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Topics in Combinatorics IV, Homework 19 (Week 19)

Throughout the problem sheet A is a root system of rank n, II = {«;} are simple roots, ay is the
highest root, W is the Weyl group, h is the Coxeter number.

19.1. Compute the Coxeter number and exponents of Weyl group of type

(a) Cu;
(b) Ch.
19.2. (a) Show that the Coxeter number of Weyl group of type Ej is equal to the Coxeter number
of the Coxeter group of type Hy.
(b) Show that the symmetric group 5,41 contains a subgroup isomorphic to the dihedral
group Ir(n +1).

(c) Let W = (s1,...,84 | 82, (s28;)° for j # 2, (sgs;)? for k,l # 2) be the Weyl group of
type Dy4. Show that the subgroup of W generated by s1, sy and s3s4 is isomorphic to
the Weyl group of type Bs.

19.3. (a) Definey= Y (6ﬂ Show that r,,(v) =~ — (QQ_G;V).
/B€A+ 1y

Hint: use HW 16. 1( ).
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(b) Show that > 55) =1
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(c) Let v € R", v =3 ¢;ar;. Show that > ¢; = > ((;gg
BeA+
(d) Define quadratic from @ on R™ by Q(v) = > (”ﬁﬁ B)Q. Show that @ is invariant with
peat
respect to W.
Hint: Q(v) = S 1 ( =1 Z
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(e) Let {e;} be an orthonormal basis of R”. Denote N
eat
v,8)? v,0)2
(f) Show that ,BEZA"' ((B’Bﬁ)) = (v,v)X. Deduce from this that Z (U(v)@ 5 = X

Hint: use HW 18.4.
(g) Let o, B € A, and let (o, ) < (B, ). Show that (a | ) =0 or +1.

(h) Show that (« | ap) = (| &p)? for any positive root o # ay.

ht 1)n
(i) Show that N = M. Deduce from this that h = 1 + ht ay.

Hint: write ((O‘ﬁog)) as (0 | d@f‘{g%‘? and use (c),(f) and (h).




