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Algebraic Geometry III/IV

Solutions, set 7.

Exercise 10.
(a) Let f(z,y) = 2% — z* — y*. We have

folwy) = 22(1—V2)(1+ V22),

folwy) = —4°.
The condition f,(z,y) = 0 implies y = 0 and, because of f(z,0) =
2*(1 — z)(1 + z), we see that f(z,y) = fo(z,y) = fy(z,y) = 0 has the

only solution (x,y) = (0,0). Next we calculate the tangent lines of Cy
at (0,0). We have

f(x,y) = fg(l',y) + f4($,y),

with fo(x,y) = 22 and fy(z,y) = —2* —y*. Therefore, we have a double
tangent line given by x = 0. So we need to consider the blow-up in Uj.
We set (x,y) = (x1y1,y1) and obtain

4.2

f(xlylayl) = y%(ﬁ — 1Y y%)u

so the strict transform of f in Uj is
fO () = 2t — alyf — ui.
We now have

fé})(ﬂflam) = 2371(1_237%9%)7
fgsll)(‘rhyl) = 2y (z] +1).

The preimages of (z,y) = (0,0) under the strict transform are given by
y1 =y =0and fM(2,0) = 22 = 0, i.e., only (x1,1) = (0,0), which



is still a singular point of C'f(l). Next we calculate the tangent lines of
Cya) at (0,0). We have

FO(ar,90) = 371, 91) + fﬁ(l)(%, Y1)

with {7 (z1,41) = (21 — y1)(z1 + 1) and £ (@1, 91) = —aiy?. There-
fore, we have the two tangent lines z; = y; and 1 = —y;. So we
can consider the next blow-up in Uy. We set (x1,y1) = (22, 2y2) and
obtain

FO (@, wayn) = 23(1 — 2393 — v3),

so the strict transform of f(V) in Uj is

FO (2, 10) = 1 — 2395 — v3.

The preimages of (z1,y1) = (0,0) under the strict transform are given
by 25 = 21 = 0 and fP(0,y2) =1—52 =0, i.e., (z2,72) = (0, £1). We
now have

O (wa,y0) = —dadys,
S (x2,02) = —2u(z3 +1).

Since féf)((), +1) = F2 # 0, all singularities are now resolved and the
blow-up process stops.

Let g(x,y) = y> — 2°. We have

gx(l‘)y) - —5.1’4,
gy(z,y) = 37

s0 g(x,y) = gy(z,y) = 0 implies that (z,y) = (0,0). Therefore, the
only singularity of Cj, is (0,0). The tangent lines of C;, at (0,0) arey = 0
(trice) and we can consider the blow-up in Uy. We set (z,y) = (21, 21y1)

and obtain

gz, z191) = x?f(yi) - 37%),

i.e., the strict transform of g in Uy is

9(1)(56’17 Y1) = yf - 37%



The preimages of (z,y) = (0,0) under the strict transform are given

,0)
by 1 =2 = 0 and ¢gM(0,,) = 3} =0, i.e., (x1,51) = (0,0). Since

9;5311)(5517191) = —2xy,
gg(/i) ('xh yl) = _3y%7
the point (0,0) is still a singularity of C,u). The tangent lines of C )

at (0,0) are x = 0 (twice) and we need to carry out the blow-up in Uj.
We set (z1,y1) = (22y2, y2) and obtain

9V (222, 92) = ¥ (y2 — 73).

The strict transform of g™V in U; is therefore

9(2)(902,?/2) = yp — 75.
The preimages of (z1,y1) = (0,0) under the strict transform are given
by Yo = Y1 = 0 and g(2)<$’270) = —SU% = 07 i'e'7 (‘r27y2) = <O70)
Since gg) (z2,y2) = 1 # 0, all singularities are resolved and the blow-up
process stops.



