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Motivation

Robust Bayesian Analysis (Berger et al., 1994, pp. 24–25)

A prior distribution should be
easy to elicit and interpret,

easy to handle computationally,

reasonable to reflect uncertainty,

extensible to higher dimensions, and

adaptable to incorporate constraints

Chel Hee Lee, Mik, elis Bickis (USASK) Imprecise Inference 2016-SEP-04 4 / 37



Motivation

HOW?

?
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Imprecise Inferential Framework

Imprecise Inferential Framework

Canonical Representation
Consider a family of probability measures Pθ whose density with respect to µ:

dPθ(y) = exp{θ · t(y)− A(θ)}dµ(y),

where t : Rm → Rk is a measurable function of y and the cumulant transform

A(θ) = ln
∫

exp{θ · t(y)}dµ(y)

serves to normalize the measure Pθ.
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Imprecise Inferential Framework

Imprecise Inferential Framework

Conjugate Prior Formulation
We consider the following family of prior measures for Pθ with respect to
Lebesgue measure:

dπξ2,ξ1,ξ0(θ) ∝ exp{−ξ2θ
2 + θξ1 − ξ0A(θ)−M(ξ2, ξ1, ξ0)}dθ,

where ξ = (ξ2, ξ1, ξ0) are hyperparameters and

M(ξ2, ξ1, ξ0) = ln
∫ ∞
−∞

exp{−ξ2θ
2 + θξ1 − ξ0A(θ)}dθ < +∞

is the cumulant transform of ξ producing the densities πξ(θ).
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Imprecise Inferential Framework

Illustration (based on Poisson samples)

Consider the problem of parameter estimation
(Scenario 1) when a prior is conjugate to a likelihood

using a log-gamma prior distribution

(Scenario 2) when a prior is not conjugate to a likelihood
using a normal prior distribution

(Scenario 3) under the generalized linear model setting
having only intercept
incorporating a single predictor (with an intercept)
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Illustration Scenario I

Scenario I

Using Log-Gamma Priors
If µ ∼ Gamma(α, β) and θ = log(µ),

πα,β(θ) ∝ eαθ−βeθ

We see the following

p(θ|y) ∝ e(yθ−eθ)e(αθ−βeθ)

= e(α+y)θ−(β+1)eθ

which has the form p(θ|y) ∝ exp(−ξ2θ
2 + ξ1θ − ξ0eθ) with hyperparameters

ξ2 = 0, ξ1 = α1 + y, ξ0 = β + 1, (1)
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Illustration Scenario I

Set Basic Analytical Frame
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Illustration Scenario I

Assume Poisson Mean Parameter (µ = 1)
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Illustration Scenario I

Before Seeing Data
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Illustration Scenario I

After Seeing One Observation
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Illustration Scenario I

One More Observation
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Illustration Scenario I

See What Data Tell Us
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Illustration Scenario I

Continue to Watch!
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Illustration Scenario I

Learning Process from Ten Observations
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Illustration Scenario I

Contour Levels of Prior Expectation E[Y]
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Illustration Scenario I

Computational Efficiency
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Illustration Scenario I

Elicitation Under Almost Complete Prior Ignorance
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Illustration Scenario I

Elicitation – Improper Priors
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Illustration Scenario I

Meaningful Interpretation for Communication
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Illustration Scenario I

All Priors Are Informative In Some Way
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Illustration Scenario I

Learning Curve of Imprecise Prior Capturing True
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Illustration Scenario I

Learning Curve of Imprecise Prior Not Capturing True
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Illustration Scenario I

Some Priors Are More Informative Than The Others?
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Illustration Scenario II

Scenario II

Using Normal Priors

If µ ∼ LN(log(ν), τ 2) and θ = log(µ),

πν,τ (θ) ∝ exp
(
− 1

2τ 2 θ
2 +

ν

τ 2 θ

)
, (2)

We see the following

p(θ|y) ∝ exp(yθ − eθ) exp
(
− 1

2τ 2 θ
2 +

ν

τ 2 θ

)
. (3)

which has the form p(θ|y) ∝ exp(−ξ2θ
2 + ξ1θ − ξ0eθ) with hyperparameters

ξ2 =
1

2τ 2 , ξ1 =
ν

τ 2 + y, ξ0 = 1, (4)
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Illustration Scenario II

Level Sets of Prior Expectation E[Y]
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Illustration Scenario II

Level Sets of Prior Expectation E[Y]
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Illustration Scenario III-1

Level Sets of Prior Expectation E[θ] (Intercept Model)
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Illustration Scenario III-1

Level Sets of Prior Expectation E[θ] (Intercept Model)
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Illustration Scenario III-1

Soft-Linearity
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Illustration Scenario III-1

Soft-Linearity
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Illustration Scenario III-1

Soft-Linearity
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Illustration Scenario III-1

Soft-Linearity
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Illustration Scenario III-1

Focusing Feature
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Illustration Scenario III-1

Focusing Feature
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Illustration Scenario III-1

Focusing Feature
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Illustration Scenario III-2

Graphical Demonstration

Simulation Design

E(β|y,X) =

∫
β f (y|X,β)π(β) dβ∫
f (y|X,β)π(β) dβ

where X ∼ MVN2

([
1
0

]
,

[
0 0
0 1

])
, π(β) ∼ MVN2 (b,B) such as

b =

[
µ0
µ1

]
, B =

[
σ0 0
0 σ1

] [
1 ρ
ρ 1

] [
σ0 0
0 σ1

]
Metropolis-Hasting algorithm, Laplace approximation, Importance sampling
methods are used for approximation.
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Illustration Scenario III-2

Focusing Feature
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Illustration Scenario III-2

Agreement Between Intentional Units

−4 −2 0 2

−
4

−
2

0
2

β0

β 1 ●

n=5

Chel Hee Lee, Mik, elis Bickis (USASK) Imprecise Inference 2016-SEP-04 33 / 37



Illustration Scenario III-2

Agreement Between Intentional Units

−4 −2 0 2

−
4

−
2

0
2

β0

β 1 ●

n=10

Chel Hee Lee, Mik, elis Bickis (USASK) Imprecise Inference 2016-SEP-04 33 / 37



Illustration Scenario III-2

Agreement Between Intentional Units

−4 −2 0 2

−
4

−
2

0
2

β0

β 1 ●

n=20

Chel Hee Lee, Mik, elis Bickis (USASK) Imprecise Inference 2016-SEP-04 33 / 37



Illustration Scenario III-2

Agreement Between Intentional Units

−4 −2 0 2

−
4

−
2

0
2

β0

β 1 ●

n=50

Chel Hee Lee, Mik, elis Bickis (USASK) Imprecise Inference 2016-SEP-04 33 / 37



Illustration Scenario III-2

Working in Progress

Extention to other sampling models
Binomial distribution
Geometric distribution
Exponential distribution
Normal distribution (with known variance)
Normal distribution (with known mean)

Incorporation of Kullback-Leibler divergence measure

Imprecise inference for comparing two groups

Dicision problem in practice

Software development
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Discussion

Discussion

Advantage of this approach
Extension to generalized linear model

Easy implementation in software
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Discussion

Study Design

Imprecision on Data
(systematic) incomplete data

misclassified data

missing data

partially informative

Model imprecision
Midspecified model

Partially correct model
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