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3.1.

3.2.

Riemannian Geometry IV, Homework 3 (Week 14)

Due date for starred problems: Tuesday, February 12.

(x) Recall that Bonnet-Myers theorem implies that if (M, g) is complete, and there is ¢ > 0
such that Ric,(v) > c for every p € M and for every unit tangent vector v, then the diameter
of M is finite.

Show that the assumption ¢ > 0 is essential.

Hint: Consider an appropriate quadratic surface in R3 with induced metric.

Geodesic normal coordinates
Let (M, g) be a Riemannian manifold and p € M. Let ¢ > 0 such that

exp, : Bc(0,) — Be(p) C M

is a diffeomorphism. Let vy,...,v, be an orthonormal basis of M,. Then a local coordinate
chart of M is given by ¢ = (x1,...,2,) : B(p) = V :={w € R" | ||Jw||< €} via

o N2y, . an) = expp(z x0;).
i=1

The coordinate functions x1,...,x, of ¢ are called geodesic normal coordinates.

(a) Let g;; be the metric in terms of the above coordinate system ¢. Show that at p € M:

1 ifi=j,

(p) = 0y =
9i3(p) = 0 {o iti g

(b) Let w = (w1, ..., w,) € R" be an arbitrary vector, and ¢(t) = ¢~ !(tw). Explain why c(t)
is a geodesic and deduce from this fact that

> waw T (c(t) =0,
i

forall 1 <k <n.
(c) Derive from (b) that all Christoffel symbols I'}; of the chart ¢ vanish at the point p € M.



3.3. Let (M, g) be a Riemannian manifold and vy, ..., v, € T,M be an orthonormal basis. As it
follows from problem 3.2, for the geodesic normal coordinates ¢ : B.(p) — B.(0) C R",

o w1, .., 1) = expp(z T;v;)

o _ . 0 _
we have 52-[, = v; and Va%axj—O.

Define an orthonormal frame FEi,...,E, : B(p) — TM (i.e. an n-tuple of vector fields
composing an orthonormal basis of M, in every point ¢ € B(p)) by Gram-Schmidt or-
thonormalisation, i.e.,

0 1
Fi(q) = PR Ei(q) = mFl(Q),
B0 = | -3 <ai q,Ej<q>> B0 Bua) = o)

As you might have shown in problem 3.2, E;(p) = v; and E1(q), ..., E,(q) are orthonormal
in M, for all ¢ € B.(p). Show that

(Ve Ej) (p) =0

for alli,j7 € {1,...,n}.
Hint: Prove first by induction over k that

(ViFk> (p) = 0,

dx;

v@i<Fk,Fk>_1/2(p> = 07

<VLEI¢> (p) = 0,

oz,

for all i € {1,...,n}.



