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Explain your answers! Problems marked (⋆) are bonus ones.

1.1. Are the following sets of vectors linearly independent?

(a) {(1,−1, 0), (−2, 0, 2), (0, 1,−1)} ⊂ R
3;

(b) {(1, 1, 0), (1, 0, 1), (0, 1, 1)} ⊂ R
3;

(c) {x3 + x2, x2 + 3x + 1, x3 − 2x2 + 1} ⊂ R[x], where R[x] is the space of polynomials with
R-coefficients.

1.2. What is the dimension of span{(2, 3, 2), (3, 2, 1), (−1, 6, 3)} ⊂ R
3?

1.3. Find all values of a and b, such that {(a, 1), (b, b)} is a linearly dependent subset of C
2.

1.4. Show that for any vector space V and any v ∈ V the product 1 · v is equal to v.

1.5. Which of the following sets are R-vector spaces?

(a) Polynomials with real coefficients of degree at least n;

(b) continuous functions f(x) on R with f(0) = 0;

(c) continuous functions f(x) on R with f(0) = 1;

(d) bounded functions on R;

(e) arithmetic progressions with real entries;

(f) geometric progressions with real entries;

(⋆) the set of functions {f(x) = a cos(x + c) | a, c ∈ R}.

1.6. Which of the following maps V × V → F are inner products?

(a) F = C, V = C
2, 〈w|z〉 = w1z2 − w2z1;

(b) F = R, V = R
3, 〈x|y〉 = x1y2 − x2y1 + 3x3y3.

1.7. Which of the following maps from R
2 to R

2 are linear operators?

(a) f(x, y) = (xy, x − y);

(b) g(x, y) = (x − y, 2x).

1.8. Which of the following maps are linear transformations?

(a) A : R
4 → R

3, A(x, y, z, t) = (x + 2y, y + 2z, z + 2t);

(⋆) A : R[x] → R[x], (Ap)(x) = p(αx2 + β), where α, β ∈ R are fixed numbers.

1.9. Show that for every linear map A : V → W the kernel kerA and the image imA are linear
subspaces of V and W respectively.


