHTTBBwYcnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBKXYy+</latexit><latexit sha1_base64="60O4WfGJaqC4ViTI7DG7/cyytvA=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZbtq1m03YnQgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiETd4yTlQUyHSkSCUbRSC/vVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPD52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQd5EKlGXLFFouiTBJMyOxrMhCaM5QTSyjTwt5K2IhqytBmU7EheMsvrxL/on5T91qXtcZlkUYZTuAUzsGDK2jAHTTBBwYcnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBKXYy+</latexit><latexit sha1_base64="60O4WfGJaqC4ViTI7DG7/cyytvA=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZbtq1m03YnQgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiETd4yTlQUyHSkSCUbRSC/vVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPD52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQd5EKlGXLFFouiTBJMyOxrMhCaM5QTSyjTwt5K2IhqytBmU7EheMsvrxL/on5T91qXtcZlkUYZTuAUzsGDK2jAHTTBBwYcnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBKXYy+</latexit>
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We see that whenever J > 0 the position expectation value is moving to the
right and vice verse, as expected.

17 Problems: Scattering Problems

17.1. Scattering off a finite step potential:
Consider the potential

V (x) =

{
0 x ≤ 0

V0 x > 0
.

1. What are the boundary conditions on the wavefunction at x = 0?

2. Construct Hamiltonian eigenfunctions appropriate for incoming particles of
energy E > V0 sent from x = −∞.

3. Compute the reflection and transmission probabilities R and T and sketch
them as a function of E/V0.

4. Check that R+ T = 1. Explain!

5. Discuss the behaviour of R, T in the limits E � V0 and E → V0.
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Solution:

See lecture 17.

17.2. Scattering off a delta function potential:
Consider the potential well

V (x) = −αδ(x)
where α > 0.

1. Show that a Hamiltonian eigenfunction with energy E > 0 obeys

φ′′(x) = −2m

h̄2
(E + αδ(x))φ(x) .

2. The wavefunction ψ(x) is continuous at x = 0. By integrating part (a) over
an interval (ε,−ε) show that the derivative of the wavefunction has a discon-
tinuity at x = 0,

lim
ε→0

(
φ′(ε)− φ′(−ε)

)
= −2mα

h̄2
φ(0) .

3. Find the constant k in terms of m, h̄, E such that

φ(x) =

{
eikx + re−ikx if x < 0

teikx if x > 0

is a Hamiltonian eigenfunction with E > 0 for x 6= 0. What is the physical
interpretation of the three terms?

4. Impose the boundary conditions from part (a) and show that

R = |r|2 = 1

1 + 2h̄2E/mα2
T = |t|2 = 2h̄2E/mα2

1 + 2h̄2E/mα2
.

What is the physical interpretation of R, T and why does R+ T = 1?
5. Sketch R, T as a function of energy E > 0 and explain intuitively their be-

haviour as E → ∞.

Solution:

1. A Hamiltonian eigenfunction in the potential V (x) = −αδ(x) obeys

− h̄2

2m
φ′′(x)− αδ(x)φ(x) = Eφ(x) .

Rearranging this equation,

φ′′(x) = −2m

h̄2
(E + αδ(x))φ(x) .

2. Integrating this equation over an interval (ε,−ε),∫ ε

−ε
φ′′(x)dx = −2m

h̄2

∫ ε

−ε
(E + αδ(x))φ(x) .

Using the fundamental theorem of calculus and the defining property of the
delta-function δ(x), we find

φ′(ε)− φ′(−ε) = −2mα

h̄2
φ(0)− 2mE

h̄2

∫ ε

−ε
φ(x)dx .
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In the limit ε→ 0 the second term on the right tends to zero, leaving

lim
ε→0

(φ′(ε)− φ′(−ε)) = −2mα

h̄2
φ(0) .

3. A by now standard computation shows that k =
√
2mE/h̄2. The components

eikx, re−ikx, teikx correspond to the incident, reflected and transmitted waves.

4. Imposing the boundary conditions from part (b), we find

1 + r = t ik(1− r)− ikt =
2mα

h̄2
t .

The solution for r, t is

r = − imα

h̄2k + imα
t = − h̄2k

h̄2k + imα
.

We therefore find

|r|2 =
m2α2

k2h̄4 +m2α2
=

1

1 + 2h̄2E/mα2

|t|2 =
k2h̄4

k2h̄4 +m2α2
=

2h̄2E/mα2

1 + 2h̄2E/mα2
. (192)

The quantities R = |r|2, T = |t|2 are the probabilities for a particle with energy
E to be reflected transmitted. The relation R+T = 1 ensures that probabilities
sum to 1.

5. The solutions look like the following.

R
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As E → ∞, R → 0 and T → 1. As the energy of the particle increases so does
the probability of transmission.

17.3. Critical scattering off a potential barrier:
Consider the potential barrier with V0 > 0,

V (x) =


0 x ≤ 0

V0 0 < x < L

0 x ≥ L

. (193)

1. Show that the wavefunction

φ(x) =


eikx + re−ikx x < 0

A+Bx 0 < x < L

teikx x > L

(194)
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is a Hamiltonian eigenfunction with energy E = V0 where

k =

√
2mV0/h̄

2 .

2. What are the boundary conditions at x = 0 and x = L?

3. Imposing the boundary conditions, eliminate A, B and show that

|r|2 = k2L2

k2L2 + 4
|t|2 = 4

k2L2 + 4
.

4. Show that |r|2 + |t|2 = 1 and discuss the physical significance of |r|2, |t|2.
5. Sketch |r|2, |t|2 as a function of the dimensionless ratio γ = kL and explain

the behaviour as γ → 0 and γ → ∞.

Solution:

1. For x < 0 and x < L the Hamiltonian operator is Ĥ = p̂2

2m and therefore

Ĥ · e±ikx = − h̄2

2m
∂2xe

±ikx =
h̄2k2

2m
e±ikx = V0e

±ikx ,

since k =
√
2mV0/h̄

2. For 0 ≤ x ≤ L the Hamiltonian operator is Ĥ = p̂2

2m+V0
and therefore

Ĥ · (A+Bx) = V0(A+Bx) .

In all regions we therefore have Hamitlonian eigenfunctions with energy E =
V0.

2. Since the potential has a finite discontinuities at x = 0 and x = L, we require
that the wavefunction ψ(x) and its first derivative ψ′(x) are continuous at
x = 0 and x = L.

3. The boundary condition at x = 0 is

1 + r = A ik(1− r) = B .

The boundary condition at x = L is

A+BL = teikL B = ikteiKL .

There are four linear equations for four unkowns r, A, B, t. Eliminating A an
B, the solution for r and t is

r =
kL

kL+ 2i
t =

2ie−ikL

kL+ 2i

and therefore

|r|2 =
k2L2

k2L2 + 4
|t|2 =

4

k2L2 + 4
.

4. It is clear that |r|2 + |t|2 = 1. The wavefunction describes the reflection and
transmission of particles incoming from the left with definite energy E = V0.
The quantities |r|2, |t|2 are probabilities for an incoming particle to be re-
flected, transmitted. The relation |r|2 + |t|2 = 1 is the statement that the total
probability is 1.
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5. In terms of the dimensionless ration γ = kL,

|r|2 =
γ2

γ2 + 4
|t|2 =

4

γ2 + 4
.

The sketch should shown |r|2 starting at 0 when γ = 0, increasing monotoni-
cally for 0 < γ <∞, and asymptote to 1 as γ → ∞.

2 4 6 8 10
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1. The limit γ → 0 corresponds to L << 1
k , where |r|2 → 0, |t|2 → 1: tun-

nelling is inevitable. If the barrier length is much less than the incoming
wavelength (∝ 1

k ), the particle does not resolve the barrier and so the
probability of transmission is high.

2. The limit γ → ∞ corresponds to L >> 1
k , where |r|2 → 1 and |t|2 → 0:

reflection is inevitable. If the barrier length is much greater than the
incoming wavelength (∝ 1

k ), the probability density decays to near zero
inside the barrier and the probability of transmission is high.

17.4. Scattering off a finite potential barrier:
Consider particles with definite energy E > V0 > 0 incoming from the left on the
potential barrier

V (x) =

{
V0 if 0 < x < L

0 otherwise
.

1. Write down appropriate Hamiltonian eigenfunctions in the regions x < 0,
0 < x < L, and x > L.

2. Impose the boundary conditions at x = 0 and x = L and hence compute the
transmission and reflection coefficients R, T .

3. Verify that R+ T = 1.

4. How do R, T behave when E → V +
0 and E → ∞? Explain!

5. What happens to R, T when

E =
h̄2

2m

(nπ
L

)2
for n ∈ Z>0 such that E > V0? Why is this happening?

6. Sketch R, T as a function of energy.

Hint (b): after imposing boundary conditions, you should find four linear equations
for four unknowns. At this stage you may use a computer to do the linear algebra.

Solution:

1. The hamiltonian eigenfunctions appropriate for the scattering of particles in-
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coming from x = −∞ with energy E are

φ(x) =


eik

′x + re−ik
′x x < 0

Aeikx +Be−ikx 0 < x < L

teik
′x x > L

,

where

k′ =

√
2mE/h̄2 (195)

k =

√
2m(E − V0)/h̄

2

and r, t, A, B are constant we need to determine. For scattering problems, the
wavefunctions are not normalizable and so the overall constant is not phys-
ically meaningful. We have used this freedom to set the coefficient of the
incoming wave to 1.

2. We now impose φ(x) and ∂xφ(x) are continuous at x = 0 and x = L. The
boundary conditions at x = 0 give

1 + r = A+B (196)

k′(1− r) = k(A−B)

while those at x = L give

AeikL +Be−ikL = teik
′L (197)

k(AeikL −Be−ikL) = k′teik
′L .

This gives four linear equations for the four unknowns r, t, A, B. These are
just simultaneous linear equations and the solution can of course be found by
hand with some patience. Instead, you can use a computer. In any case, the
solution for r and t is

r =
(k′2 − k2) sin(kL)

(k′2 + k2) sin(kL) + 2ik′k cos(kL)
(198)

t =
2ik′ke−ik

′L

(k′2 + k2) sin(kL) + 2ik′k cos(kL)
.

The reflection and transmission probabilities are

R = |r|2 =

(
k′2 − k2

)2
sin2(kL)

(k′2 + k2)
2
sin2(kL) + 4k′2k2 cos2(kL)

(199)

T = |t|2 =
4k′2k2

(k′2 + k2)
2
sin2(kL) + 4k′2k2 cos2(kL)

.

It is straightforward to see that R+ T = 1 using sin2 z + cos2 z = 1.

3. 1. The limit E → V0 corresponds to k′ → 0. In this limit we find R → 1 and
T → 0. We recover the classical expectation for E ≤ V0.

2. The limit E → ∞ corresponds to k, k′ → ∞ with k/k′ = 1. We find R→ 0
and T → 1. The potential well has effectively vanishes and the particle
is transmitted with probability 1. We recover the classical expectation for
E > V0.
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4. This corresponds to kL = nπ with n ∈ Z>0. At these points R = 0 and T = 1.
They correspond to ‘transmission resonances’ where the particle is transmitted
with probability 1. Roughly, at these points there is destructive interference
between the waves reflected from the boundaries at x = 0 and x = L.

5. The reflection / transmission coefficients looks like:

0
<latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit><latexit sha1_base64="Ty3Mqstr++/hSSrzg9gcLXNUF0I=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZquf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDjgox6</latexit>

1
<latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit>

T
<latexit sha1_base64="2Ag4E7/74yid4WauV4GjGGaFwhU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy20NhCG8pmO2nXbjZhdyOU0l/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg04yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3dxvP6HSPJEtM0kxiOlQ8ogzaqzUbPXLFbfqLkDWiZeTCuRo9MtfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDojF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXirL68T/6p6W/WatUq9lqdRhDM4h0vw4BrqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8Z/Yye</latexit><latexit sha1_base64="2Ag4E7/74yid4WauV4GjGGaFwhU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy20NhCG8pmO2nXbjZhdyOU0l/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg04yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3dxvP6HSPJEtM0kxiOlQ8ogzaqzUbPXLFbfqLkDWiZeTCuRo9MtfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDojF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXirL68T/6p6W/WatUq9lqdRhDM4h0vw4BrqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8Z/Yye</latexit><latexit sha1_base64="2Ag4E7/74yid4WauV4GjGGaFwhU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy20NhCG8pmO2nXbjZhdyOU0l/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg04yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3dxvP6HSPJEtM0kxiOlQ8ogzaqzUbPXLFbfqLkDWiZeTCuRo9MtfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDojF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXirL68T/6p6W/WatUq9lqdRhDM4h0vw4BrqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8Z/Yye</latexit><latexit sha1_base64="2Ag4E7/74yid4WauV4GjGGaFwhU=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy20NhCG8pmO2nXbjZhdyOU0l/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg04yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3dxvP6HSPJEtM0kxiOlQ8ogzaqzUbPXLFbfqLkDWiZeTCuRo9MtfvUHCshilYYJq3fXc1ARTqgxnAmelXqYxpWxMh9i1VNIYdTBdHDojF1YZkChRtqQhC/X3xJTGWk/i0HbG1Iz0qjcX//O6mYlugimXaWZQsuWiKBPEJGT+NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXirL68T/6p6W/WatUq9lqdRhDM4h0vw4BrqcA8N8IEBwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8Z/Yye</latexit>

R
<latexit sha1_base64="94g4wnlKJIhZq99Bw83pOC3Qivg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YmyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo1a5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8W94yc</latexit><latexit sha1_base64="94g4wnlKJIhZq99Bw83pOC3Qivg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YmyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo1a5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8W94yc</latexit><latexit sha1_base64="94g4wnlKJIhZq99Bw83pOC3Qivg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YmyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo1a5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8W94yc</latexit><latexit sha1_base64="94g4wnlKJIhZq99Bw83pOC3Qivg=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YmyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsh7M04xiOlA8ogzaqzUvOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CWX14l/kX1uuo1a5V6LU+jCCdwCufgwSXU4RYa4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8W94yc</latexit>

E/V0
<latexit sha1_base64="VJlVdsTM8mD85gKGQQfQG+kFgac=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU02koN4KInisYNpCG8pmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqzk3100e26vXHGr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIq8S+rN1XvoVap1/I0inACp3AOHlxBHe6hAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOu6Nyw==</latexit><latexit sha1_base64="VJlVdsTM8mD85gKGQQfQG+kFgac=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU02koN4KInisYNpCG8pmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqzk3100e26vXHGr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIq8S+rN1XvoVap1/I0inACp3AOHlxBHe6hAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOu6Nyw==</latexit><latexit sha1_base64="VJlVdsTM8mD85gKGQQfQG+kFgac=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU02koN4KInisYNpCG8pmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqzk3100e26vXHGr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIq8S+rN1XvoVap1/I0inACp3AOHlxBHe6hAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOu6Nyw==</latexit><latexit sha1_base64="VJlVdsTM8mD85gKGQQfQG+kFgac=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU02koN4KInisYNpCG8pmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRUyeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqzk3100e26vXHGr7hxklXg5qUCORq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noOphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIq8S+rN1XvoVap1/I0inACp3AOHlxBHe6hAT4w4PAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AOu6Nyw==</latexit>

1
<latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit><latexit sha1_base64="A4NtrVeAZw4+R3GoBxvo2FjKjF4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqef1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hqXRRplOIFTOAcPrqABd9AEHxggPMMrvDmPzovz7nwsWktOMXMMf+B8/gDlBYx7</latexit>

18 Problems: Tunnelling

18.1. Tunneling through a finite step potential:
Consider the same problem but with E < V0.

1. How do the hamiltonian eigenfunctions change in the region x > 0?
2. Explain why the probability current J vanishes for x > 0.
3. Show that R = 1 and T = 0.
4. Sketch the probability density in the region x > 0.

18.2. Bound States in a Finite Potential Well:

(This problem is similar to problem 9 of the May 2019 exam and provided here
to illustrate the method required to solve it. This problem was not part of the
2020-2021 module). Consider the finite potential well

V (x) =


V0 x ≤ 0

0 0 < x < L

V0 x ≥ L

.
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Consider the following ansatz for “bound state" wavefunctions,

φ(x) =


Aeκx x < 0

B sin kx+ C cos(kx) 0 < x < L

De−κx x > L .
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1. Find constants κ, k in terms of E, V0 such that this is a Hamiltonian eigen-
function with energy 0 < E < V0.

2. Explain why there are no terms in the ansatz proportional to e−κx for x < 0
and eκx for x > L.

3. What boundary conditions do the wavefunction obey at x = 0 and x = L?

4. Impose the boundary conditions and eliminate A, B, C, D to obtain the
“quantisation condition"

κ

k
=

tan kL− κ
k

1 + κ
k tan kL

.

5. Illustrate solutions of the quantisation condition graphically and show that

1. There is at least one solution independent of L and V0.
2. Show that you reproduce the spectrum of the infinite potential well in the

limit V0 → ∞.

Solution:

1. The Hamiltonian operator for x < 0 and x > 0 is

Ĥ = − h̄2

2m
∂2x + V0

so the ansatz is a Hamiltonian eigenfunction with energy 0 < E < V0 provided

κ =
√
2m(V0 − E)/h̄2. The Hamiltonian operator for 0 < x < L is

Ĥ = − h̄2

2m
∂2x

and the ansatz is a Hamiltonian eigenfunction with energy 0 < E < V0 pro-

vided k =
√
2mE/h̄2.

2. These solutions diverge as x→ −∞ and x→ ∞ respectively and are therefore
not square-normalisable.

3. Since the potential remains finite both the wavefunction φ(x) and its deriva-
tive φ′(x) are continuous at x = 0 and x = L.

Although not asked for in the question, we can show this as follows. First,
continuity of φ(x) is required for a probabilistic interpretation. Second, con-
sider the equation obeyed by a Hamiltonian eigenfunction

φ′′(x) =
2m

h̄2
(V (x)− E)φ(x) .

We now integrate this over a small interval −ε < x < ε around the discontinu-
ity in the potential at x = 0 to find

φ′(x)|ε − φ′(x)|−ε =
2m

h̄2

∫ ε

−ε
(V (x)− E)φ(x)dx ,

where we assume φ′(x) is continuous away from the discontinuity. Provided
V (x) remains finite in −ε < x < ε, the integral on right vanishes in the limit
ε → 0. We conclude that ψ′(x) also remains continuous across x = 0. The
argument is identical at x = L.
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4. We now impose the boundary conditions at x = 0 and x = L. First, from the
requirement that the wavefunction and its derivative are continuous across
x = 0, we have

A = C κA = kB .

We can immediately eliminate A, leaving κC = kB. Second, from the require-
ment that the wavefunction and its derivative are continuous across x = 0, we
have

A′e−κL = B sin kL+ C cos kL (200)

= C
(κ
k
sin kL+ cos kL

)
(201)

−κA′e−κL = k(B cos kL− C sin kL) (202)

= κC

(
cos kL− k

κ
sin kL

)
(203)

where we have eliminated B using κC = kB. Dividing these equations, we
can eliminate the remaining constants A′ and C to find

κ

k
=

sin kL− κ
k cos kL

cos kL+ κ
k sin kL

(204)

=
tan kL− κ

k

1 + κ
k tan kL

. (205)

5. We first rearrange to find a quadratic equation for the ratio κ/k,

tan kL
(κ
k

)2
+ 2

(κ
k

)
− tan kL = 0 .

whose solution is

κ

k
=

1

tan kL

(
−1±

√
1 + tan2 kL

)
=

{
+tan

(
kL
2

)
− cot

(
kL
2

)
Since κ, k can be expressed in terms of E, this is a constraint or “quantisation
condition" on the possible eigenvalues E. It is impossible to solve analytically.
However, we can understand the solutions graphically. For this purpose, it is
convenient to introduce the dimensionless variables

z =
L

2

√
2mE

h̄2
z0 =

L

2

√
2mV0

h̄2
.

The quantisation condition then becomes

√
z20/z

2 − 1 =

{
+tan z

− cot z
.

We can now understand the solutions by plotting both sides of this equation
on the same graph and looking for their intersection points.
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<latexit sha1_base64="0boR7nBzjWs1BqhXThdKg9fb5rM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWMG2hDWWz3bRrN5uwOxFq6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm5nfeuTaiETd4zjlQUwHSkSCUbRSs4tUkadeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzK+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoKpgIlWbIFVssijJJMCGz10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xK/IvqddW7q1XqtTyNIpzAKZyDB5dQh1togA8MHuAZXuHNSZwX5935WLQWnHzmGP7A+fwBtZeOtQ==</latexit><latexit sha1_base64="0boR7nBzjWs1BqhXThdKg9fb5rM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWMG2hDWWz3bRrN5uwOxFq6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm5nfeuTaiETd4zjlQUwHSkSCUbRSs4tUkadeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzK+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoKpgIlWbIFVssijJJMCGz10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xK/IvqddW7q1XqtTyNIpzAKZyDB5dQh1togA8MHuAZXuHNSZwX5935WLQWnHzmGP7A+fwBtZeOtQ==</latexit><latexit sha1_base64="0boR7nBzjWs1BqhXThdKg9fb5rM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWMG2hDWWz3bRrN5uwOxFq6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm5nfeuTaiETd4zjlQUwHSkSCUbRSs4tUkadeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzK+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoKpgIlWbIFVssijJJMCGz10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xK/IvqddW7q1XqtTyNIpzAKZyDB5dQh1togA8MHuAZXuHNSZwX5935WLQWnHzmGP7A+fwBtZeOtQ==</latexit><latexit sha1_base64="0boR7nBzjWs1BqhXThdKg9fb5rM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWMG2hDWWz3bRrN5uwOxFq6X/w4kHFqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm5nfeuTaiETd4zjlQUwHSkSCUbRSs4tUkadeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzK+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoKpgIlWbIFVssijJJMCGz10lfaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xK/IvqddW7q1XqtTyNIpzAKZyDB5dQh1togA8MHuAZXuHNSZwX5935WLQWnHzmGP7A+fwBtZeOtQ==</latexit>

� cot z
<latexit sha1_base64="t9ytliRqt6z4snNFvmWrcLvcztA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUG8FLx4rGFtoQ9lsN+3SzSbsToQa+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8MEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm6nfeuTaiETd4zjlQUwHSkSCUbRS67zLEiRPvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGfnTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXiX9Ru655d/Vqo16kUYJjOIEz8OASGnALTfCBwQie4RXenNR5cd6dj3nrilPMHMEfOJ8/JCOO7w==</latexit><latexit sha1_base64="t9ytliRqt6z4snNFvmWrcLvcztA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUG8FLx4rGFtoQ9lsN+3SzSbsToQa+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8MEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm6nfeuTaiETd4zjlQUwHSkSCUbRS67zLEiRPvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGfnTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXiX9Ru655d/Vqo16kUYJjOIEz8OASGnALTfCBwQie4RXenNR5cd6dj3nrilPMHMEfOJ8/JCOO7w==</latexit><latexit sha1_base64="t9ytliRqt6z4snNFvmWrcLvcztA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUG8FLx4rGFtoQ9lsN+3SzSbsToQa+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8MEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm6nfeuTaiETd4zjlQUwHSkSCUbRS67zLEiRPvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGfnTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXiX9Ru655d/Vqo16kUYJjOIEz8OASGnALTfCBwQie4RXenNR5cd6dj3nrilPMHMEfOJ8/JCOO7w==</latexit><latexit sha1_base64="t9ytliRqt6z4snNFvmWrcLvcztA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4sSRSUG8FLx4rGFtoQ9lsN+3SzSbsToQa+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmmrvL2zu7dfOTh8MEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wjm6nfeuTaiETd4zjlQUwHSkSCUbRS67zLEiRPvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGfnTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2xC8xZeXiX9Ru655d/Vqo16kUYJjOIEz8OASGnALTfCBwQie4RXenNR5cd6dj3nrilPMHMEfOJ8/JCOO7w==</latexit>

q
z20/z

2 � 1
<latexit sha1_base64="FHZuz6wWeSRIUbvPbNaFiLpSYKI=">AAAB+nicbVBNT8JAEJ36ifhV8eilkZh4EVtCot5IvHjExAoJlGa7LLBhu627WyM0/StePKjx6i/x5r9xgR4UfMkkL+/NZGZeEDMqlW1/Gyura+sbm4Wt4vbO7t6+eVC6l1EiMHFxxCLRCpAkjHLiKqoYacWCoDBgpBmMrqd+85EISSN+p8Yx8UI04LRPMVJa8s1SRz4IlU58u1s9n3SrZ07mm2W7Ys9gLRMnJ2XI0fDNr04vwklIuMIMSdl27Fh5KRKKYkayYieRJEZ4hAakrSlHIZFeOrs9s0600rP6kdDFlTVTf0+kKJRyHAa6M0RqKBe9qfif105U/9JLKY8TRTieL+onzFKRNQ3C6lFBsGJjTRAWVN9q4SESCCsdV1GH4Cy+vEzcauWq4tzWyvVankYBjuAYTsGBC6jDDTTABQxP8Ayv8GZkxovxbnzMW1eMfOYQ/sD4/AFKi5Nz</latexit><latexit sha1_base64="FHZuz6wWeSRIUbvPbNaFiLpSYKI=">AAAB+nicbVBNT8JAEJ36ifhV8eilkZh4EVtCot5IvHjExAoJlGa7LLBhu627WyM0/StePKjx6i/x5r9xgR4UfMkkL+/NZGZeEDMqlW1/Gyura+sbm4Wt4vbO7t6+eVC6l1EiMHFxxCLRCpAkjHLiKqoYacWCoDBgpBmMrqd+85EISSN+p8Yx8UI04LRPMVJa8s1SRz4IlU58u1s9n3SrZ07mm2W7Ys9gLRMnJ2XI0fDNr04vwklIuMIMSdl27Fh5KRKKYkayYieRJEZ4hAakrSlHIZFeOrs9s0600rP6kdDFlTVTf0+kKJRyHAa6M0RqKBe9qfif105U/9JLKY8TRTieL+onzFKRNQ3C6lFBsGJjTRAWVN9q4SESCCsdV1GH4Cy+vEzcauWq4tzWyvVankYBjuAYTsGBC6jDDTTABQxP8Ayv8GZkxovxbnzMW1eMfOYQ/sD4/AFKi5Nz</latexit><latexit sha1_base64="FHZuz6wWeSRIUbvPbNaFiLpSYKI=">AAAB+nicbVBNT8JAEJ36ifhV8eilkZh4EVtCot5IvHjExAoJlGa7LLBhu627WyM0/StePKjx6i/x5r9xgR4UfMkkL+/NZGZeEDMqlW1/Gyura+sbm4Wt4vbO7t6+eVC6l1EiMHFxxCLRCpAkjHLiKqoYacWCoDBgpBmMrqd+85EISSN+p8Yx8UI04LRPMVJa8s1SRz4IlU58u1s9n3SrZ07mm2W7Ys9gLRMnJ2XI0fDNr04vwklIuMIMSdl27Fh5KRKKYkayYieRJEZ4hAakrSlHIZFeOrs9s0600rP6kdDFlTVTf0+kKJRyHAa6M0RqKBe9qfif105U/9JLKY8TRTieL+onzFKRNQ3C6lFBsGJjTRAWVN9q4SESCCsdV1GH4Cy+vEzcauWq4tzWyvVankYBjuAYTsGBC6jDDTTABQxP8Ayv8GZkxovxbnzMW1eMfOYQ/sD4/AFKi5Nz</latexit><latexit sha1_base64="FHZuz6wWeSRIUbvPbNaFiLpSYKI=">AAAB+nicbVBNT8JAEJ36ifhV8eilkZh4EVtCot5IvHjExAoJlGa7LLBhu627WyM0/StePKjx6i/x5r9xgR4UfMkkL+/NZGZeEDMqlW1/Gyura+sbm4Wt4vbO7t6+eVC6l1EiMHFxxCLRCpAkjHLiKqoYacWCoDBgpBmMrqd+85EISSN+p8Yx8UI04LRPMVJa8s1SRz4IlU58u1s9n3SrZ07mm2W7Ys9gLRMnJ2XI0fDNr04vwklIuMIMSdl27Fh5KRKKYkayYieRJEZ4hAakrSlHIZFeOrs9s0600rP6kdDFlTVTf0+kKJRyHAa6M0RqKBe9qfif105U/9JLKY8TRTieL+onzFKRNQ3C6lFBsGJjTRAWVN9q4SESCCsdV1GH4Cy+vEzcauWq4tzWyvVankYBjuAYTsGBC6jDDTTABQxP8Ayv8GZkxovxbnzMW1eMfOYQ/sD4/AFKi5Nz</latexit>

z0
<latexit sha1_base64="DqPiwLC3d2IaN7dEzTBvG4kVCZw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3SzSbsToQa+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucZzyIKYDJSLBKFrp7qnn9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl9eJv5Z/aru3Z7XGudFGmU4gmM4BQ8uoAE30AQfGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AHbGjWc=</latexit><latexit sha1_base64="DqPiwLC3d2IaN7dEzTBvG4kVCZw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3SzSbsToQa+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucZzyIKYDJSLBKFrp7qnn9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl9eJv5Z/aru3Z7XGudFGmU4gmM4BQ8uoAE30AQfGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AHbGjWc=</latexit><latexit sha1_base64="DqPiwLC3d2IaN7dEzTBvG4kVCZw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3SzSbsToQa+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucZzyIKYDJSLBKFrp7qnn9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl9eJv5Z/aru3Z7XGudFGmU4gmM4BQ8uoAE30AQfGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AHbGjWc=</latexit><latexit sha1_base64="DqPiwLC3d2IaN7dEzTBvG4kVCZw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsN+3SzSbsToQa+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucZzyIKYDJSLBKFrp7qnn9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU0ZibIJ+dOiEnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl9eJv5Z/aru3Z7XGudFGmU4gmM4BQ8uoAE30AQfGAzgGV7hzZHOi/PufMxbS04xcwh/4Hz+AHbGjWc=</latexit>

⇡

2
<latexit sha1_base64="OWeyPqm/VLjz7cMWI9M5wRyWEQ8=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKQb0VvHisYGyhCWWz3bRLN5u4uymUkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/jkUSWZJNQjCU9kL8SKciaop5nmtJdKiuOQ0244uZ373SmViiXiQc9SGsR4JFjECNZGCvxIYpL7KSvyZjGw607DWQCtE7ckdSjRGdhf/jAhWUyFJhwr1XedVAc5lpoRTouanymaYjLBI9o3VOCYqiBfHF2gC6MMUZRIU0Kjhfp7IsexUrM4NJ0x1mO16s3F/7x+pqPrIGcizTQVZLkoyjjSCZongIZMUqL5zBBMJDO3IjLGJgdtcqqZENzVl9eJ12zcNNz7Vr3dKtOowhmcwyW4cAVtuIMOeEDgCZ7hFd6sqfVivVsfy9aKVc6cwh9Ynz98vJIR</latexit><latexit sha1_base64="OWeyPqm/VLjz7cMWI9M5wRyWEQ8=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKQb0VvHisYGyhCWWz3bRLN5u4uymUkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/jkUSWZJNQjCU9kL8SKciaop5nmtJdKiuOQ0244uZ373SmViiXiQc9SGsR4JFjECNZGCvxIYpL7KSvyZjGw607DWQCtE7ckdSjRGdhf/jAhWUyFJhwr1XedVAc5lpoRTouanymaYjLBI9o3VOCYqiBfHF2gC6MMUZRIU0Kjhfp7IsexUrM4NJ0x1mO16s3F/7x+pqPrIGcizTQVZLkoyjjSCZongIZMUqL5zBBMJDO3IjLGJgdtcqqZENzVl9eJ12zcNNz7Vr3dKtOowhmcwyW4cAVtuIMOeEDgCZ7hFd6sqfVivVsfy9aKVc6cwh9Ynz98vJIR</latexit><latexit sha1_base64="OWeyPqm/VLjz7cMWI9M5wRyWEQ8=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKQb0VvHisYGyhCWWz3bRLN5u4uymUkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/jkUSWZJNQjCU9kL8SKciaop5nmtJdKiuOQ0244uZ373SmViiXiQc9SGsR4JFjECNZGCvxIYpL7KSvyZjGw607DWQCtE7ckdSjRGdhf/jAhWUyFJhwr1XedVAc5lpoRTouanymaYjLBI9o3VOCYqiBfHF2gC6MMUZRIU0Kjhfp7IsexUrM4NJ0x1mO16s3F/7x+pqPrIGcizTQVZLkoyjjSCZongIZMUqL5zBBMJDO3IjLGJgdtcqqZENzVl9eJ12zcNNz7Vr3dKtOowhmcwyW4cAVtuIMOeEDgCZ7hFd6sqfVivVsfy9aKVc6cwh9Ynz98vJIR</latexit><latexit sha1_base64="OWeyPqm/VLjz7cMWI9M5wRyWEQ8=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lKQb0VvHisYGyhCWWz3bRLN5u4uymUkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/jkUSWZJNQjCU9kL8SKciaop5nmtJdKiuOQ0244uZ373SmViiXiQc9SGsR4JFjECNZGCvxIYpL7KSvyZjGw607DWQCtE7ckdSjRGdhf/jAhWUyFJhwr1XedVAc5lpoRTouanymaYjLBI9o3VOCYqiBfHF2gC6MMUZRIU0Kjhfp7IsexUrM4NJ0x1mO16s3F/7x+pqPrIGcizTQVZLkoyjjSCZongIZMUqL5zBBMJDO3IjLGJgdtcqqZENzVl9eJ12zcNNz7Vr3dKtOowhmcwyW4cAVtuIMOeEDgCZ7hFd6sqfVivVsfy9aKVc6cwh9Ynz98vJIR</latexit>

3⇡

2
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Figure 9: Graphical method to solve the non-linear equation which determines
the energy spectrum.

1. There is a discrete number of solutions, which increases with the dimen-
sionless parameter z0. It is clear graphically that there is always at least
one intersection point for 0 < z0 <∞.

2. The limit V0 → ∞ corresponds to z0 → ∞. In this limit, there are an
infinite number of intersection points that move closer to the asymptotes
z = nπ

2 for n ∈ Z>0. From the definition of z, the intersection points in
this limit correspond to energies

E =
h̄2

2m

(nπ
L

)2
,

which are those of an infinite square well.

19 Problems: Momentum-space Wave function

19.1. Gaussian in momentum space:
Consider the normalized Gaussian wave function

ψ(x) =
1

(2π∆2)1/4
e−x

2/4∆2
eip0x/h̄

1. Compute the momentum expectation values 〈p〉, 〈p2〉 and uncertainty ∆p us-
ing the momentum operator p̂ = −ih̄∂x.

2. Show that the momentum space wave function has the form

ψ̃(p) =
1

(2π∆̃2)1/4
e−(p−p0)2/4∆̃2

up to a constant phase factor and determine ∆̃.

3. Repeat part (a) using the momentum probability density.

19.2. Momentum-space wavefunction for a particle in a box:
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A particle confined to the region −a < x < a has wave function

ψ(x) =

{
C sin

(πx
a

)
if − a < x < a

0 otherwise
.

1. Find the normalisation C.

2. Using the momentum operator p̂ = −ih̄∂x show that 〈p〉 = 0.

3. Show that the momentum space wave function is

ψ̃(p) = i

√
2πh̄3

a3
sin(pa/h̄)

p2 − (h̄π/a)2
.

4. Sketch the momentum probability density |ψ̃(p)|2 and hence explain why

1. 〈p〉 = 0, compatible with part (b).
2. The mostly likely outcomes of a momentum measurement are

p = ±πh̄
a
.

Hints:

(c) Integrate by parts twice or convert the sine to complex exponentials.

(d) If you are having difficulty with the sketch, try Wolfram Alpha!

Solution:

1. To determine the normalisation,

1 = |C|2
∫ a

−a
sin2

(πx
a

)
dx

=
|C|2

2

∫ a

−a

(
1− cos

(
2πx

a

))
dx (206)

= |C|2a , (207)

so we can choose C = 1/
√
a.

2. The momentum expectation value is

〈p〉 = −ih̄
∫ ∞

−∞
ψ(x)∂xψ(x)

= −ih̄ π
a2

∫ a

−a
sin
(πx
a

)
cos
(πx
a

)
(208)

= 0 (209)

because the integrand is odd. Alternatively, the wave function is normalised
and real, which implies that 〈p〉 = 0 by problem 1.3.
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3. The momentum space wave function is

ψ̃(p) =
1√
2πh̄

∫ ∞

−∞
e−ipx/h̄ψ(x)dx

=
1√
2πh̄a

∫ a

−a
e−ipx/h̄ sin

(πx
a

)
(210)

=
1√
2πh̄a

1

2i

∫ a

−a

(
e−i(p/h̄−π/a)x − e−i(p/h̄+π/a)x

)
(211)

=
1√
2πh̄a

1

2

(
eipa/h̄ − e−ipa/h̄

p/h̄− π/a
− eipa/h̄ − e−ipa/h̄

p/h̄+ π/a

)
(212)

= i

√
2πh̄3

a3
sin(pa/h̄)

p2 − (h̄π/a)2
. (213)

You may also integrate by parts twice to find the same result!

4. The probability density is

P̃ (p) =
2πh̄3

a3

(
sin(pa/h̄)

p2 − (h̄π/a)2

)2

.

p
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1. The momentum probability density is an even function so 〈p〉 = 0.
2. The momentum probability density has global maxima at p = ±h̄π/a.
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