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Differential Geometry III, Term 1 (Section 5)

5 A bit of Analysis (should have been a reminder)
We consider the Euclidean space

R" = {m: (xl,...,xn)}xi GR,izl,...,n}
Definition 5.1.

(a) A ball of radius v > 0 with center a € R™ in R™ is defined by

Br(a):={xz eR"||x —a = Vi —a)?+ .. 4 (x, —an)? <r}.
(b) A subset U C R is called open, if for any y € U there exists r > 0 such that B,(y) C U, i.e.

VyeU3Ir>0: B.(y) CU.

Example 5.2.
(a) Interval (a,b) C R is open.
(b) Closed interval [a,b] C R is not open.
(¢) The ball B,(a) is an open subset of R™ for any a € R™ and r > 0.
)

(d) The (open) cube (a1,b1) X ... x (an,by) is an open subset for any a;, b; € R with a; < b;. Note that
for n = 1, a cube is an interval, and for n = 2, a cube is a rectangle (without the boundary).

(e) The entire space R™ and the empty set ) are open.

Now let U C R"™ be open, f: U — R™ be a map, i.e.,

fl(ul, ey un)
flu)= :
fm(ula v 7un)
for any v = (u1,...,u,) € U. We say that f is smooth if the (scalar) functions f;: U — R are smooth
for all i =1,...m, i.e., if all partial derivatives of all order exist and are continuous.



Example 5.3.
(a) f: R2 — R3 (U=R% n=2 m=3) with

U1

fur,uz) = ug
u% + u%

is a smooth map.

(b) f: B1(0) — R3 (U = B1(0) C R?, n =2, m = 3) with

uy
flur,ug) = Us
1-— u% — u%

is a smooth map as well.

For (scalar) functions, even of more than one variable, we know how to derive, e.g., if f(z,y) =
2%y + 3y3, then
of of

%(x,y) =2zy and 6—y(x,y) = 2% 4+ 9y°.

Definition 5.4. Let U C R" be open, let f: U — R™ be a smooth map and let p € U. The Jacobi
matriz of f at p is the (m X n)-matrix given by

afilp) - Omfi(p)
Ipf = : : where 9 f;(p) = +—fj(u) , 1=1,...,n.
alfm(p) anfm(p)

The derivative of f at p is the linear map
dpf: R* — R™, h = (dpf)(h) =Jpf-h
Note that the Jacobi matrix is just the matrix representation of the derivative in the standard basis.

Remark. Since dj, f is linear, its image (range) (dpf)(R™) is a vector subspace of R™, spanned by

{(dpf)(er),- -, (dpf)(en)},

where {ei, ..., ey} is the standard basis in R™. Observe that
9 f1(p)
(Gif(p) :=)(dpf)(ei) = :
which is just the i*" column of the Jacobi matrix Ipf.
Example 5.5.
(a) f: R? — R3
U 1 0
flu,v) = v then Jo,nf=10 1
u? + v? 2u 2v

At p = (0,0), the image of dp f is spanned by (1,0,0) and (0, 1,0).



(b) f:R? — R3,

U 1 0
fu,v) = [ v? then Ju, ) f =10 2v
uv v

At p = (0,0), the image of dp f is spanned by {(1,0,0),(0,0,0)}, i.e., by (1,0,0) (the z-axis).

(c) f: R¥ — R,
f(xa Y, Z) = 227 + y2 - Z27 J(x,y,z)f - (4.%, 2y, _22)
(the gradient of f). Note that the Jacobi matrix of a scalar function is just the gradient. Here, the
image of dp, f is either R (if (z,y, ) # 0) or {0} (if (z,y,2) = 0).

Let us finally motivate the implicit function theorem

Example 5.6. Let f: R2 — R be given by f(u,v) = u? + v2. We want to solve the equation
flu,v) =c

near some point (a,b) € R? for ¢ := f(a,b) > 0, i.e., we look for a function g(u) = v such that f(u,g(u)) =
c. The implicit function tells us that if 9, f(uo,vo) # 0 then this is possible. Here, 9, f(a,b) = 2b, and a
simple calculation shows that

fluw) = ¢ e = Ve—u?,  ifb>0,
’ —Ve—u?, ifb<DO.

Theorem 5.7 (Implicit function theorem). Let W C RP x R™ be open and f: W — R™ be smooth.
Let (a,b) €¢ W (a € RP, b € R™) and ¢ := f(a,b) € R™. Consider a function ¢ : W NR™ — R™ defined
by y — f(a,y). Its Jacobi matrix is

o0f1 df1
5 87y1(a’y) ayim(a»y)
f . .
J(a'vy) = @(aﬂy) = : .
Ofm Ofm
Tyl(a’y) %(a,y)

Assume that J(a,y) is invertible at y = b. Then there exist open sets U C RP, @ € U, and V C R™,
b € V, and a smooth map g : U — V with g(a) = b such that

{(x,y) eUxV|f(z,y) = c} = {(=,g9(x)) |z € U}

(i.e. the level set of points (x,y) with f(x,y) = cis locally a graph of some smooth function g : U — V).

We will use this theorem in a particular case of m = 1: having a function

fZRp+1—>R, (1'1,...,$p,y)'_>f(may)> f(m07y0)zc

with gf(a:o, yo) # 0, one has y = g(x) in a neighborhood of x for f(x,y) = c.
Y



