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Riemannian Geometry 1V

Solutions, set 15.
Exercise 36. Homework! Solution will be provided later!

Exercise 37. (a) We have
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This implies that
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The Christoffel symbols are given by

ry = %911(911,1 + g111 — g111) =0,
Iy = %922(912,1 + g121 — g11,2) =0,
Iy=Ty = %911(911,2 + G211 — G12.1) = 0,
2, =rs3 = 3922(912,2 + Goo1 — Gr22) = m(—% coszysinxy) = —tanxy,
Iy = %911(921,2 + 9212 — g221) = #(27‘2 cosrysinx;) = sin x; cos r1,
ng = %922(922,2 + G222 — g22,2) = 0.
This implies that
V% 321 - Fh@ixl + F%ai% =0,
V%ai2 = V%@il = Fb@ixl —1—1?26%2 = —tanxla—@,
Va%% = F%Q% +Fg28ix2 = sinx; cosxlai%.

1



(b) We have
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(c) For a surface M we have, for every basis v, w of T,M:

(R(v, w)w,v)

K (p) = Gaussian curvature at p = K(T,M) = :
[0l [[w]]? = (v, w)?

i.e., the sectional curvature K (7,M) coincides with the Gaussian curvature
K(p) at p. We conclude that
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Exercise 38. Note that E,s(p) = V., Es — V. E. = 0. We obtain first

VR(ei, ej,ex, e, em) = en((R(Ei, E;)Ey, E)) = en((R(Ek, E)E;, E;))
= (Vo V5 VB — Vo VoV B — V. Vi Ere;).

This implies that

VR(ei, ej,ex e, em)+ VR(e;, e, €1, em,er) + VR(ei, €, €m, €k, €)
=(Ve,.Vg,VgE;+V,VgVE, E+V.,Vg, Vg E,
=V, Vg Vg L —V Vg Vg, Ei — Ve, Vg, Vi E;

— Ve Ve, Ei — Ve, Vg, E:—V. Vg, Ei¢€;)
= (R(em, ex, Ve, Ei) + Ve VEE: =V Vg E
+ R(ex, e, Ve, i) + Vi) Ve Ei — Ve, Vi, Ei
+ R(ey, em, VekEi) + Ve, oVELi — Ve, Vg, E;, ej).



Using V., Es; = 0, all above curvature terms vanish and this result simplifies
to

VR(e;,ej, ex, e, em) + VR(e;, €5, €, e, €) + VR(e;, €5, €m, ek, €1)
= (R(Emk(p), e, ) + Vig,. 50 Ei + R(Ew(p), em, €) + Vig, . Fi
+ R(Eun(p), exs €:) + Vig,,.e. L €5)-

mk»

Using E,s(p) = 0, this simplifies further to
VR(ei,ej,ex e, em)+ VR(e;, e, €1, em,er) + VR(e;, €, €m, €k, €)
= (VB B+ B B + [ B 1) B €5)-

Jacobi’s identity tell us that [E,., E)] + [Exi, Ew] + [Eim, Ex] = 0, and there-
fore we obtain

VR(ei7 €j, €L, €1, em) + VR(eia €4, €1, Em, ek) + VR(ei7 €j,Cm, Ck, el) =0.

Since this holds on any choice of basis vectors in every slot, we obtain the
same result for any choice of arbitrary tangent vectors in 7,,M in each slot,
by linearity.



