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Riemannian Geometry IV

Solutions, set 1.

Exercise 1. Let {(U,, ¢a)}aca and {(Us, ©5) }gex be atlases of M and N,
respectively. Then an atlas of M x N is given by {(Ua X Up, Va,6) } (s 5)cax 10
where B B
VYap: Uy x Ug — Vo x Vg C R™™
with
Yas(1,y) = (pa(), £5(Y))-

The coordinate changes are

U5 o tap(m,y) = (95" 0 palz), 35" 0 Pa(y)),

which are obviously differentiable.

Finally, we have to check the Hausdorff property: Let (x,y) # (z,w).
This means that x # 2z or y # w. Choose open neighbourhoods U,, U, of
r,z € M which do not intersect if x # 2. Choose open neighbourhoods
U,,U, of y,w € N which do not intersect if y # w. Then U, x U, C
M x N and U, x U,, C M x N are open neighbourhoods of (z,7) and (z, w),
respectively, and

(U, x U,) N (U, x Uy) = 0.

Exercise 2. Let

2
f:R3_>R7 f(xbeax?)):(\/x%_}_x%_R) +I‘§

We have to show that r? is a regular value of f, then M = f~!(r?) is a
differentiable manifold of dimension (3 — 1) = 2, by Theorem 1.5. We have

Ty Z2
Df(xy,29,23) =2 (1/22 + 23 — R)——=,(y/2? + 25 — R)——=, 23 | .
(1 2 3) (( 1 2 )m( 1 2 )m 3

1



Obviously, D f(x1, xo, x3) is surjective if x3 # 0. Assume now that x3 = 0. If

(71,22,0) € f71(r?), then
\/x3+ 23— R=+r,

i.e., \/r?+ 22 = R+r > 0,since R > r. This implies that z; # 0 or x5 # 0,
which means that either the first of second component of D f (1, xq,x3) is
non-vanishing, i.e., D f(xy, 1o, x3) : R> — R is surjective.

Finally, we have to construct the diffeomorphism ®. We map the point
(z,y) € S of the first factor of S* x S! to the point (R + rz,0,7y) in the
11, z3-plane, and rotate this with the point (Z,7) € S* of the second factor
of S' x ST around the z3-axis to obtain (Z(R+rz), §(R+rz),ry). Therefore,

O:5" xSt - M, O(x,y,%,9) = (Z(R+rz),j(R+rx),ry).

Exercise 3.
(a) Let g(A) = f(Azq,..., A\xg) = X" f(xy,...,2x). Using the chain rule,

we obtain
k

Z af ()\IB).CEZ == m)\m_lf(xl, C ,.Tk).

i1 0:151
Choosing A = 1, the left side is equal to (gradf(x),x) and the right side is
mf(x). This finishes the proof of (a).

(b) Let f be a homogeneous polynomial of degree m > 1 and y # 0. Let
z € f~!(y). Then we obtain with (a):

(gradf(x),z) = mf(y) # 0.

This implies that gradf(z) # 0, so Df(x) : R* — R is surjective for all
x € f~Y(y). Therefore, y # 0 is a regular value.

(¢) The group SL(n,R) C M(n,R) = R™ ist equal to f71(1), where
f(A) = det A. Now, f is a homogeneous polynomial of degree n in R™, s0 1
is a regular value of f, by (b). Theorem 1.5 implies that SL(n,R) = f~1(1)
is a differentiable manifold of dimension n? — 1.




