Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 16 29.2.2012

. (a) We have
dw = 3dx ANdy N dz.

(b) An almost coordinate chart of F is given by
w:V:=(0,2m)x(—7/2,7/2) = U C E, ¢(a,) = (acosacosf3,bsinacos3,csinf3).

The points, which are not reached by this parametrisation form a smooth
curve connecting south and north pole of the ellipse. This is a set of
measure zero. Then we have

Wy = g—z(a,ﬁ) = (—asinacosﬁ,bcosacosﬁ,O)T,
w3 = g—g(a,ﬁ) = (—acosasinﬁ,—bsinasinﬁ,ccosﬁ)T,
wy = g—z(a,ﬁ) X g—g(a,ﬁ) = (becos acos® B, acsin o cos® B, absin o cos ﬁ)T.

By construction wq, wo, w3 have the same orientation as eq, es, e3 and at
o(m,0) = (—a,0,0) we have wy = (—bc,0,0), so that the outer unit nor-
mal vector is positively oriented with respect to the orientation induced
by this coordinate chart.

We have
o= o=
E U |4

¢ w =acosacos Bd(bsinacos ) A d(csin F)—
—bsin acos B d(acos acos B)A d(esin 3)+esin 5 d(acos acos B)A d(bsin acos ) =
= acos acos B(bcos acos fda — bsin asin fd3) A ccos BdF—
— bsin v cos B(—asin a cos fda — a cos asin Bd3) A ccos BdfF+
+csin f(—asin a cos fda—a cos asin SdF)A (b cos a cos Bda—bsin asin fdf) =
= abc(cos? o cos® f+sin? a cos® B+sin? asin? 3 cos f+cos? asin? § cos §) daAdB =

= abe(cos® B+ sin? B cos B) da A df3 = abecos fdo A df3.

and

Thus

/w:/ gp*w:/ / abccos BdBda =
E \% (0,2m) J (=7 /2,7/2)

= 27rabc/ cos B dfB = 4mabe.
(=m/2,m/2)



2. We use in our arguments the abbreviations I = (i1,...,4) and J =
(J1,---,Jk—1- Note also that the definition of ¢; implies Di;(z)(v) = (0,v)
and

dt(Diy(z)(v)) = dt(0,v) =0, (1)

since t is the first coordinate in (¢, z1,...,Zy,).
(a) By linearity, it suffices to prove the formula in (a) only for n = frdzy
and for n = gydt N dx ;.

Case n = frdxr: Then In = 0, by definition of I, and d(In) = 0.
On the other hand, we have

dn = aﬁthd1~r§:8fﬂmlAdxh

which implies

(I(dn))s = aaff dz;(Diy(z)-,..., Diy(z)")
0

dzy(-,...,"), where dz; € QF(U)

= (fr(1,2) — f1(0,2)) - dxg(-...,).

Then
d(In)z +I(dn): = (f1(1,2) — f1(0,2)) - dog
and
ff"? - ig"? = f1(1,-)dx; — f1(0,-)dxs.

Case 1) = gjdt A dxj: Then dn = — 0, gix‘]]_dt Adzj A dxy and

1
(In)x:/o gy (t,x) dz;(Di(x)-, dots, Diy(x)-) dt,

dxz y(-,...,), where dey € QF(U)

and
d(In), = z”: /1 %(t x)dt | dz; N dz
T - 0 Omj ) 7 J
J=1 €Qk(U)
and
1 n a -
I(dn), = — /O > aiﬂ (t,x) dzj A dxj(Dig(x)-,. .., Dig(x)-)dt
J

dzjndzj(-,...,”), where dz; Adz; € QF(U)

= —Z(O gi;’ )dt)d:z:j/\dxj(-,...,-).

d(In)z + I(dn). = 0.



On the other hand, we have 7 — ign = 0 since

(tim)z(v1, ... vg) = gs(t, ) dt Adx g (Dig(z)v,. .., Dig(x)vg) .

=0, because of (1)

This shows also in this case that
d(In)e + I(dn)z = i1n — ign.

We have Hoiy(x) = H(1,z) = x and Hoig(x) = H(0,x) = p. Note
also that if F' is constant, then DF = 0 and, therefore,

(Frw)z(v1,. .., v) = W) (DF(x)v1, ..., DF(z)vg) = 0,
=0 =0

ie., F*w =0. Let o = I(H*w) € Q¥ 1(U). We have, by (a)

iH 'w —iyH w = d(I(H*w)) + [(d(H*w)),
I
and therefore
w—0=da+I(dHw))=do+ I(H"( o, ) = do,

=0, w closed

i.e., w is exact.



