Perspectives of Mathematics I Fall 2009

Mobius transformations

Practice list

1. What is the geometric meaning of the transformation
(a) z—az,aeC,la|=1; (b) z — az, a € R;
(¢) z—az, a €C; (d)z— z+a,acC.

2. What is the geometric meaning of the transformation w : C — C, w(z) = 17

=

A Mébius map is a map which can be written in the form g(z) = ‘Cljis, ad—bc = 1.

This map acts on C with the natural definition g(occ) = a/c and g(—d/c) = oo
when ¢ # 0, and g(c0) = oo when ¢ = 0.

3. (a) Show that the set of Mobius maps is a group;

(b) show that any M&bius map can be represented as a composition of transforma-

tionszeé,zaeraandZHbz for some a,b € C.

(c) show that any M&bius transformation takes lines and circles to lines and circles;

(d) show that M&bius maps preserve angles.

4. Let (uy,us,u3) and (vy,vs,v3) be triples of points of C. Find a Mobius map g,
such that g(ug) = vy for k =1,2,3.

5. Show that if a M6bius map fixes at least three non-collinear points then it is the
identity map.

6. (a) Find all M6bius maps that preserve the real axis;

(b) Find all M&bius maps that preserve the disk |z| < 1.
7. Show that Mobius transformations preserve cross ratio
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of four points.

8. Find all M6bius maps that take the upper half-plane Im z > 0 to the unit disk
2] < 1.



