Dr. Norbert Peyerimhoff, Durham University 28/11/2008

Riemannian Geometry IV

Solutions, set 6.

Exercise 12. c(t) = (cos^3(t), sin^3(t)) implies that c^′(t) = 3 sin t cos t(− cos(t), sin(t)).

So we obtain ‖c^′(t)‖ = 3| sin t cos t| = 3 2 | sin(2t)|, and the length is given by

L(c) =

∫_{2π} 0 ‖c^′(t)‖dt = 3 2 (∫_{π/2} 0 sin(2t)dt −

∫_π π/2 sin(2t)dt +

∫ 3π_2 π sin(2t)dt −

∫_{2π} 3π 2 sin(2t)dt )

= 3 2 · 4 ·

∫_{π/2} 0 sin(2t)dt = 6.

Exercise 13. (a) We have c^′(t) = i for all t ∈ [a, b]. The function l : [a, b] → [0, L(c)] is given by

l(t) =

∫_t a ‖c^′(s)‖_{c(s)} ds = ln t a . So l : [a, b] → [0, ln(b/a)] is bijective, strictly monotone increasing and differentiable. We calculate its inverse: s = l(t) ⇔ s = ln t a ⇔ e^s = t a ⇔ t = ae^s.

So l^{−1}(s) = ae^s and an arc length reparametrization of c is given by γ = c ∘ l^{−1} : [0, ln(b/a)] → H^2, γ(s) = c(l^{−1}(s)) = c(ae^s) = ae^si.

(b) We have

c(t) =

(ai cos t + sin t)(ai sin t + cos t) cos^2 t + a^2 sin^2 t = sin t cos t(1 − a^2) + ia cos^2 t + a^2 sin^2 t , so Im(c(t)) = a cos^2 t + a^2 sin^2 t . On the other hand, we have

c^′(t) =

(−ai sin t + cos t)^2 + (ai cos t + sin t)^2 (−ai sin t + cos t)^2 = 1 − a^2 (−ai sin t + cos t)^2 . This implies that |c^′(t)| = a^2 − 1 cos^2 t + a^2 sin^2 t , and ‖c^′(t)‖_{c(t)} = a^2 − 1 cos^2 t + a^2 sin^2 t cos^2 t + a^2 sin^2 t a = a^2 − 1 a = a − 1 a . So we obtain L(c) =

∫_π 0 ‖c^′(t)‖_{c(t)} dt = π ( a − 1 a ) .

Exercise 14.

(a) If z_1 = z_2 there is nothing to check. Let z_1 = ai and z_2 = bi. In this case we have d_H(z_1, z_2) = | ln b/a|, which implies that

sinh( 1 2 d(z_1, z_2)) = 1 2 | | | exp( ln(b/a) 2 ) − exp(− ln(b/a) 2 ) | | | = 1 2 | | | √ a b − √ b a | | |. On the other hand we obtain |z_1 − z_2| 2 √ Im(z_1)Im(z_2) = |a − b| 2 √ ab = 1 2 | | a √ ab − b √ ab | |, which shows the validity of the formula in this particular case.

(b) Since f_A is an isometry (see Exercise 9), we have d(f_A(z_1), f_A(z_2)) = d(z_1, z_2). This immediately implies invariance of the left hand side under f_A. As for the right-hand side note first that

|f_A(z_1) − f_A(z_2)| =

|(az_1 + b)(cz_2 + d) − (az_2 + b)(cz_1 + d)| |cz_1 + d| |cz_2 + d| = |z_1 − z_2| |cz_1 + d| |cz_2 + d| . Using the identity Im(f_A(z)) =

Im(z) |cz + d|^2 , we obtain

|f_A(z_1) − f_A(z_2)| 2 √ Im(f_A(z_1))Im(f_A(z_2)) = |z_1 − z_2| |cz_1 + d| |cz_2 + d| · |cz_1 + d| |cz_2 + d| 2 √ Im(z_1)Im(z_2) = |z_1 − z_2| 2 √ Im(z_1)Im(z_2) .

(c) The map f(z) = z − x coincides with the map f_A for A = ( 1 −x 0 1 ) ∈ SL(2, R). So we can apply (b). Note that the points w_1 = f(z_1), w_2 = f(z_2) satisfy the requirements in (a). We conclude that

sinh( 1 2 d(z_1, z_2)) = sinh( 1 2 d(w_1, w_2)) by (b) = |w_1 − w_2| 2 √ Im(w_1)Im(w_2) by (a) = |z_1 − z_2| 2 √ Im(z_1)Im(z_2) by (b).

(d) Using c(t) = x + Re^{it} we calculate

f(c(t)) =

R(e^{it} − 1) R(e^{it} + 1) = i sin(t/2) cos(t/2)

= i tan(t/2).

As t runs from 0 to π, i tan(t/2) runs from the origin along the positive imaginary axis to infinity.

Note that f(z) coincides with the map f_A for A = (_{1√} 2R −^{x+r√}_{2R} 1√ 2R −^{x−R√}_{2R} ) ∈ SL(2, R).

So we can apply (b). Note that the points w_1 = f(z_1), w_2 = f(z_2) satisfy the requirements in (a). We conclude that

sinh( 1 2 d(z_1, z_2)) = sinh( 1 2 d(w_1, w_2)) by (b) = |w_1 − w_2| 2 √ Im(w_1)Im(w_2) by (a) = |z_1 − z_2| 2 √ Im(z_1)Im(z_2) by (b).