Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 11 18.1.2012

1. (a) Since ws is exact, we have wo = dn. Let u = wy An. Assume that
w1 € QF(U). Then we have

d(wy An) = (dwi) A+ (=1)Fw; Adn.
Since wq is closed, we have dwi = 0, and we see that
d(=D)*wi An) = wi Aws,

i.e., w1 A we is exact.

(b) We have
dw = —yidy Adys A dys,
O (dw) = —x2e?®(e"3dry + x1e®3das) A
(e7"3dxg — woe™ "dx3) N 2x3dxs
= —22%z3e*3dxy A dxo A das,
O*(w) = aix0e®(e%3dry + 213 dx3) A 2x3das

= 2$%$2$3€2$3d1‘1 A dzxs,

dp*(w) = —Qx%azge%?’dxl A dxo A dxs.

2. Homework! Will be given in a later solution sheet.
3. Note that

o(x1) ... 0
det Dp(z) = det [ c | =] i)
0 cee () i

Using the substitution reule in each coordinate, we obtain

/f = / / flyr, .oy yn)dyn - .. dyr
\% [e1,d1] [en,dn]

:/ / FW1 - s o (@) (@) | dindynr - .- dys
[c1,d4] [an,bn]

- /{ M.../[ S, nlea) [Tl wlden oy

= / fop|det Dy.
U



4. Homework! Will be given in a later solution sheet.
5. (a) We have f(x,y) = (x + b,y) and, consequently,

dx+b) Ndy drAdy

ffw= 2 2 w.
(b) We have g(x,y) = (ax,ay) and, consequently,
d(az) Nd 2dx N d
oo M) dlay) _ adondy _
(ay)? a*y®

(c) We have h(z,y) = (z/(z% + y?), —y/(2? + 3?)). Note that

T 1 222 2xy
d(—2) = - dr — —-Y__g
(a:2+y2) <$2+y2 ($2+y2)2> (22 + 4227
2 _ 2
Y - 2xy
= SF———=dr — —S——5=dy.
@+ @y

Similarly, we obtain

2 _ .2
Y 7=y 2xy
d - dy — —=Y .
(a:2—|—y2) @2+ 22 T @222
and
T Y (22 — y?)? + 4a?y? dx N\ dy
d Ad = — dzNdy = ————F——.
(a:2—|—y2) (a:2+y2) (22 + 2)4 TAay (@2 + 42)?2
This implies that
1 x Y dx N dy
hw= d ANd = =w
@ e M) =Ty



