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Riemannian Geometry IV, Homework 9 (Week 9)

9.1. First Variation Formula of energy.
Let F : (—¢g,e) X [a,b] = M be a variation of a smooth curve ¢ : [a,b] — M with ¢/(t) # 0 for
all t € [a,b], and let X be its variational vector field. Let E : (—¢,e) — R, denote the associated
energy, i.e.,
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(a) Show that
b
E'(0) = (X)) - (X(@). @) — [ (X0, 2O

Simplify the formula for the cases when
(b) cis a geodesic,
(c) F is a proper variation,

(d) ¢ is a geodesic and F is a proper variation.

Let ¢ : [a,b] — M be a curve connecting p and ¢ (not necessarily parametrized proportional to
arc length). Show that

(e) E'(0) =0 for every proper variation implies that ¢ is a geodesic.

(f) Assume that ¢ minimizes the energy amongst all curves v : [a,b] — M which connect p and gq.
Then c is a geodesic.

9.2. Rescaling Lemma.
Let ¢ : [0,a] — M be a geodesic, and k > 0. Define a curve 7 by

0./ M, (D) = elkt)
Show that v is geodesic with 7/(t) = kc(kt).

9.3. Let M be a smooth manifold, let X(M) be the vector space of smooth vector fields on M, and V
be a general affine connection (we do not require a Riemannian metric on M and the ”Riemannian
property”, neither the ”torsion-free property” of the Levi-Civita connection). We say a map

A:X(M) x - xX(M) — C*(M) or X(M)
is a tensor if it is linear in each argument, i.e.,
AXy, - f X+ gV, X)) = fAXy, -, Xy, X)) + gAXL, -, Y, -, X)),
for all X,Y € X(M) and f,g € C>*°(M).
(a) Show that
T:X(M)xX(M) — X(M), T(X,Y)=[X,Y] - (VxY — VyX)

is a tensor (called the torsion of the manifold M).



(b) Let
A:X(M) x - x X(M) — C>®(M)

r factors

be a tensor. The covariant derivative of A is a map

VA:X(M) x - x X(M) = C®(M),

r+1 factors

defined by
VAXL, ..., X, Y) =Y (AX,...,X,)) — ZA(Xl,...,Vij,...,XT).
Show that VA is a tensor.

(c) Let (M, g) be a Riemannian manifold and G : X(M) x X(M) — C°*°(M) be the Riemannian
tensor, i.e., G(X,Y) = (X,Y). Calculate VG. What does it mean that VG = 07



