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Problems marked (⋆) are bonus ones.

13.1. Let dim L = 4, f = e1 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e4 ∈ T 1

1
(L). Find all

(a) α ∈ L∗, such that f(x, α) = 0 for every x ∈ L;

(b) x ∈ L, such that f(x, α) = 0 for every α ∈ L∗.

13.2. (a) Show that for every f ∈ Λ2(L) there is a basis (e1, . . . , en) of L such that

f = e1 ∧ e2 + e3 ∧ e4 + · · · + ek−1 ∧ ek

for some even k.

(b) Show that f ∈ Λ2(L) is factorizable if and only if f ∧ f = 0.

13.3. Let {e1, . . . , en} be a basis of L. Show that symmetric tensors of the form

ea1

1
. . . ean

n (= S(e1 ⊗ · · · ⊗ e1
︸ ︷︷ ︸

a1

⊗ e2 ⊗ · · · ⊗ e2
︸ ︷︷ ︸

a2

⊗ · · · ⊗ en ⊗ · · · ⊗ en
︸ ︷︷ ︸

an

)), a1 + · · · + an = q

span the symmetric power Sq(L).

13.4. (⋆) Let f ∈ End(L), {e1, . . . , en} is a basis of L. Define a symmetric square S2(f) ∈
End(S2(L)) by

(S2(f))(eiej) = S(f(ei) ⊗ f(ej))

(a) Show that S2(f) is well defined.

(b) Show that tr S2(f) = 1

2
((tr f)2 + tr f 2).

(c) Suppose that the characteristic polynomial of f has roots λ1, . . . , λn. Show that the
characteristic polynomial of S2(f) has n(n + 1)/2 roots λiλj, 1 ≤ i ≤ j ≤ n.


