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Problems marked (⋆) are bonus ones.

12.1. Let f ∈ End(L), g ∈ End(M), and dimensions of L and M are n and m respectively. Define
a linear operator f ⊗ g ∈ End(L ⊗ M) on factorizable tensors by

(f ⊗ g)(l ⊗ m) = f(l) ⊗ g(m)

for any l ∈ L,m ∈ M . Show that

(a) f ⊗ g is well defined; (b) tr f ⊗ g = tr f tr g; (c)(⋆) det f ⊗ g = (det f)m(det g)n.

12.2. Let {e1, . . . , en} be a basis of L, and {e1, . . . , en} be a dual basis of L∗. Compute the
contraction of the tensor

(a) T = ej ⊗ ei; (b) T =
n∑

j=1

ej ⊗ en−j; (c) T =
n∑

i,j=1

(−1)i+jej ⊗ ei.

12.3. (a) Show that factorizable (1, 1)-tensors are exactly linear operators of rank one.

(b) Let f = α ⊗ x, g = β ⊗ y be linear operators, where α, β ∈ L∗, x, y ∈ L. Compute the
contraction

f ⊗ g → α(y)β ⊗ x

in terms of f and g.

12.4. Let f1 : L1 → M1, f2 : L2 → M2 be linear maps. Show that

(a) im (f1 ⊗ f2) = im (f1) ⊗ im (f2);

(b) im (f1 ⊗ f2) = (im (f1) ⊗ M2) ∩ (M1 ⊗ im (f2));

(c) ker(f1 ⊗ f2) = (im (f1) ⊗ M2) + (M1 ⊗ im (f2)).


