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Riemannian Geometry IV

Problems, set 2 (to be handed in on 25 October 2010 in the after-
noon lecture).

Exercise 4. Let M be a differentiable manifold, U ⊂ M open and ϕ =
(x1, . . . , xn) : U → V1 ⊂ R

n, ψ = (y1, . . . , yn) : U → V2 ⊂ R
n be two

coordinate charts. Show for p ∈ U :
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where yj ◦ ϕ
−1 : V1 → R and

∂(yj◦ϕ
−1)

∂xi
is the classical partial derivative in

the coordinate direction xi of R
n. Hint: Blow f ◦ ϕ−1 up to the expression

f ◦ ψ−1 ◦ ψ ◦ ϕ−1, and apply the chain rule.

Exercise 5. This exercise is useful to become familiar with the notions
introduced in the lectures.

Let S2 = {x ∈ R
3 | ‖x‖ = 1} be the standard two-dimensional sphere

and RP 2 be the real projective plane and π : S2 → RP 2 be the canonical
projection p 7→ p/ ∼. Let

c : (−ǫ, ǫ) → S2, c(t) = (cos t cos(2t), cos t sin(2t), sin t)

and

f : RP 2 → R, f(R(z1, z2, z3)
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(a) Let γ = π ◦ c. Calculate γ′(0)(f).

(b) Let (ϕ, U) be the following coordinate chart of RP 2:
U = {R(z1, z2, z3)

⊤ | z1 6= 0} ⊂ RP 2 and

ϕ : U → R
2, ϕ(R(z1, z2, z3)
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.

Let ϕ = (x1, x2). Express γ′(t) in the form
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