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Topics in Combinatorics IV, Term 2

7 Reflection groups

7.1 Linear reflections and reflection groups
We consider R" with standard Euclidean scalar product (-,-) (i.e., dot product).

Definition 7.1. Let a € R™. A reflection with respect to « is a linear map r,, : R® — R"™ defined by

2(v,a)a

Py
for v € R".

It is easy to see that r, is characterized by the following two properties: it takes o to —a and preserves
pointwise the orthogonal complement a-.

Exercise 7.2. 7, € O,(R), i.e. (ro(u),74(v)) = (u,v); also, 4 is an involution, i.e. r2 = id.
Definition 7.3. A reflection group is a group generated by reflections.

Remark. Usually “reflection group” means a discrete reflection group, which requires some additional
geometrical properties to hold (namely, the orbit of any point should not have limit points). We will
mainly be interested in finite reflection groups, and for these there are no extra requirements.

(m—1)m (m—1)7r)

Example 7.4. - Consider vectors a = (1,0) and 3 = (cos . Then ryrg is a rotation
by 27 /m, and the group generated by r, and rg is a dihedral group of order 2m (denoted by I>(m)).

,sin

- The symmetric group S, 1 acts on R"*! by permutation of coordinates, preserving the hyperplane
Vo = {(z1,...,2p41) € R™™ | S 2; = 0}. Every transposition (ij) is a reflection in a plane
x; —xj = 0, i.e. with respect to the vector e; — ej. As S, 11 is generated by transpositions, it is a
reflection group in V5 = R"™.

One can also note that the action of S,,; by permutation of coordinates of R"*! preserves the
affine hyperplane Vi = {(21,...,2n41) € R*"1 | Y@, = 1}, and it also preserves the positive
orthant Cy = {(x1,...,7p41) € R | 2, > 0 Vi € [n+ 1]}. Thus, S,41 preserves the regular
n-dimensional simplex V1 N Cy., acting on it by permutations of its vertices.

Definition 7.5. For reflection ro, a € R?, the orthogonal complement o™ is called the mirror of r,.
Lemma 7.6. Let g € O,(R), a € R™. Then grog™' = rya.

Proof. We need to prove that grog~! fixes every point of (ga)" and takes ga to —ga.

Let (v, ga) = 0. Since g € O,(R), this implies that (¢§-'v,a) = 0. Then

grag " (v) = g(ralg™ (v)) = g((g7' (v)) = v,

S0 grag~! preserves (ga)® pointwise.
Also, grag~'(ga) = gro(a) = g(—a) = —ga, as required. O



In general, what can we say about finite reflection groups in R™?

First, since every reflection is orthogonal, any reflection group is a subgroup of O, (R). Given a finite
reflection group G in R", Lemma 7.6 implies that the set of mirrors of reflections of G is invariant under
the action of G (i.e., G permutes its mirrors).

The set of mirrors of G decomposes R™ into polyhedral cones — we call them chambers, and the mirrors
bounding a chamber are called its walls.

Remark. Note that, due to the invariance of the set of mirrors under G, any two chambers sharing a
wall are taken to each other by the reflection in the common wall. Indeed, if we take chambers C'; and Cy
sharing a wall o, we can consider C' = r,C;. If C’ is not a chamber, then there exists a mirror 8+ of
reflection in G intersecting C’. Applying ro to S+, we see that the image intersects C;, which contradicts
(4 being a chamber. Now, both C’ and C3 are chambers, and they clearly have a non-empty intersection,
so they must coincide.

Recall that an action of a group on a set is transitive if the set consists of one orbit.

Theorem 7.7. Let G be a finite reflection group in R™. Consider all mirrors of reflections of G, and take
any connected component of the complement, call this chamber Cy. Denote rq,,...,Tq, the reflections
with respect to the walls of Cy. Then

k

(1) G is generated by o, ..., Tay-

(2) G acts transitively on the set of chambers.

(3) The dihedral angles between walls of Cy are of the type w/m;j;, myj € N>o.
(4) If g € G and gCy = Cy then g = id.

(5) G has presentation G = (Tay,... 7y | 72,5 (ra;,Ta;)"™7) (i.e. any relation on the generators follows
from these two types of relations).

Proof. Denote r,, by s;. Take any chamber C, connect it to Cp by a path (which does not pass through
an intersection of three or more chambers). Write down the sequence of chambers intersected by the path:
Co,C1,...,Cp = C (chambers may repeat in the sequence). Note that any two neighboring chambers in
the sequence share a wall.

Since C7 and Cj share a wall (say, mirror of s;, ), we can write C, = s;,Cy. By Lemma 7.6, walls of
C are precisely mirrors of reflections s;,s;s;,, 7 = 1,...,m. Since Cy and C share a wall (say, mirror of
Siy iy Siy ), We can write

C2 = Silsizsilcl = S41 50254 (Silc()) = 3i13i2C0-

Continuing along the path, we see that C' = C,,, = s;, 84, - - . 84, Co, Where Si; are reflections in the walls
of Cy. This proves (2).

Moreover, we have proved that any reflection in G is conjugated to at least one of s;, which proves
(1).

Now, let us prove (3). Take any s; and s; and consider the group generated by them. If the angle
is not pm/m, then the order of s;s; is infinite, which contradicts finiteness of G. Further, if p # 1 (we
may assume that p and m are coprime), then the walls are separated by another mirror (this is actually
a question about dihedral groups), which implies that there exists a mirror of G intersecting the interior
of Cy in contradiction with its definition, so (3) is also proved.

To prove (4) and (5) consider any word s;,si, ... s;,, realizing a path from Cy to Cp going through
chambers s;, 8i, ... 5, Co for k =1,...,m — 1. Note that the relations in (5) do hold (as they hold in the



corresponding dihedral groups). Moreover, they imply the same relations for reflections in walls of any
chamber (due to Lemma 7.6). Further, using the relations we can contract the path to an empty one.
More precisely, if a path intersects any single wall twice in a row, then applying the relation 2 for r being
the reflection in the corresponding wall we shorten the path; to go around an intersection of more than
two chambers (which is a vector space of codimension two), one can use the relations (5) to substitute a
subword of type s;s;s; ... of length [ by a word of type s;s;s; ... of length 2m;; —I. Therefore, every path
from Cjy to Cy corresponds to a trivial element of G, and the word can be reduced to e by the required
relations, which proves both (4) and (5).

O

Corollary 7.8. Chambers of G are indexed by elements of G.

Indeed, we can choose an initial chamber Cjy and then associate with any chamber C' = ¢gCy the
corresponding element g.

Example. Consider I5(3) = S3, it has presentation (si,sa | 52, 53, (s152)3).

52

52

S251 e

S1

518281 = 525182 S1

5152

Definition 7.9. Let a group G act on an open connected set X. An open connected domain C C X is
called a fundamental domain of the action if the following conditions are satisfied:

e X = |J gC, where gC denotes the closure of gC;
geG

e for any nontrivial g € G, C N gC = 0;

e there are finitely many g € G such that C N gC # 0.

Corollary 7.10. Any chamber C of a finite reflection group G is a fundamental domain of the action of
G on R™. In particular, chambers are also called fundamental chambers.

7.2 Classification of finite reflection groups

Theorem 7.7(3) has the following elementary corollary.

Corollary 7.11. Let C be a chamber of a finite reflection group, and let ro and rg be two generating
reflections, where o and 8 are outward normals to walls of C. Then («, ) < 0. In other words, all angles
of C are acute (or non-obtuse, depending on the agreement whether 7/2 is acute or not).



Definition 7.12. A system of vectors is indecomposable if it cannot be split into two subsets orthogonal
to each other.

Lemma 7.13. Let {e;} be a finite indecomposable system of vectors in R™ such that (e;,e;) < 0 for
all i # j. Then either all e; are linearly independent, or there exists a unique (up to scaling) linear
dependence, and all its coefficients are positive.

Proof. Assume {e;} are linearly dependent, and there is a linear dependence with some coefficients positive
and some non-positive. Define index sets I and J so that coefficients of e; > 0 are positive if ¢ € I and
non-positive if j € J. We then can write

Z Cie; = Z Cj€j,
icl jed
where ¢; > 0 and ¢; > 0. Denote a = )" ¢je; and B = > c¢je;. Then
icl jeJ

(o, ) = Z cicj(e;, ej).

i€l jeg

Since a = f3, the value above is non-negative. At the same time, all ¢; and ¢; are non-negative, and all
(ei, e;) are non-positive, so the product is non-positive. Therefore, we conclude that (o, 3) = 0, and thus
a=p=0.

Take any j € J, then (o, ej) = (0,e;) = 0. At the same time, 0 = (o, e;) = (D ciei ej) = > cies, €5).

icl il
Since all ¢; > 0, this implies that (e;,e;) = 0 for all i € I. As this holds for every j € J, we get a
contradiction with indecomposability of {e;}.

Now, assume that there are two positive linear dependencies > c;e; = 0 = > a;e;. Since all a; and ¢;
are positive, we can scale them such that a; = ¢;. If the dependencies are still distinct, then subtracting
one dependence from another we get a new dependence with the coefficient before e; vanishing, which
contradicts the statement we already proved.

O

Corollary 7.14. If {e;} is a finite indecomposable system of vectors in R"™ with (e;,e;) < 0 for i # j,
then #{e;} <n+ 1.

Proof. Indeed, if there are n + 2 vectors, then there exists a linear dependence on any n + 1 of them, so
there is a dependence with some coefficients vanishing, which contradicts Lemma 7.13. O

The next statement follows from the construction of the chambers.

Lemma 7.15. Let Cy be a chamber, and let a; be outward normals to the walls of Cy. Then Cy = {v €
R™ | (v, a4) < 0}.

Corollary 7.16. In the assumptions of Lemma 7.15, #{a;} < n. If G is irreducible (i.e., it has no
invariant subspaces), then #{ca;} = n, and thus any chamber is a simplicial cone (i.e., any k walls
intersect along an (n — k)-dimensional subspace).

Proof. By Cor. 7.14, #{a;} < n + 1. Assume there are n + 1 vectors, then there is a linear dependence
> cia; = 0 with all ¢; > 0. Thus, we can write

n

Ci
On+1 = — E a;

C
i— n+1
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Take any v € Cp, we know that (v, ;) < 0 for every i. Then

n

n
C; C;
(U,Oén+1) = _(U’Z c - Oéi) = _Z - (U?ai) >0,
i=1 i=1

so we get a contradiction.

If #{a;} < n, then the subspace (span{a;})* has positive dimension (and thus is non-empty) and
is clearly invariant (as every its point is fixed by every generating reflection, and thus by the whole
group). O

In particular, we see that if G has no invariant subspaces, then the outward normals to every chamber
compose a basis of R,

Now, recall a simple fact from linear algebra. Let {e;} be a standard basis of R", and let {«;}
be another basis. Denote by A the transformation matrix taking {e;} to {a;} (i.e. columns of A are
coordinates of {a;} in terms of {e;}). Then (A'A);; = (a;, ;). In particular, the matrix (a;, o) (such
matrix is called the Gram matriz of system of vectors {«;}) is the matrix of the dot-product in a different
basis, and thus it is positive definite.

Therefore, to classify all finite reflection groups, we need (first) to find all positive-definite symmetric

n x n matrices (a;;) with a; = 1 and a;; = — cos P (we normalize outward normals to chambers to have
)

unit length), and then see which of these matrices correspond to reflection groups.

Definition 7.17. Let G be a finite reflection group in R”, let {a;} be outward unit normals to a chosen
chamber. A Cozxeter diagram of G is a (multi)graph defined as follows:

e vertices are indexed by «; (or simply by natural numbers 1,...,n);

e vertices ¢ and j are joined by m;; — 2 edges (or a simple edge with weight m;;), where (a4, o) =

™
COS ma;

Example. Consider I5(3) = S5 = (s1, 52 | 87, 53, (s152)®). The product of two generators has order 3, the
only m;; is mi2 = 3. As 3—2 =1, the Coxeter diagram consists of two vertices joined by one simple edge.

In general, the Coxeter diagram of I»(m) consists of two vertices and m — 2 edges between them (or
one edge with weight m written above the edge).

Remark 7.18. A Coxeter diagram of G is connected if and only if the collection of vectors {a;} is
indecomposable, and if and only if G is irreducible.

Lemma 7.19. A Cozxeter diagram of a finite irreducible reflection group G in R™ (where n > 2) does not
contain

(1) cycles;
(2) edges of multiplicity at least 4;
(3) two multiple edges;

(4) wvertices of valence at least 4 (where by valence we mean here the number of neighbors — this con-
vention is not standard);

(5) both a vertex of valence 3 and a multiple edge;

(6) two vertices of valence at least 3;



(7)

(8)

subdiagrams of type

201,01, 1
wzth;-kg-i-;ﬁl

subdiagrams O—CO—0O—0O0—~0, O

O and O=O0—"0C0—"0—>0

Proof. Every Coxeter diagram corresponds to a positive definite symmetric matrix A = (a;5) = (o, o).
The plan of the proof is the following: for every prohibited subdiagram we either find a principal submatrix
of A with non-positive determinant, or find a linear combination of «; which has non-positive square.

(1)

Let vertices 1,...,k form a chordless cycle (i.e. this is a minimal cycle we can find with respect to
inclusion), consider the vector v = aj + - - - + ag. Then

v =0,0) =Y )= () +2) (o, 05) =

1<J
1
=k+2 Z (i, iy1) + 2(ag, ) < k — 2k§ =0
i<k—1
as (ag, ajr1) = —||ail|||eit1|| cos m;ﬂ = — oS m;H < —% for m;;q > 3.

Suppose there is an edge of multiplicity at least 4 connecting vertices ¢ and j. Since the diagram is
connected and n > 3, there is a vertex k connected to one of i and j (say, to j). Since there are no
cycles, k is not connected to i. Thus, we get a principal submatrix of A of the form

1 _ T
€os 1 - 0
s s
B(mij, mjk) = €OS 77 1 cos o
_m
0 Cos = 1

Its determinant is equal to

2
1\? 3 1 3
det B(mj,m; i) = 1 — cos® ﬂ—“—COS27r§1—<> —<f> =1--—-—-=0

g V3
ascosEZTformZG.

The determinant of matrix B(4,4) is equal to zero, and det B(m;;, mj) is a decreasing function of
both arguments. Thus, two multiple edges cannot have a common vertex.

Suppose that there are two multiple edges in a Coxeter diagram, we may assume that they are

connected by a sequence of simple edges. Assume the multiple edges connect vertices 1 with 2, and

k with k£ + 1, and there are simple edges between vertices ¢ and ¢ + 1 for ¢ = 2,...,k — 1. Consider
k

vector v = Y ;. It is easy to see that (v,v) =1, (v,a1) = (a2, 1), and (v, axy1) = (K, Akt1)-
i=2

Then the Gram matrix of vectors ay, v, agy1 is precisely B(mi2, myk41), S0 it has a non-positive

determinant.



(4) Let 1 be a vertex with at least four neighbors, choose any four neighbors, we may assume that the
vertices have numbers 2,...,5. Then the Gram matrix of these five vectors has determinant zero if
all edges are simple, and negative otherwise.

(5) If there is a vertex of valence 3 such that one of the edges incident to it is a double edge, then the
determinant of the 4 x 4 submatrix is zero. If the multiplicity increases, the determinant becomes
negative. If the multiple edge is not incident to a vertex of valence 3, proceed similarly to (3): take
the sum of vectors “between” the multiple edge and the vertex of valence 3 and thus reduce the
problem to the case above.

(6) Similar to (3): take the sum of vectors “between” two vertices of valence three, and then use (4).
(7) The determinant of the Gram matrix is equal to pgr (% + é + % — 1).

(8) The determinants of the corresponding matrices are zero and negative respectively.

As a result, we get the list of Coxeter diagrams shown in Table 7.1.

Table 7.1: Coxeter diagrams. Connected Coxeter diagrams of finite type

A, (n>1) o o --- 0o

B,=C, oo ---—0—°
D, (n >4) oo ﬂ<:
Fy o o —9o o

Ee HT'H
Er .HT.HH
Es HHHTF.

Hj o o—»
Hy . a —
I(m) oo

Remark. The diagrams without multiple edges (i.e., of types ADE) are called simply-laced.

Remark. For each diagram/matrix from Table 7.1 one can construct a system of vectors {«;} with the
corresponding Gram matrix. Indeed, as the matrix A = (a4, @;); j<n is positive definite, there exists a
basis in which the quadratic form is given by an identity matrix. Therefore, A = (A)*A for some matrix
A. The columns of A are precisely vectors «; in the standard orthonormal basis.



Remark. Reflection groups with Coxeter diagram without vertices of valence 3 (i.e., A,, By, Fy, H3, Hy
and I2(m)) are symmetry groups of regular polytopes in R™ (where a polytope is regular if its symmetry
group acts transitively on flags, see HW 11 and 12).

8 Coxeter groups

8.1 Word metric

Coxeter groups can be understood as “abstract reflection groups”.

Definition 8.1. Let S = {s1,...,s,}. A group with presentation G = (S | s2, (s;s;)™4), m;; = 2,..., 00,
is called a Cozxeter group. A pair (G,S) is called a Cozeter system. The number n = |S| is the rank of
(G, S5).

It follows from Theorem 7.7 that every finite reflection group is a Coxeter group. If m;; = oo then
there is no relation between s; and s;.

Example. A group G = (s1, 59 | 3Z2> is an infinite dihedral group. It can be understood as the group
generated by reflections in two parallel lines in R2.

Definition 8.2. Let G be any group with a finite generating set S. Assume also that S is symmetric,
i.e. for any s € S the inverse s~! is also contained in S. A word is a finite sequence of elements of S.
Any element g € G can be written as a word s;, ... s;,, usually in a non-unique way. For given g € G, the
minimal possible k over all words representing g is called the length of g and is denoted by I(g). A word
Siy .. iy 1s reduced if for g = s;, ...s;, we have I(g) = k. Two words w; and ws are equivalent if they
represent the same element of GG, notation wi ~g ws.

Example. Consider I(3) = S5 = (s1, 82 | 53,53, (5152)%). A word s1528152 is not reduced as s1525182 =
8981 in S3, which is shorter. A word so9s1 is reduced as the corresponding element cannot be written as a
shorter product of generators.

Lemma 8.3. Let g, € G. Then
(1) l(gg") < U(g) +1U(d);
(2) Ug™") = U9);
(3) li(g) = U < Ug'g7H).

Proof. (1) Let s1...s be a reduced expression for g, and sk ... Skim be a reduced expression for ¢'.
Then gg' = s1... Sptm, 50 l(gg') < k+m=1(g) +U(g).
(2) Let s1...s; be a reduced expression for g. Then g=! = s,?l . .51_1. Since S is symmetric, we have
I(g~1) < (g). Therefore, we have I(g) = I((¢g~!)~") < (g™'), and thus I(g) = I(g~}).

(3) is left as an exercise (see HW 14).

Exercise 8.4. Show that d(g, ) = I(¢’g~!) defines a metric on G.



8.2 Reflections, Exchange Condition and Deleting Condition

Definition 8.5. Let (G, S) be a Coxeter system. A reflection is an element of G conjugated to an element
of S, the set of reflections is denoted by R = {gsg~! | s € S, g € G}. Elements of S are called simple
reflections.

If w= s1...5; is a word, an R-sequence r(w) of w is defined as r(w) = ri,...,r,, where r; =
(5152 e Si—l)si(si—l . 51) € R.

Remark 8.6. Forany 1 <k, s;...8,=1;...71.
Example. In I5(3), r(s1s25152) = (s1, S15251, S152515251, S1525152515251) = (81, $15281, S2, 51)-

Remark. As we have seen while proving Theorem 7.7, in a finite reflection group a word w defines a
path going through chambers. Then the R-sequence r(w) consists of the reflections we need to apply to
go from a chamber to the neighboring one.

Exercise 8.7. Show that r(uv) = (r(u),ur(v)u=!).
Example. In I5(3), r(s152) = (s1,515251) = (r(s1), s17(s2)s7 ')

Definition 8.8. Given a word w and r € R, define a non-negative integer n(w,r) as the number of
appearances of r in r(w).

Theorem 8.9. Let (G, S) be a Cozeter system, w,wy,wy are words.
(1) If wy ~q wa, then (—1)"Wtr) = (—1)™@27) for any r € R.
(2) w is reduced if and only if n(w,r) <1 for any r € R.

Proof. By definition, two words wy and we are equivalent if they can be taken to each other by a sequence
of applications of relations. Every application of a relation v consists of removing or inserting a subword
v in a given word, i.e. a word uw is substituted with uvw (or vice versa), where v = s? or v = (s;5;)™.
Thus, to prove (1), we need to verify the statement for just one such move (for every relation).

By Exercise 8.7, r(uw) = (r(u), ur(w)u=!), so

r(uvw) = (r(ww), uor(w)v tu™) = (r(uw), ur@)u™ vor(w)v u™t)

Note that wvr(w)v~tu~! coincides with ur(w)u=! as v ~g e (and R-sequence is a sequence of group
elements, not words). Comparing the sequences above, this implies that we just need to show that the
sequence ur(v)u~! contains an even number of any reflection, or, equivalently, this holds for r(v).

If v = s2, then r(v) = (s, 8i8i8:) = (84, 8;).

If v = (s455)™#, then

2m;—1 -1 2m;—1
r(v) = (i sisgsi o) = (si(s;80) Ny = ((salsis0))ly  (silsgsi)™) o) =

= ((Si(SjSi)k)ZL:“b_la (Si(sjsi)k(sjsi)m”)leijb_l)

Since (s;s;)™¥ = e, we see that every entry in the R-sequence of v appears an even number of times,
which completes the proof of (1).

To prove (2), assume first that all r; in the R-sequence of w are distinct. If s;...sg is not reduced,
then sy ...sk~q Si, ... S, for m < k. By (1), the R-sequence of s;, ...s;,, must contain all k reflections
from r(w); however, as m < k, this is impossible.



Conversely, let r; = r; fori < j, where r(w) = (r1,...,ry). Recall that r; = (s1s2...5i-1)8i(si—1...51),
and then

Tj = (8182 e 8];1)8]'(5];1 e 51) = (8152 e sifl)(si e ijl)sj(sjfl e Si)(sifl e 81)

Since r; = r;, we get s; ~g (S;i...Sj—1)S;(sj—1...5;), which implies s;...5; ~g Sit1...5j—1, SO We can
shorten w, and thus w is not reduced.
O

Corollary 8.10. Let g € G, and let w be any word representing g. Then the number of distinct reflections
in r(w) is equal to I(g).

Remark 8.11. Theorem 8.9 implies that elements of R-sequence of a reduced word depend on a group
element and not on a word representing it. Thus, for any g € G we can define the set R(g) of all reflections
appearing in the R-sequence of any reduced word representing g.

Further, as it was already pointed out, in case of finite reflection groups the R-sequence has a geometric
meaning: given g € G, elements of R(g) are precisely all reflections whose mirrors separate the chamber
gC from the initial chamber C.

Theorem 8.9 (and its proof) has several important consequences.

Corollary 8.12 (Deletion Condition). If w = s1...sy is not reduced, then w~g s1...8;...5j...s for
some i < j (where § means that the corresponding letter is removed from the word).

Corollary 8.13 (Exchange Condition). Let w = $7 ... s be reduced, s € S, and sw is not reduced. Then
Wr~G 881 ...8;...8E for some 1.

Proof. By the Deletion Condition, sw ~g ss7 ...sE with two letters removed. If one of them is s, then
SwWrG 81...8...8k, SO W~ SS1...5;...8 as required.

Otherwise, sw~g ss1...5;...5;...5,. Then w~g s1...5;...5;...5, which contradicts the fact w is
reduced. ]

The names “Deletion Condition” and “Exchange Condition” are explained by the following theorem
(which we will not prove).

Theorem 8.14. Let G be a group with a finite generating set S consisting of involutions (i.e. s>

any s € S). Then TFAE:

=e for

(1) (G, S) is a Cozeter system;
(2) (G,S) satisfies the Deletion Condition;
(3) (G, S) satisfies the Exchange Condition.

8.3 Word problem

Let G be a group with a finite generating set S. Given a word w in the alphabet S, is there an algorithm
to determine whether w~¢g e?

In general, the answer to the question above is negative (P. S. Novikov, 1955, proved that there exist
groups where the problem is undecidable). However, for Coxeter groups the answer is positive. We will
show that any word can be transformed to a reduced word by a bounded number of some elementary
operations. Then we show that any two reduced words representing the same element of the group are
equivalent under these operations.

10



Definition 8.15. Let (G, S) a Coxeter system, w is a word. An elementary M-operation is either deleting
a subword of the form ss or replacing a subword of the form stst... of length mg by the subword tsts...
of the same length (where mg is the order of the element (st)). Clearly, any elementary M-operation
preserves the element of the group. A word w is M-reduced if it cannot be shortened by a sequence of
elementary M-operations. We call such a sequence M-reduction. Notice that any reduced word is obviously
M-reduced.

We write w — w’ (or w’ <— w) if w’ can be obtained from w by M-reduction. Notation w <+ w’ means
that w — w’ and w’ — w simultaneously.

Example. In S3, take a word s1s9515281. There are several M-reductions, one of them is shown below:
5152518281 — $251525281 — S$251S1 — S2

Recall that for any g € G the set R(g) consists of elements of r(w) for any reduced word w representing
g (see Remark 8.11).

/

Lemma 8.16. Let s € S, and suppose that s € R(g). Then there exists a reduced word w = sw
representing g.

Proof. Take any reduced word w = s ... sy representing g, and let r(w) = (r1,...,7rg). Since s € R(g),
we have s = r; for some ¢ < k. Consider the word sw. By Exercise 8.7,

r(sw) = {s,sr(w)s '} = {s,...,s1i_15,5,87415,... }

Therefore, by Theorem 8.9 sw is not reduced. By the Exchange Condition, g is represented by the word
$81...8;...8k, as required. O

Lemma 8.17. Let w = st... be a reduced word representing g € G, s,t € S, and suppose that s,t € R(g).
Then there exists reduced words representing g beginning with a subword sts... and tst... of length mg.

Proof. Let w = vu, where v is a maximal subword of the form sts..., and denote by ¢ the length of v.
Since w is reduced, ¢ < mg. We can assume that ¢ < mg, otherwise we have nothing to prove. We can
write

r(w) = r(vu) = (r(v), vr(u)v™ ) = (s, sts, ..., (st) s, vr(u)v™!)

Notice that ¢ ¢ 7(v): if t = (st)P~!s then (st)? = 1 for some p < ¢ < mg, so we would get a contradiction.
Since t € r(w) by the assumption, this implies that ¢ € vr(u)v~!. Since tw is not reduced (see Theo-
rem 8.9), by the Deleting Condition w~g tvu’, where «’ is obtained from u by omitting one letter. Now,
tvu’ starts with tv = tsts... of length ¢ + 1. Applying induction, we obtain the statement of the lemma.

0

Denote by lt(w) the length of a word in (G, S).
Exercise 8.18. (1) If w~g w', then lt(w) — lt(w') = 0mod 2.
(2) Let r € R and g € G. Show that r € R(g) if and only if I(rg) < (g).
We can now formulate the main theorem of this section.

Theorem 8.19 (Matsumoto’s Theorem). Let wy and wy be M-reduced words, and wi ~g ws. Then
lt(wy) = lt(we), and wy <> wa. In particular, any M-reduced word is reduced.
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Proof. The proof is by induction on the maximum of (It(w1), [t(w3)). We can assume that lt(wq) > It(ws).

Case 1: it(wy) > lt(w2).

Let s € S be the first letter of wy, i.e. w1 = sw} and w] is M-reduced. Then w] ~g swa. Denote by w), an
M-reduced word such that swy — w). By Exercise 8.18, we have lt(w1) > lt(wz) + 2. Thus, we see that
lt(w)) > lt(swe) > lt(wh), and w) ~¢ wh. By the induction assumption, lt(w}]) = lt(wh) and w) < wh.
Therefore, It(w)) = lt(swe) = lt(wh), so swy is M-reduced and swq <> w}. Thus, wy < sswy <> sw) = wy,
that contradicts the fact that w; is M-reduced.

Case 2: [t(wy) = lt(w2), and either w; or wy is not reduced.
We assume that ws is not reduced. Then there exists a reduced word wh ~g we, lt(wh) < lt(w2). Now we
have a pair of M-reduced words w) ~g we with lt(wh) < lt(w2), which is impossible by Case 1.

Case 3: w; and wsy are reduced, and wy = sw), wy = swh, for some s € S.
In this case we see that w) <> wh by the induction assumption, so w; <> ws.

Case 4: w; and ws are reduced, and wy = slw’l, Wy = 32w§, $1 # So.
Let g € G be the element represented by w; and we. Then s1,s92 € R(g). By Lemma 8.17, there exists
w3 ~G Wi, w2, w3 = vu, where v = s189... has length mg,,. Denote by v/ the word v/ = s381... of
length my, s,, let wy = v'u. By Case 3, wy <> w3 > w4 <> wa, which completes the proof.

O

Corollary 8.20. w represents e € G if and only if w — ().

As the number of M-reductions is finite, this provides an algorithm.

8.4 Coxeter groups and reflection groups

We have already seen that finite reflection groups are Coxeter groups.
Conversely, let (G,S) be a Coxeter system. We construct a discrete linear group in real vector space
of dimension |S|, such that for any two elements s,t € S the order of (st) is equal to mg;, and s = e.
Let V' be a real vector space with basis {es, s € S}. Define a symmetric bilinear form on V' by
(es,er) = — cos(m/mg)
In particular, (es,es) =1, and (es, e;) = —1 if mg = 0.
Exercise 8.21. Show that Vs € S V = (es) @ (es)*.
Denote by H, the hyperplane (e;)*. A reflection in Hy is given by

rs(x) =z —2(x,e5)es

Now let s,t € S, s # t.

If mg # oo, the bilinear form is positive definite on the plane (e, e;). Thus, V = (eg, ;) @ (es, e)*
Reflections 74 and 7, fix (es,e;)", and generate a dihedral group on (es, e;). Therefore, the order of (st)
equals mg;.

If mg = 00, rs(er) = er + 2e5 and ry(es) = es + 2e;. Thus, the restriction of rg, 7y and rgry onto the
plane (es, e;) is given by matrices

-1 2 1 0 3 -2
"s 0 1 "t~ e 1 Tsht™\g9 1
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But the latter matrix has determinant 1 and trace 2 (and is not the identity matrix), so it is conjugated

to the matrix <(1) 1), which has infinite order. Therefore, the order of (st) is infinite.

Definition 8.22. Let (G, S) be a Coxeter system. A Cozeter diagram of G is a (multi)graph defined as
follows:

e vertices are indexed by s; (or simply by natural numbers 1,...,n);

e vertices ¢ and j are joined by m;; — 2 edges (or a simple edge with weight m;;), where (s;5;)™% = e,
if m;; € N, and by a thick edge if m;; = oc.

Remark. The definition agrees with the definition of the Coxeter diagram of a finite reflection group.
Example. A Coxeter diagram of an infinite dihedral group consists of one thick edge.

Theorem 8.23. Let (G, S) be a Coxeter system. Then G is finite if and only if the bilinear form on RIS
defined above is positive definite.

Proof. If the form is positive definite, then the Coxeter diagram coincides with one of the Coxeter diagrams
of finite reflection groups. In particular, G’ has the same presentation as one of the finite reflection groups,
S0 it is finite.

Conversely, if the form is not positive definite, then the Coxeter diagram contains one of “prohibited”
subdiagrams from Lemma 7.19 (or a thick edge which corresponds to a pair of simple reflections such that
its product has an infinite order). According to HW 15.2, the corresponding subgroup is also a Coxeter
group with the presentation defined by the subdiagram. One now needs to find an element of infinite
order in each of the corresponding Coxeter groups, which we leave as an exercise.

O

We will see a more conceptual proof of the theorem later on.

Example. Consider a subdiagram consisting of two multiple edges, i.e. a group with presentation
(s1,82,83 | 8%, (s152)F, (s283)™, (s183)%) with k,m > 4. Let w = s1s2s3. Then every word w® is M-
reduced: the only M-operation applicable to it is interchanging s;ss with s3s;, which does not change
the length. In particular, the corresponding group element is of infinite order.

9 Root systems

9.1 Definitions

Definition 9.1. A set A C R” is a root system of rank n if the following conditions hold:
(1) A is finite and spans R";

(2) the expression («a | 3) = 2((50";;) € Z for all a, f € A;

(3) ra(A) = A for any a € A.
A root system is reduced if the following holds:
(4) if « € A and ca € A for some ¢ € R then ¢ = £1.

By default, we will assume that all root systems are reduced.
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Example 9.2. Take a reflection group of type As and normalize inward normals «, 5 to the walls of a
chamber to have length v/2. Then (o, ) = —1, so (a | 8) = —1. Now, a normal to the third mirror is
a+ B, la+pl? = (a+ B,a+p) =2 as well. In particular, (o + 8| a) = {(a | a) + (8| @) = 1. So, we
see that the collection of six vectors +a, +3, +(a + f3) is a root system.

Lemma 9.3. Let Z(a, ) = ¢. Then (a | B)(B | a) = 4cos . In particular, p € {EF, Ex Ex k3
This can be proved by an elementary computation.

Definition 9.4. Given o € A, denote H, = o+ the mirror of the reflection r,. A connected component

of R*\ |J H, is called a Weyl chamber of A.
a€A
Given a Weyl chamber C, denote by II = II(C) the set of inward normals to the walls of C' lying in

A. Tl is called a set of simple roots of A (defined by C). Then C' = {v € R" | (a,v) > 0V« € IT}.

The group W = W(A) generated by all reflections r,, o € A, is called the Weyl group of A. If we
denote S = {r, | a € II}, then the pair (W, S) is a Coxeter system. All sets of simple roots are equivalent
under action of W.

Given II, the matrix A = (a;;) = (o | a;)) is called a Cartan matriz of A.

Example 9.5. Weyl group of type Gy is generated by two reflections in lines forming an angle 7/6. Since
the minimal angle between mirrors is ¢ = 7/6, we have 4 cos? ¢ = 3, and thus (a | 8){3 | a) = 3, where

a, B simple roots. This implies that (o« | 8) = —1 and (8 | a) = —3 (or vice versa). This, in its turn,
implies that Eg’gg =3.

kmi
3

Therefore, we may take the root system consisting of six vectors e 3 of unit length and of six vectors

T CTCE . . 2 —1
\/§e?+% of length V3. The Cartan matrix is <3 9 )
Definition 9.6. Dynkin diagram of a root system A is a graph with oriented (multiple) edges. Vertices
are indexed by elements of II; if |a;;| > |aj;|, then there are |a;;| edges between ¢ and j; the edges are
oriented from 4 to j if a;; # a;;, otherwise they are non-oriented.

Example 9.7. The Dynkin diagram for the root system of type G5 is @—@

9.2 Classification
Lemma 9.8. (a) A set of simple roots I1 defines A uniquely.

(b) Let G be a finite reflection group, let v, . ..,y be inward normals to the walls of a chamber C' of G,
and assume that (o | o) € Z for alli,j. Then there exists a unique root system A with W(A) =G
and IT = {o;}.

Proof. To prove (a) we just need to observe that A = WIIL.

To prove (b), consider a lattice L = Zay + -+ + Zoy, = {c1a1 + -+ + cpapn | a; € Z}. Since
Ta, (i) = a; — (a; | aj)ay and (o | o) € Z, L is invariant with respect to all r,,;, and thus is invariant
with respect to G.

Notice also that the set G{«;} contains normals to all mirrors of G. Define A to be the set of all
primitive vectors of L orthogonal to mirrors of G (a vector v is primitive in L if v # ¢’ for v/ € L and
le] > 1), ie.

A={acLl|rqa€G, a#cwYveL,ceZ=1}

Then A is finite, invariant with respect to W = G, reduced, and for every o, € A we have r,(8) =
B — (B | @)a € L, which implies (8 | @) € L, and thus (5 | a) € Z.
O
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Table 9.1: Dynkin diagrams. Dynkin diagrams of finite irreducible root systems
A, (n>1) o o -

B, oo --.

Corollary 9.9 (Classification of irreducible root systems). A root system is called irreducible if its Dynkin
diagram 1is connected (or, equivalently, if its Weyl group is irreducible). Table 9.1 contains Dynkin dia-
grams of all irreducible root systems.

Remark. Similarly to finite reflection groups, Dynkin diagram without multiple edges (and the corre-
sponding root systems) are called simply-laced. It can be seen from the classification of root systems that
non-simply-laced root systems contain roots of precisely two lengths, these are called short roots and long
roots. For root systems of types By, C, and Fj, the ratio of lengths of long and short roots is v/2, while
for Gy it is V/3.

9.3 Structure of finite root systems

Definition 9.10. Let IT = {a,...,a,} be a set of simple roots, and let a = Y c;a; € A. A root « is
positive if all ¢; > 0, and negative if all ¢; < 0. The set of positive roots is denoted by AT, and the set of
negative roots is denoted by A~.

Example 9.11. All simple roots are positive.
Theorem 9.12. A = ATUA™.

Proof. Let C be the Weyl chamber such that IT = II(C). Take any o € A, then either (o, v) > 0 for any
veC, or (a,v) <0 for any v € C.
The theorem follows from the following lemma.

Lemma 9.13. Letv e C, a € A. If (a,v) > 0 then a € AT, and if (a,v) < 0 then a € A™.
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Proof of Lemma 9.13. Define the dual basis {w; } to {ca;} by (a;,w;) = 1ifi = j and (a;,w;) = 0 otherwise.
Then w; is orthogonal to all but one simple roots and (w;, ;) = 1 > 0, so w; is a one-dimensional face
of C. Thus, C can be written as C = {v € R" | v = ajwy + -+ + apwyp, a; > 0}. In particular, given
u € R™, we have (u,v) < 0 for any v € C if and only if (u,w;) <0 for all i (and similar for positive scalar
product).

Now, let @ = ciaq + -+ + cpay, € A,y v € C. Since (o, u) has the same sign for all u € C, we have
(or,v) < 0 if and only (a,w;) < 0 for all 4. But (o, w;) = ¢, so (a,v) < 0 if and only if ¢; < 0 for all 4, i.e.
« € A™. The other case is identical.

(]

The lemma shows that AT = {a € A | (a,v) >0Vv € C} and A~ = {a € A | (,v) < 0 Vv € C},
which proves the theorem.
O

Remark 9.14. The definition of positivity clearly depends on the chamber. Theorem 9.12 shows that
positivity can also be defined by (almost) any element f, of the dual vector space, where f,(a) = (v, a):
a is positive if and only if f,(a) > 0 — this is equivalent to « being positive with respect to the chamber
containing v.

Exercise 9.15. Let o, 5 € A.
(a) If (o, B) > 0 then either a« — f € A or a = 3.

(b) If (o, 8) < 0 then either « + 3 € A or a = —f.

9.4 Root poset and the highest root

Definition 9.16. Let o, € A*T. We say that a > S if a — 8 = Y ¢;a; with a; € 11, all ¢; > 0. This
supplies AT with a partial order, and thus defines the root poset.

Exercise. Draw the Hasse diagram of the root poset of type As.

Lemma 9.17. Let C be a Weyl chamber of A, 1 = {a;} be simple roots, and C be the closure of C.
There exists a unique mazimal element &g of the root poset, i.e. &g > a for every a € AT (it is called

the highest root). Moreover, ag € C, and ag = Y. cija; with all ¢; > 0.
a; €11

Proof. First, let a be a maximal element of the root poset. If (o, ;) < 0 for some i, then by Exercise 9.15
a+a; € A (or a« = —q; which cannot happen as a € A™"), which contradicts maximality. Therefore,
(a, ;) > 0 for all 4, and thus o € C.

Further, write « = ) ¢, ¢; > 0. Denote I = {i | ¢; > 0} and J = {j | ¢; = 0}, and assume J # 0.

a; €11

As the Dynkin diagram is connected, there exist neighboring nodes i € I and j € J, so (a;, ;) # 0. Then
(o, ) < 0, which is not the case as we have proved above. Therefore, J is empty, and thus all coefficients
of a are positive.

Finally, assume there are two maximal elements in the root poset, a and 5. Then («, 8) = >_ ¢;i(ay, 8).
As we have proved, for every i we have (a;, ) > 0 and ¢; > 0, so («,3) > 0. By Exercise 9.15, either
a = 3 (and we are done) or a — 3 € A. In the latter case, either « — 3 € AT or f — a € AT, so either
a > B or > a, and thus we come to a contradiction.

O

Remark 9.18. The highest root is always long (see HW 16.2).
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10 Construction of finite root systems

Let eq,..., e, be an orthonormal basis of R".

10.1 Classical series: ABCD
10.1.1 A,

a1 (0] Qp—2 Op—1

Consider the hyperplane H = {(x1,...,2,) € R" | S 2; = 0} ~ R"" 1. Define A = {e; — ¢},
i # j. Then re, ., preserves H and acts by permutation of i-th and j-th coordinates. W ~ S, (and
thus |W| = n!), simple roots are II = {a; = e; — e;41}. The corresponding Weyl chamber is given by
inequalities C' = {o € H | 1 > x3 > --- > x,}, positive roots are {e; — e;} for i < j. The highest root is

Y o =e1 —ep.
a; €11

10.1.2 B,

o a2 Qp—1 Op

Define A = {+e; *¢j,Fe;}, i < j. Then re,_; acts by permutation of i-th and j-th coordinates, and

Te; acts by change of sign of i-th coordinate. Simple roots are Il = {a; =e; —e2, 0 = ez —e€3,...,an_1 =

€n—1 — €n, @y = en}. The corresponding Weyl chamber is given by inequalities C' = {z € R" | x; > z2 >
n

-+ >, > 0}, positive roots are {e; £ e;} for i < j and {e;}. The highest root is oy + > 2a; = e + ea.

1=2
To determine the order of the Weyl group W, observe that if an element of W fixes the basis {e;} then

it is identity, and thus we just need to count the bases W sends {e;} to. Every reflection in W is either a
permutation of the basis vectors, or a change of sign of a basis vector, or a combination of these (rei+e].
takes e; to —e; and e; to —e; leaving all others intact). Then any element of W is also a permutation of
the basis vectors and a change of signs of some basis vectors. Applying reflections in long roots, we can
get any permutation, and applying reflections in short roots we can get any sign change. Therefore, there
are n!2" configurations we can get, so |W| = nl2".

10.1.3 C,

Q] Qg Qp—1 Qp

Root system C,, differs from B, by the lengths of roots only. We can take A = {+e; + e;, +2¢;},
i < j. Simple roots are Il = {a1 = €] —eg,a =€z —€3,...,ap_1 = €p_1 — €y, Ay = 2€, }, positive roots

n—1

are {e; = e;} for i < j and {2e;}. The highest root is ) 2c; + ay, = 2e;. The Weyl group (and Weyl
i=1

chamber) coincides with the one for B,.

10.14 D,
Qp
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Define A = {+e; + ¢}, ¢ < j — this is precisely the set of long roots of B,. Simple roots are

M={a1=e1—ey, a0 =e3—€3,...,0p_1 = €p—1 —€n,Qp = €y_1+en}. The corresponding Weyl chamber

is given by inequalities C' = {x € R" | 21 > 29 > -+ > xp, Ty, + &, > 0}, positive roots are {e; +e;} for
n—2

i < j. The highest root is a; + > 2a; + ayp—1 + oy = €1 + €2.

The order of the Weyl groupl V?/ can be determined similarly to the B,, case: every reflection is either
a transposition of two basis vectors, or a transposition composed with the change of both signs. Thus,
we can get any permutation, but the number of changes of sign should be even. This implies that there
are n!2"~! configurations we can get, so |W| = n!2"~1.

Another way to find the order of the group is to look at the Weyl chamber: it is a union of two copies
of the Weyl chamber of B,, (reflected in the hyperplane x,, = 0). Therefore, [W(B,,) : W(D,)] = 2, and
the result follows.
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Section 10.2 is NON-EXAMINABLE.

10.2 Exceptional root systems: EFG
10.2.1 F}y

o o o o

a1 (6% a3 e71

Consider the lattice L C R* defined as follows: L = spany{e1, e, €3, €4, %(61 +ea+e3+eq)}. In other
words, L consists of all linear combinations of five vectors above with integer coefficients. Define

1
A={vel|(v,v)=1or (v,v) =2} = {:Eei,:tei:tej,i(ﬂ:el:|:€2:|:€3:|:€4),i <j}

The reflections in vectors of A preserve L, and thus the whole group W preserves L, which implies W
preserves A. Simple roots are IT = {a1 = eg — 3,9 = €3 — 4,3 = €4, 4 = %(61 —ey—e3—eq)}. The
corresponding Weyl chamber is given by inequalities C' = {x € R4 | 2o > x3 > x4 > 0,21 > o+ 23+ 24},
positive roots are {e;+e;} fori < j, {e;}, {%(61:&62:&63:&64)}. The highest root is 2aq +3as +4as+204 =
e1 + eo.

To find the order of the Weyl group observe that W acts transitively on long roots (cf. HW 13.1).
There are 24 long roots, so we are left to find the order of the stabilizer of one of them. Consider the
highest root aig = e1 + ea, it is orthogonal to all simple roots except for a;. Due to HW 16.4, its stabilizer
is generated by all reflections with respect to simple roots lying in &(J)-, which in our case generate Weyl
group Cs. Thus, |W| = 24|W(B3)| = 24 - 48 = 1152.

Remark. W(Fy) is a symmetry group of a regular 4-dimensional polytope, a 24-cell.

Remark. W(F}y) contains W (By) as a subgroup of index 3.

10.2.2 Go

oe—o

ap Qa2

Here the Weyl group is a dihedral group of type I5(6), we can associate R? with C. Then A =
{exp(%),\/gexp(% + %),k = 0,...5}. The simple roots are a1 = 1,0 = \/gexp(%), the positive
roots are all with argument in [0, 7). The highest root is 3a1 + 2ag = V/3i.

10.2.3 Ej
Q. oy a3 4 Qs

a6

Consider R” with orthonormal basis {e1,...,eq,e}. Let H = {(21,...,26,y) € RT | Y 2; = 0} ~ RS,
Define

1
L = spang{eq, ez, e3, e4, €5, €6, V 2e, 5(61 + eyt e3+es+es+eg+V2e)}NH,

and let 1
A={vel|(vv)=2}= {ei—ej,i\/ie,i(ei_i‘@j‘i‘@k —ep—eq — e £V2e)},
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where all indices are distinct. Simple roots are Il = {a1 = €1 —ea,...,a5 = e5 — €g, a5 = %(—el —e9 —
e3 + eq + es5 + eg + v2¢)}. The corresponding Weyl chamber is given by inequalities C' = {(x,y) € H |
L1 > To > a3 > T4 > Ty > e,V 2y + 24 + 15 + 26 > 21 + T2 + 23}, positive roots are {e; — e;j} fori < j,
V2e, {%(ei +ejter—e,—eq—er+ v/2e)}. The highest root is a; + 2 + 3a3 + 204 + a5 + 2a6 = /2e.

There are 72 roots, the highest root is orthogonal to simple roots forming a subdiagram of type As.
Therefore, |W| =72 -6!.

10.2.4 By
o ay a3 4 Q3 Qg

ar

Let H={z € R®|Y x; = 0} ~ R". Define

1
L = spang{e1, ez, €3, €4, €5, €6, €7, €s, 5(61 +ext+est+es+est+ester+eg)tnNH,
and let )
A={vel]|(v,v) :2}:{ei—ej,§(ei+ej+ek+el—ep—eq—er—es)},
where all indices are distinct. Simple roots are Il = {a; = e —e2,...,a6 = €5 — €7,

a7 = %(—el —ea—eg+es+e5+eg+er —eg)}. The corresponding Weyl chamber is given by inequalities
C={x€H|x1>z0>1x3>24>T5>x6>T7,T4+ X5+ T+ 27> 1+ T2+ T3+ T8}, positive roots
are {e; —e;} fori < j, {i(e;+ej+ex+e—ep—eq— e —es)}.

The highest root is 21 + 3o + 4as + 3ay + 2a + ag + 2a7 = e] — eg.

There are 126 roots, the highest root is orthogonal to simple roots forming a subdiagram of type Ds.
Therefore, |[W| = 126 - 612°.

10.2.5 Fjg
(651 (%) Q3 (%] (073 (67 (67%4

asg

Let H = {z € R% | Y z; = 0} ~ R®. Define

1
L = spang{eq, ez, e3,e4,€5,€6,€7,€8,€9, -(e1 +e2+e3+es+es5+es+er+es+e9)} NH,

3
and let
1
A={vel|(v,v)=2}=e —ej,ig(Q(ei +ejtep)—(eg+ep+es+e +es+er))t,
where all indices are distinct. Simple roots are II = {a; = e; —eg,...,a7 = e7 — €3,

ag = %(—61 —eg—ez—eq—es+2(eg+er+eg)—eg)}. The corresponding Weyl chamber is given by inequalities
C={zxe€H|x1 >z >x3>24>2T5>T6>7>18,2(T6+x7+xg) > 1+ T2+ T3+ x4+ x5+ o},
positive roots are {e; —e;} for i < j, {3(2(e; +ej +ex) — (e1+ €y +eqg+er + €5+ €9))}.

The highest root is 2a1 + 3 + 4as + 3oy + 2a5 + ag + 2a7 + 3ag = e; — eg.

There are 240 roots, the highest root is orthogonal to simple roots forming a subdiagram of type FE7.
Therefore, |[W| = 240 - 126 - 6!2°.
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10.3 Bonus track: Finite Coxeter groups that are not Weyl groups

Remark. By dropping the condition {(« | 5) € Z for a, 8 € A in the definition of a root system we get a
definition of a non-crystallographic root system. In particular, the set of unit normal vectors to mirrors
of all reflections of a finite reflection group satisfies the definition. Most of the results previously proved
for root systems hold in these more general settings as well. In particular, everything in Section 9.3 (and
HW 16.1) holds.

The construction of dihedral groups is clear. Here we show how to construct groups H3 and Hjy.

The remaining part of Section 10.3 is NON-EXAMINABLE.

10.3.1 H,

There are several explicit constructions of Hy. The one below follows Lusztig, Scherbak, and Moody—
Patera.

Consider the Weyl group of type Eg with simple reflections s1, ..., s4,t1,...,t4, see Fig. 10.1. Denote
r; = s;t;, and consider group I' generated by ri,79,73,74. Clearly, elements r; are involutions, and 7;
commutes with r; for |i — j| > 1. Also, since s; commutes with ¢; for i,j < 3, (r1r2)? = (s1t189t2)3 =
(5182)3(t1t2)® = e, and similarly (ror3)® = e. Finally, 7374 = s3t3tss4 can be considered as an element of
the group Ay, it is easy to check it has order 5 (see also Section 11).

S1 S9 S3 ta
1 T2 T3 T4
/ —— o e
t1 to t3 S4
Eg Hy

Figure 10.1: Construction of the group of type Hy as a subgroup of the Weyl group Ejg

Therefore, generators of I' satisfy all relations of Hy, and thus there is a surjective homomorphism
H4 —TI.

To see that the kernel is trivial, we interpret r; as a reflection in the ring of quaternions which is
isomorphic to R* as a vector space over R.

Let 1,4, 7, k be an orthonormal basis of R*. Define an operation of (non-commutative!) multiplication
on the basis as follows:

lz=z-1=2, ,i®’=4*=Kk’=-1, i-j=—j-i=k, j-k=-k-j=4, k-i=—i k=7,

and then extend this to the whole R* by linearity. We get the algebra of quaternions H. An element of H
has the form z = (21, x9, x3, x4) = x1+x28+2x3)+ 24k, x; € R. There is a natural operation of conjugation:
71 + 2ot + 237 + 24k = 21 — 291 — v3) — v4k. Then the Euclidean norm ||z||? = 2% + 23 + 23 + 23 can be
written as ||z||> = zZ. In particular, the unit sphere in R* is U = {x € H | ||z||?> = 1}. Elements of U are
called unit quaternions.

The standard dot product on R* can also be written in these terms: (z,y) = (23 + yZ) (check this!).

Exercise. Let € U be a unit quaternion, and v € H. Show that the reflection of v in x (as vectors in
R*) is given by formula r,(v) = —xvz.

Denote ¢ = 2cos § = 1+2\/g’ note that p? = ¢ + 1. Consider all unit quaternions of types

(+1,0,0,0) with all permutations;
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(41,41, +1,+1);

1
2
$(0,£1, £, £(1 — ¢)) with all even permutations.

Exercise. There are 120 quaternions of types above, and they form a group with respect to multiplication.
We denote this set by 1.

Now, let us construct a linear map from R? to H as follows. Let o; be simple roots of the root system
Eg corresponding to simple reflections s;, and let o, be the simple roots corresponding to simple reflections
t;. Define unit quaternions (1, ..., 34 as follows:

1

1 1 1
181 :E(@_l)_90707_1)7 ﬁ225(07¢_17_907 1)) 5325(0717@_1)_90)) /8425(07_1)S0_1790)7

and then define a linear map R® — H by
flai) = Bi, flah) = pBi
Exercise. The map f takes s;t; to precisely rg,. In other words, for any p € R® we have

f(siti(p)) = r5,(f())
Exercise. The Gram matrix of vectors j3; is precisely the matrix defined by the Coxeter diagram Hy.

The two exercises above complete the construction. In particular, I is precisely the set of vectors
orthogonal to mirrors of Hy, and f takes all 240 roots of Eg to I U l.

More details can be found in the paper by R. V. Moody and J. Patera “Quasicrystals and icosians”,
J. Phys. A 26 (1993), 2829-2853.

To compute the order of the group observe that all simple reflections are conjugated to each other,
and thus W acts transitively on all 120 elements of I. The vector (1,0,0,0) is orthogonal to s, 33, B4,
and thus it belongs to C and its stabilizer is generated by 72, 73,74, which generate a group of type H3
of order 120 (see next section). Therefore, |[W| = 120% = 14400.

Remark. W(H,) is a symmetry group of two regular 4-dimensional polytopes, a 120-cell and a 600-cell.

10.3.2 Hj

The construction follows from the previous section: we consider subspace H of R® spanned by roots «, a
for i = 2,3,4. Then we get H ~ RS with a root system of type Dg; H is taken by f to the subspace of H
with zero first coordinate (such quaternions are called pure), the image of the root system Dg is the set
of vectors orthogonal to mirrors of H3 (and their @-multiples).

The order of the group can be computed as follows. There are 30 elements of I with zero first
coordinate, which implies that there are 30 unit vectors orthogonal to mirrors (and 15 reflections), the
group acts transitively on them. Vector (0,¢,1,¢ — 1) is orthogonal to B2 and B4, so its stabilizer is
generated by two commuting reflections ro and r4. Therefore, |[W| = 30 -4 = 120.

W (Hs) is a symmetry group of two regular 3-dimensional polytopes, an icosahedron and a dodecahe-
dron.
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10.4 Affine Dynkin diagrams

Let A be an irreducible root system, IT = {«;} is a set of simple roots, ay is the highest root. The root
ag = —ag is called the lowest root.

Definition 10.1. The set II = {ap,a1,...,an} is an extended set of simple roots. The corresponding
Dynkin diagram with n 4+ 1 nodes is an extended Dynkin diagram, or an affine Dynkin diagram.

The list of affine Dynkin diagrams is shown in Table 10.1.

Remark 10.2. We are now able to interpret the finiteness of the reflection game (see Section 6). The
graph corresponds to a quadratic form, and the initial configuration is one basis vector «;. A configuration
is a linear combination ) ¢;a;. A vertex k is unstable if (ag, Y ¢;ai) < 0. A move in an unstable vertex k
is a reflection of the configuration > ¢;cy; in vector ay. In case of Dynkin diagrams, the game ends when
we get the highest root. If a (simply-laced) graph is not a Dynkin diagram, then it contains an affine
Dynkin diagram as a subgraph; the game is infinite on any affine Dynkin diagram.

Definition 10.3. A generalized Cartan matriz A = (a;;) is an integer n x n matrix satisfying the following
properties: a;; = 2, a;; < 0 for i # j, and a;; = 0 implies aj; = 0.

Table 10.1: Affine Dynkin diagrams. Connected affine Dynkin diagrams. Every diagram contains
n + 1 nodes. The lowest root is marked.

Aq o
A, (n>2) : }
Boog) e e e
Cn (n>2) —o e .- €9
D, (n>4) f>.+ ﬂ<:
Go = Be
Fy o—eo—eo—0—o
Eg
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A is of finite type (respectively, affine type and indefinite type) if there exists a vector u = (uq,...,uy) €
R™ with all u; > 0 such that Au also has all positive coordinates (respectively, Au = 0 and Au has all
negative coordinates).

Remark 10.4. Indecomposable generalized Cartan matrices (GCM for short) can be of finite, affine or
indefinite type only. If GCM is symmetric, then it is of finite type if and only if it is positive definite,
and it is of affine type if and only if it is positive semidefinite with kernel of dimension one. Matrices of
finite type correspond to connected Dynkin diagrams, and matrices of affine type correspond to connected
affine Dynkin diagrams. See V. Kac, Infinite-dimensional Lie algebras, CUP, for more details.

Remark. Given an affine Dynkin diagram i, one can define an affine Weyl group of 5 as a Coxeter
group defined by 3. This group has a nice geometric interpretation: it is a group generated by affine
reflections in the Euclidean space E™, i.e. a group generated by reflections in hyperplanes which may not
pass through the origin.

Example. Consider the affine Dynkin diagram 112, it is a cycle of length 3. The corresponding affine
Weyl group is W = (s1, s2, s3 | 57, (s;5;)). W acts on the plane as follows: s and s are usual reflections
in lines af and 0z2L (where «; are simple roots of As), and s3 is a reflection with respect to the line

(v,0) = —1. The fundamental domain is a regular triangle.

In general, if an affine Dynkin diagram ¥ is an extension of a Dynkin diagram ¥ of a root system A,
then the fundamental domain of W is a compact simplex bounded by n hyperplanes af (where «; are
simple roots of A), and a hyperplane (v, ag) = —1 (this simplex is called alcove). Group W is infinite and
generated by reflections in the walls of the alcove.

Remark. If A is not simply-laced, one can see that the highest (and lowest) root is always long. However,
the closure of the chamber Cy also contains a short root. This leads to more extended Dynkin diagrams
with the same affine Weyl group (the difference is in the lengths of roots only, i.e. in the directions of
arrows in the extended Dynkin diagram).

11 Coxeter number

11.1 Coxeter element

Let (W, S) be an irreducible Coxeter system, where W is a finite Coxeter group of rank n, let {s; = 74, }
be simple reflections. We will assume by default that W is a Weyl group of a root system A with simple
roots IT = {«;}, but everything in this section works for non-crystallographic groups as well.

Definition 11.1. An element ¢ = s;, ... s;,, where all indices are distinct, is called a Cozxeter element.

In other words, a Coxeter element is a product of all simple reflections in some order. Clearly, there
are n! such elements, but some of them may coincide.

Example 11.2. If A = Ag, then there are 6 Coxeter elements. However, as s; and s3 commute, there
are only four distinct ones: s$1S253, S38281, S28381 and s3s1S2. Moreover, s1(s15283)s1 = S28381 =
S2(s3s182)s2 = s2(S15352)S2 = s251(s35251)s182, so all Coxeter elements in Az are conjugated to each
other.

The same pattern can be seen in general.

Lemma 11.3. All Coxeter elements are conjugated in W.
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Proof. First, observe that all cyclic shifts are conjugated: s, (S;, - .- Si, )Si; = Siy - - - Si,, Siy etc. Also, if two
neighboring reflections commute, we may swap them without changing the element. We claim that using
these two operations we can get all n! Coxeter elements.

The proof is by induction on n. If n = 1 there is not much to prove, so assume the statement holds
for n — 1. Consider any Coxeter element ¢ on letters sy, ..., s,, we can assume s, is a leaf of the Coxeter
diagram of W, i.e. it commutes with all but one simple reflections. In particular, the Coxeter diagram of
the subgroup Wy ¢,y is connected, so we can apply the induction assumption.

By the induction assumption, any Coxeter element on letters sq,...,s,_1 can be taken to sy ...8,_1
by cyclic shifts and swapping commuting neighbors. Apply this procedure to ¢, we claim that the result
is §1...8,—1 with s, inserted in one of n possible places. Indeed, s, allows us to permute commuting
s; and s; as s, must commute with at least one of them, so we have either s;s,5; = s;5;5, = 5;5;5, or
5i8pSj = 5,8;8j = Sps;js;. Also, we can still perform cyclic shifts: if the word starts with s,s;... and s,
does not commute with s;, then we can do cyclic shift in s,, first and then in s;.

Now, once we got s1...5,_1 with s, inserted in one of n possible places, we can carry s, either to
the start of the word of to the end (the only s; not commuting with s, lies on one side of it), and then

perform a cyclic shift if needed.
O

Corollary 11.4. All Cozeter elements have the same order.

Definition 11.5. The order of a Coxeter element is called the Cozeter number of A (or W) and is denoted
by h.

Example 11.6. - A=Ay, (s159)3 =e, 50 h=3.

- A = Az, (s15253)" = e, how to find h? One way is to play with words: observe that h must be even
(e.g. by the Deletion Condition), so try h = 2. We get
(515253)2 = 515283515253 = S15251 $35283 = $251 $2535253 = S$2515352 = S2(S153)S2 # €,
so h > 4. Now,
(813283)4 = (32(3183)82)2 = 82(8183)282 =€
so h =4.

Another way is to observe that for any A,,_1 a Coxeter element ¢ = s1...8,_1 can be written as a
product of transpositions:

c=81...50—1=(12)(23)(34)...(n —1n) =(123...n—1n),

so it is a cycle of length n, and thus A(A4,-1) = n.

In general one can write matrices of the action of every simple reflection, take the product, and then
compute eigenvalues.

Exercise. Compute h(Dy).

11.2 Exponents

Observe that since all Coxeter elements are conjugated, they have the same characteristic polynomial,
and thus the same eigenvalues. All eigenvalues are of the form £, where £ is a primitive h-th root of
unity, and m < h — 1.
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Definition 11.7. The exponents my < mg < --- < m, of W are all m € Zj such that £ are eigenvalues
of a Coxeter element. Exponents are counted with multiplicities.

Example 11.8. Let A = Ay, then ¢ = 5139 acts on R? as a rotation by 27/3. Therefore, the eigenvalues
of ¢ are exp(%) and exp(%). Since h = 3, the primitive root of unity is £ = exp(%), so we get m1 = 1

and mo = 2.
Exercise 11.9. Show that for A = A,, the exponents are 1,2,...,n.
Lemma 11.10. my > 0, i.e. 1 is not an eigenvalue of c.

Proof. Let ¢ = s1...s, and suppose there exists v € R" such that c(v) = v, v # 0. Then s1...s,0v = v
implies s2...5,0 = s1v. Let s; = rq,.

Note that s;v = v + cjaq, and s3...8,0 = v + > ¢y, SO we obtain the equality cia; = ) ¢iay.

i>2 i>2

However, simple roots are linearly independent, which implies that all ¢; = 0. Therefore, s;v = v and
S9...8,v = v. Applying the same argument n — 1 times, we get s;v = v for every ¢, which implies that
(v, ;) = 0 for every i. Since the dot product is not degenerate, this means that v = 0, so we came to a
contradiction.

O]

Lemma 11.11. Let my < --- < m,, be exponents of W. Then > m; = %

Proof. The characteristic polynomial of ¢ has real coefficients, so every eigenvalue has a complex conjugate
one. Observe that conjugate to £ is €™ = ¢h=4 50 if m; is an exponent of multiplicity I then h—m; is
also an exponent of the same multiplicity. Due to Lemma 11.10, the only real eigenvalue can be —1 = £7/2,
Therefore, if we denote the multiplicity of h/2 by k, then the sum of exponents is k% + %_kh = ”—Qh O

11.3 Coxeter plane

We now want to explore the geometry of the action of the Coxeter element and derive some interesting
corollaries.

Since the Dynkin diagram ¥ of A is a tree, we can color nodes in black and white such that neighboring
nodes are of different colors (in general, graphs with this properties are called bipartite). Index white nodes
1,...,k and black nodes k + 1,...,n. Consider ¢/ = s1...s; and ¢/ = sp11... 5.

Definition 11.12. Coxeter element ¢ = ¢/¢” is called bipartite.

From now on we assume c is bipartite — we do not loose any generality as all Coxeter elements are
conjugate.
Recall that a dual basis {w;} to II is defined by (o;,w;) = 1if i = j and (o, w;) = 0 otherwise.

Exercise 11.13. Let A = (aij) = (ai,aj). Show that a; = Eaijwi.
)

Corollary 11.14. In the basis {w;}, Aw; = «;.

Lemma 11.15. Matriz A = (a, oj) has a positive eigenvalue X\ with a positive eigenvector (Ai,..., \n),
i.e. \j >0 for alli.

Lemma follows from Perron-Frobenius Theorem (see HW 9.3).
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Theorem 11.16. Let (Ai,...,\,) be a positive eigenvector of A = (o, o). Denote
k n
W= Z)"wi and v = Z Ajwj.
i=1 j=k+1
Then
(1) The plane H spanned by p and v is preserved (not pointwise) by ¢’ and ¢”, and thus by c.
(2) ¢ and " act on H as reflections.
(8) The order of ¢ restricted to H is h.
H is called the Coxeter plane of c.

Proof. The first goal is to compute (A — 1)p and (A — 1)v.
Since (A1, ...,A,) is an eigenvector of A, we have

n n n
A hiwi) = A hiwi) =D Miwi,
=1 =1 =1

and by Exercise 11.13 we have
A(Z )\iwi) = Z )\iAwi = Z )\1'042'
i=1 i=1 i=1
Take the scalar product of the vector above with oy, ¢ < k. We get
O Ao, i) = Z MW, i) = ;.

On the other hand,

n

(zn: AmQm, ) = Z (Qm, ;) Z AmGim = Ai + Z A\jij
m=1

m=1 Jj=k+1
n

as ajm = 0 for m < k unless m = i. Thus, we see that AX\; =\, + > Ajayj;, or, equivalently,
Jj=k+1

n
—1): Z)\jaij forizl,...,k:.
Jj=k+1

Therefore,

A=Du=A=-1) ZAzwl Z)\ - Dw :Z z": Ajaij | wi z": Aj <Zawwz> =

i=1 \j=k+1 Jj=k+1 =1
n n n
E /\ E am]wz - E aijwi = E )\j(aj — wj) = Z )\jOéj — UV
j=k+1 m=1 i=k+1 j=k+1 j=k+1



k
since a;; = 0 if both 4,j > k + 1 unless ¢ = j. Similarly, we have (A — 1)v = ) A\ja; — p. Summarizing,
i=1

we get

k n
Z)\iai—()\—l)V:u and Z Ajoj —(A—=1)p =
i=1 j=k+1

We will now use the obtained formulae to look how ¢’ and ¢ act on p and v. We have

n n
/
cW)=ra ...Tay E Ajwj | = E A\jwj =V

j=k+1 j=k+1

as (o, wj) =0 for s < k < j. Similarly, ¢’(u) = p. Further,

k k
d(p)="¢ (Z i — (A — 1)1/) =— <Z )\ioq) —A=1)v = —(p+A=1))—(A=1)r = —pu—2(A—1)v
i=1 i=1

since (o) = —ay for ¢ < k. Similarly, ¢(v) = —v — 2(A — 1)u. Therefore, both ¢ and ¢’ take p and v
to their linear combinations, so both ¢’ and ¢’ preserve H.

Furthermore, restriction of ¢ on H is a non-trivial element of O2(R) with eigenvalue 1 (as ¢/ (u) = u),
so the other eigenvalue must be —1, and thus ¢ acts on H as a reflection. Similarly, the same is true for
. In particular, the restriction of ¢ on H is a rotation.

Therefore, we have proved (1) and (2). To prove (3), observe first that every w; is a 1-dimensional

n
face of the initial chamber Cj (cf. the proof of Lemma 9.13), and thus p+v = > \w; € Cp as all \; > 0.
i=1
In particular, we see that H N Cy # (). Take any p € H N Cy. If ¢™(p) = p, then ¢™ = e by Theorem 7.7,
which implies that the order of ¢ restricted to H is precisely h, so the proof is complete.
O

Lemma 11.17. Let mq < --- < m, be the exponents, let h be the Coxeter number. Then
(1) mi=1,m,=h—1;
h
(2) |A*] =5

Proof. Observe that any positive linear combination a4 b belongs to Cp, i.e., the angle in H formed by
rays Ry p and Rov lies in Cy. This implies that this angle is not intersected by any mirror of W. Also,
the reflections (on H) ¢’ and ¢’ in Rv and Ry respectively generate a dihedral group of order 2h. We
want to show that the angle formed by rays Ry u and Ry v is equal 7/h — this will imply that m; = 1.

Suppose that Z(Rypu, Riv) = B, where m > 2. Then the intersection H N Cp is an angle of size at
least 27 /h. The orbit of H N Cy under the group generated by ¢’ and ¢’ consists of 2h copies of it, and
no two copies can overlap (otherwise they would need to coincide as each angle belongs to one chamber
only, which, in its turn, would mean that the corresponding elements of the dihedral group must be equal,
which cannot happen). This immediately leads to a contradiction.

Therefore, m; = 1, and thus the complex conjugate eigenvalue gives m,, = h — 1, so (1) is proved.

To prove (2), observe first that mirrors of W can intersect H along copies of Ry and Ry under the
dihedral group. There are 2h angles formed by these lines, so there are h lines in total. Our plan is to
count the number of mirrors intersecting H along Ru and Rv.

Denote H; = ;. By definition, Ry = (Hyy1 N --- N Hy,) N H. We want to prove the following claim:
no other mirror of W contains Ru.
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Suppose there is some H, N H = Ry, a = > bjv;, b; > 0. This implies (o, 1) = 0, so we have
i

n k k
0= (Oé, ,u) == (Z bl-ai, Z )\le> == Z bz)\z
=1 i=1 =1

n
As all \; > 0,b; > 0, this implies that b; = 0 for i = 1,...,k, so « = > b;;. However, all «; for
i=k+1
i =k+1,...,n are mutually orthogonal, and thus by HW 18.2, a = «; for+some i > k, so the claim is
proved.

Therefore, Ry is contained in n — k mirrors of W. Similarly, Rv is contained in k& mirrors of W. The
copies of Ry and Ry under the action of the dihedral group generated by ¢ and ¢’ are also contained
in n — k and k mirrors respectively. If h is even, then there are h/2 lines of each of the two types, so
|AT| = %(n —k)+ %k = %h If h is odd, then Ry and Ry are equivalent under the action of the dihedral
group, and thus k =n — k, i.e. k =n/2. Therefore, |AT| = hn/2 as well.

O

Combining Lemmas 11.11 and 11.17, we get the following corollary.
Corollary 11.18. The number of positive roots in a root system is equal to the sum of exponents.

Exercise. If h is even, then the longest element gy of W is precisely ¢/2.

11.4 More about Coxeter number and exponents
We list here more facts without proofs.

Theorem 11.19. Let my < --- < m,, be the exponents, define partition u = (my,...,my) = |AT|. Let
A= (l1,...,lm,) be the dual Young diagram. For o = cja; € AT let the height ht o denote >~ ¢j. Then
l; = #{a € AT | hta = i}.

Example 11.20. Consider A = A,,. We know the exponents are m; = 4. This implies [; = n + 1 — 4.
Indeed, roots of height i are precisely e; —ej1; = aj +--- + j44-1,80 j =1,...,n+1—1, and thus the
number of roots of height ¢ is precisely n + 1 — 4.

Theorem 11.21. Let h be the Coxeter number of A, and let positive integer m < h be coprime with h.
Then m is an exponent of A.

Idea of the proof. Consider a cyclotomic polynomial

2mi
Pp(2) = I[I G-,
ged(k,h) =1
1<k<h-1

it is a well known fact that ®,(z) € Z[z] and ®,(z) is irreducible. Note that ®,(z) has a common root
e?™/" with the characteristic polynomial of ¢ (since 1 is an exponent, see Lemma 11.17). Therefore, ®,(z)
divides the characteristic polynomial of ¢, which implies the theorem.

O

Example 11.22. Assuming we know that the Coxeter number of Bs is equal to 10, let us find the
exponents. By Theorem 11.21, 1,3,7,9 are exponents. The sum of all five exponents is nh/2 = 25
(Lemma 11.11), so the fifth exponent is 25 — (1 4+ 3 + 7+ 9) = 5, thus exponents are 1,3,5,7,9.

Alternatively, to find the remaining exponent one could notice that since it does not come in pair, it
should be equal to h/2 = 5.

29



Theorem 11.23. The order of the Weyl group can be computed as follows:
(W] =14 mi)(1+ma)...(1+my,)

The proof (following R. Steinberg, Finite reflection groups, Trans. Amer. Math. Soc. 91 (1959)) of
the following theorem is contained in HW 19.3.

Theorem 11.24. Let ag be the highest root. Then htag + 1 = h.

The next section is NON-EXAMINABLE.

12 Coxeter-Catalan combinatorics

We will now define various objects on Weyl groups which will generalize the ones we have seen in the first
term. When restricted to the symmetric group, these will coincide with what we have already seen.

12.1 Inversions

We will assume by default that W is a Weyl group of a root system A with simple roots II = {«;}, but
everything in this section works for non-crystallographic groups as well.

Definition 12.1. Let W be a Weyl group of a root system A, IT = {«;} are simple roots. Given w € W,
a € AT is an inversion of w if w(a) € A~. Denote by Inv (w) the set of inversions of w.

Example. Let A = Ay, w = s1s9. There are three positive roots, and w(a;) = ag, w(ae) = —a1 — ag,
and w(ag + ag) = —ay. Therefore, Inv (w) = {ag, @1 + as}. In particular, we see that |Inv (w)| = I(w).

Lemma 12.2. Let W be a Weyl group. Then |Inv (w)| = l(w) for any w € W.

Proof. We know that the length of w is equal to the number of reflections whose mirrors separate the
initial Weyl chamber Cy from wCj (see Remark 8.11). Take any v € Cy and a € A™, then the mirror
of 7o separates Cy from wCy if and only if (o, w(v)) < 0, which is equivalent to (w=!(a),v) < 0, i.e.
a € Inv(w™!). Therefore, R(w) = Inv(w™'), so l(w) = |Inv(w™1)|. Since l(w) = I(w™!), we get
[Inv (w™1)| = I[(w™?) for any w € W, which implies the statement of the lemma.

O

Remark. Another proof of the lemma can be found in HW 16.1.
As a corollary of the proof, we obtain the following statement.
Corollary 12.3. Inv (w) = {a € AT | 7, € R(w™1)}.

Recall that for a symmetric group we had another definition of inversion (see Def. 3.2): given a
permutation w = wy ...w,, an inversion is a pair ¢ < j such that w; > w;.

Example 12.4. Let W = Sy, i.e. A = A3. Take w = 515953 = 234 1. Then w™' = 4123, and the inver-
sions of w~! are (1,2), (1,3) and (1,4). Now, the R-sequence of w is {s1 = (12), s15251 = (12)(23)(12) =
(13), 51525835251 = (12)(23)(34)(23)(12) = (12)(24)(12) = (14)}, so we see that the inversion set of w™!
coincides with the R-sequence of w. In other words, for w™! the two definitions of inversion coincide.

Theorem 12.5. The two definitions of inversions for symmetric group coincide.
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Proof. Let w = wiwsy...w, € S,. An inversion of w™! is a pair (wj,w;) such that i < j and w; > w;.
The symmetric group W = S, acts on R" by permutations of coordinates, i.e. w maps e; — ey,. If
x = (x1,...,2y) € R", then w(x)y, = ;. The Weyl chamber Cj is given by equations z1 > x2 > -+ > x,.

Let z € Cp. If i < j and w; > wj, then x; > z; and @y, < Tyw,;, which is equivalent to wW(T )y, =
T > x5 = W(T)w,, 1.e. W(T)w; > w(T)w;, while w; > w;. This is equivalent to the hyperplane y., = yuw;
separating C from wCy, i.e. to (w;,w;) € R(w), and thus to (w;,w;) € Inv (w™1) due to Cor. 12.3. [

Remark. Theorem 12.5 shows that Inv can be considered as a generalization of the inversion statistics
to all Weyl groups (and, in fact, to all finite Coxeter groups).

Corollary 12.3 can be reformulated as follows.

Corollary 12.6. Let w = s1...5; be a reduced expression, w = r,...71, where {ri =rg,,..., 1, =7g, }
is the R-sequence of w. Then {B;} = Inv (w™1).

12.2 W-Catalan numbers

Given a Coxeter system (W, S), define a number

where h is the Coxeter number, m; are exponents, and n is the rank of W. We also write N(W) = N(A)
if W is the Weyl group of root system A.

Example 12.7. Let W = S, 4+1. Then h=n+1, m; =1,...,n, so

N = =

1+ n+2)2+n+2)...(n+(n+2)) 2n+2)! 1 (n+2>_c
I+D2+1)...(n+1) n+2)!(n+1)! n+2 -

Remark. N (W) can be understood as a generalization of the Catalan numbers to other Weyl groups.
In other words, objects counted by Catalan numbers are of “A,, type”, and they can often be generalized
to other root systems/Weyl groups. We consider some examples below.

12.3 Non-nesting partitions

Lemma 12.8. There is a bijection between non-nesting partitions of [n + 1] and antichains in the root
poset of A,.

Proof. The map from the set of antichains to the set of partitions is constructed as follows: given an
antichain, draw an arc (i, j) for every root e; — e; it contains, and define a partition by this arc diagram.
The resulting partition is indeed non-nesting: if ¢ < j < k <[, then e¢; — ¢; > e; — e}, so nesting arcs
cannot appear. The map is injective by construction. Also, any non-nesting partition can be obtained:

take any admissible arc diagram, then any two arcs define incomparable roots.
O

Therefore, we can consider antichains in the root poset of a root system A as a generalization of
non-nesting partitions.

Theorem 12.9 (Athanasiadis, Postnikov, Reiner). The number of antichains in the root poset of a root
system A is N(A).
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12.4 Non-crossing partitions NC),

Define a partial order on the set NC,, of non-crossing partitions of [n]: we say P; < P; if every block of
Pj is contained in some block of Ps.

Example. Let n = 3. Then the Hasse diagram of the order is

123
1]23 312

1]2]3

The poset NC,, with the order as above is called an NC),-lattice (check it is indeed a lattice!).

Now consider a Weyl group W, and define an absolute order on W as follows. Let R be the set of
reflections, and for w € W let L(w) denote the “R-length” of w, i.e. the minimal k such that w =7y ...rg,
ri € R. We say wy = wy if wy = wiw and L(wz) = L(wy) + L(w).

Example. Let A = A,, n = 2. The the Hasse diagram of the absolute order looks as follows.

5182 5281

S1 518281

1

Definition 12.10. Let P be a poset with partial order <. Given p1,ps € P, an interval [p1, p2] is defined
by
[p1,p2] ={p € P|p1 <p <pa}

Lemma 12.11. Let W = S, ¢ is a Cozeter element. Then the interval [1,c] in the absolute order is
isomorphic to the NC,-lattice.

Theorem 12.12 (Reiner, Bessis). The number of elements in [1,c] is equal to N(A).

Therefore, the interval [1,c¢| in the absolute order of any Weyl group W can be considered as a
generalization of the NC),-lattice.

There is a more geometric way to interpret non-crossing partitions for Weyl groups which is due to
Reading. Let w € [1,¢|, w =71 ...7% reduced in the R-alphabet. Take the group I" generated by ry, ..., 7
— this is a parabolic subgroup (cf HW 17.2; note: this statement requires a proof). Then the absolute
order is equivalent to containment of the corresponding parabolic subgroups. Take the smallest orbit O
of W (e.g., for A = A, the largest stabilizer is A,,_1, so the smallest orbit O has n+ 1 elements). Project
the orbit to the Coxeter plane (defined by c¢) orthogonally (e.g., for A,, we get a regular (n + 1)-gon).
Then O is split into orbits of I', every orbit is precisely a block of the partition corresponding to w.

Details of the construction can be found in N. Reading, Noncrossing partitions, clusters and the
Cozeter plane, Sém. Lothar. Combin. 63 (2010), Art. B63b.
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12.5 Associahedra

Recall: the number of triangulations of an (n + 3)-gon is Cp41.

Definition 12.13. Given a triangulation 7" and an edge e of T', a flip of T" in e produces a new triangulation
T’ as follows: it substitutes e with the other diagonal of the corresponding quadrilateral, see the picture
below.

N

An exchange graph of triangulations of an (n + 3)-gon has all triangulations as its vertices, and two
vertices are connected by an edge if the corresponding triangulations are related by a flip.

Example. Let n = 2, then there are five triangulations of a pentagon.
/ \

For n = 3, there are 14 triangulations of a hexagon, see Fig. 12.1.

The exchange graph is a 1-skeleton of an n-dimensional polytope which is called an associahedron (or
Stasheff polytope).
One relation of the associahedron to the A, root system can be seen from Theorem 12.15.

Definition 12.14. Let W = 5,41, let C be a Weyl chamber of root system A,, and let x € C'. The
convex hull of the orbit Wz is a convex n-polytope called permutohedron.

Theorem 12.15 (Tonks). An n-dimensional associahedron can be obtained from an n-dimensional per-
mutohedron by contraction of some edges.

We will now make the relation of the associahedron to root system A,, more precise.

Definition 12.16. Let A be a root system, II = {a;} are simple roots. The set of almost positive roots
A>_y is defined by
Az_l =ATU {—Ozi ‘ o; € H}
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Figure 12.1: Exchange graph of triangulations of a regular hexagon.

k
Definition 12.17. Let ¢ = ¢/¢” be a bipartite Coxeter element of a root system A, where ¢ = [] s; and
i=1
n
"= Tl s Define 7/,7": As_1 — As_; by
i=k+1
Q, a=—a;, 1> k+1 Q, a=—ay 1<k
(o) = , o and (o) = " v
d(a) otherwise d"(a) otherwise

Exercise. Check that 7/, 7" are involutions.

Example 12.18. Let A = Ay, ¢ = 51 =74, ¢’ = s9 =74,. Then 7" and 7" act on A>_; as follows.

" /
T

=
) o 7 ~

T T/ T
—Q——> O] S O] T S Qg <—>—09

Theorem 12.19 (Fomin-Zelevinsky). There is a unique binary relation (called compatibility ) on A>_;
satisfying the following two properties:

(a) It is invariant with respect to the action of 7" and 7", i.e. « is compatible with B if and only if /()
is compatible with 7'(8), and if and only if 7" () is compatible with " (5);

(b) —ay is compatible with [ if and only if the expression of B as a linear combination of a; does not
contain oy.
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Example 12.20. In Ay, there are five pairs of compatible elements: (—ay, —aw2), (—aq, a2), (—ag, 1), (a1, a1+
052), (a2, a1 + 042).

Example 12.21. Let A = A4,. Observe that the number of elements in A>_; is w +n= n(";?’),

which is equal to the number of diagonals of (n + 3)-gon. Consider a “staircase” triangulation of an
(n + 3)-gon (see below), and assign to its edges negative simple roots as follows.

_an

—0n—1

-

For every other diagonal d not in the triangulation, assign to it a root «; + --- + o if d intersect
precisely edges of the triangulation with assigned roots —a, ..., —a;. Then the roots are compatible if
and only if the corresponding diagonals do not intersect. In particular, all triangulations are precisely
maximal sets of mutually compatible roots.

This implies that the associahedron can be considered as follows: the vertices are maximal compatible
sets of roots, and faces of dimension n — k are collections of k compatible roots. For example, the 2-
dimensional faces of 3-dimensional associahedron shown in Figure 12.1 correspond to roots from A>_j,
or, equivalently, to diagonals: given a face, there is a unique diagonal which is present in every triangulation
corresponding to a vertex of that face; in Figure 12.1, quadrilateral faces correspond to long diagonals of
the hexagon, and pentagonal faces correspond to short diagonals.

Theorem 12.22 (Fomin-Zelevinsky). For every root system A of rank n, all maximal compatible sets in
A>_1 have cardinality n. For every mazimal compatible set 3 and any o € ¥ there exists a unique ¢ X
such that (X \ «) U{B} is mazimal compatible. The number of maximal compatible sets is equal to N(A).

Theorem 12.22 allows us to define an exchange graph of maximal compatible sets for any Weyl group.
These are 1-skeletons of convex polytopes called generalized associahedra. Faces of dimension n — k are
precisely collections of & compatible roots. For details, see the lecture notes Root systems and generalized
associahedra by Fomin and Reading, and references therein.
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