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L6. NON-ARELIAN GAUGE THeomes:}

‘ In His C&QPEY we Wik larn how to Q)rmuulat(, (jauaz thaories
with a non- abehanjqua& Sn_)&? or \{av\ﬁ Mills '{‘ﬁwmes
named after Chan N“Qj Ya"ﬁ and Robeurt Mills who developed
e —Cormalgswx m 1954.

Non- abebavxjaugﬂ Haories are tae o,/@un,az, of He ! Ctandard
Moodil of Parkicle Pk\«jmcs and have led 4o fruitful
interactions between Pl'\ﬁmcx ond Maths . (and quile a tew
Nobel prizes awd Fields rudals b )

We  wilk S(:uui o rest of He term sjcwo\d)m\j the 30.0»««.91"5
(and some %pbaa uwb.rb ng non-abelian gauge

me%@urcﬂlms. B\L{T l,Lts m{:roolucl“ka.l. C/e\aracﬁrs -Q\'rs.t-

[ 6.1 = Compact Lie olgebras [Frgres, secion 1.8.1]

(Mosﬂj Q. review of term 1 with Sowe Cl\,‘k{:{*‘:‘{.\.—t ConveMto ug,"i‘

Litte ~himer e

. . Rw.caﬂl: a lLe cdadorq g, [ a\uzofor sPoucn. with a Lurtlor
shruckure P\"OVlc‘lLol b\j e Ue bracket [ ] 3 8__,8

Rasis {‘t djna' AL "8mzrakors"
[ta;{'b] = ’NF ct abe=1,. diwts, (61)
Where {MC = - Fba are Y‘uﬂ "sbruckure constombs”,
. Jacobi ‘Lohmhl-d
. [[tﬁ)tbjchC.] t ([tb,tc‘] /ta] +Ktczt‘{}}tb] =0 (6 .Q,)
= '(:“‘Jcl":dclL i3 'Cbcdpda& ¥ Qco.d {ldb‘E =0L (6'3)




e An r-dimensional Ln‘:rw’mﬂm (rep) ok & s a realizotiow
of 'Ha& as a sek of rxr moknces sqts%ing (6.1), where

new [) ] 18 the commutator of watrices. o
Not‘o.{:_iqvl : reFrzsew(Ta{'icv\ r a—{We'll adapt Hus
hr-’LLL‘{li‘l‘ { ";' ot Ahvatu s own ¥ J

(v e
el $ tﬁ kl Owmit (r) i it's clear ‘FTNMJ

L4 Context.

» A compack Le alaehr& is one which can be represented ?,
Lot - imemnsional  Herwilian makrices

| g
 JUEE. SR (6.4)
REMARK: )
~The 4 i (6-1), common in Y""\‘j%"“ Wsrature, is thare to eneure
(6_4\-) . Tae moths Lterature (and A;\\c\"co*;") uses ‘{;a’-: i‘t‘a}
which are ank -herwitian for ompaot Lie ol'aebms :
~ + N
REYS o
« A compact lie olazbm can be dicempoted. into the direck
Sum. of w(1) Lie cx\q&bms aud of i’”‘ﬁtﬁ: Lie alazbms: ®
q= wie..e ui)e go e 9% (6.5)
/ \}‘\‘ u(_l\,} & Er;‘ C) )
D _l_AiQ Smﬁb. amroi'br ‘L'} $0
t,t]=0 . (6.6)
Its irreclucible fepresentations (irreps) e 1-dimensioual :
+ ‘1 " D
=q-1 qe Z: c(\n.r%c (6.?)

L_—-'




% - RS

N G

e

cQ) EW\{)\L Lie ‘c_\l(c’n'nn\

ﬂbc ‘-fO Ya (o b, or ¢) (_6.8)

————————

* €x 91 show that Hor a siple Lie (,daq,bm.
trlta) & 0/ (6.9)
There (s a basis of 8w-mhn, which we'll use from now on, &5
tr, (tot,) = C(c) B, 6.10)

where JCfr is the trace in the v YQPrchw&nth (1.8 o rxr watirica)
Q) 'ﬁuadro&ic invariant” of ¥ (# ©)

REMARKS :
D) Normalization freedom: we can rescole

(ta, £, CON— (M, AL, NC() (611)
l&avivxj previous formulae invariomt
2) For the _gdjoint rep readj  (6.10) defines e “K,{lb'.v}j form’

i< - gxg — K
(U, w) — K(ww)= 4 (ad, - ad,,)

where U= v, w=wtt, . Kois bilimar and symwatric.,

3) We can use T (or the Killing ‘(bnu.) o lower / raise Lie
Olaebm l-v_\Ms

¥ €x 9.2 show Hat ‘Fabc s J;o{’al.i\lj ‘}.“J‘ii‘j“_’lf‘bfﬁf,‘fc (n a, bd:

'

abe

= ~F = - § , (6.12)

bac C bq_




* We can obtain a Ue group_ G (more prucu«zbj - of tha
Conmcled componant of R '\chu{-.%j) from a. Ui Q,»O\%P:_bfq, F
bf) the exponntiol map ®

a
q = Shnia 613)
where o* e R .
v In ’p r ] % adts as an rxvr unlfarj makrix :
~ 6D
ot '
g & — (g&)=rigip=2e" = ¢ (6.14)
r..'(m"/("kcf' L,‘l"_h,“ld QLEL"M R
or \n Cﬂmpomwts of G on ¢ mabrix °

3 3 o - io(at:) ; K. m:
I — ()" ¢ —(—e )ch , (6.15)
for infiniisimal o ¢ P39 with

EUE ’io(a('t:) )5k¢" (6.16)

» The complex conjugale rep. ¥ has

) =rg) =g - o ey “7 o

¥ €x 101

) Show thok if ¢ trawsforms in irrep v s complex
comuqalt §*= F transforms in irrep T
Q) Show ok (as rxr mabrices)
AREE (A i) (6:2)
3) Llet (q>i)* = §;  and construck the vow veckor ,
4'=F'= (F,-, 3,) - Show ot under Ha ackion of G, ®

= ¢ > ¢'e(a] r(@)d = &'




*» The gfidoi»\k represeatation adj s the imep  givem by
) (Jciodil)bc = af ° (bc=1,.., dimg) (6.19)

ac

*EX 1! g
D) Check that (6.19) defims a mp of 9.
2) Recall HRat {-ﬁs,g_.gljo{ut ackon of +e Lie olﬁebru_ on  tself

s aiven bé
adx i 8..—) 8,
Y od, (y) =[x ]
. VX, € 3 i
Show tRat
od, (4°8)= (V) ¥ 1, (6.29
_Fo.bc
C(Od\f,)- dwxé ) (6.21)

where Lig ala.d:ro. mdiceS are roased Qlowereol) LLStM@ S (Sab)-

& % €x 12: CLASSICAL COMPACT LIE GROURS  SU[N), So(N) USp(2n)

SUN): ge Mat,(€) st. 8*8 =4y, dig=1.
SoN):  ge Moty (R) st. 8T8=1N L
Lsf(m) ge Mat,, (€) =t. %;13%3 Ji ( e O~> |
1) Charccterize e i ala'.bru,s su(N), so(N)  usp(2N) as

vector spaces of matrices &Lbjeck Yo conditious .

P}i" The Fundamental (or qu'nm) r&ffwkuiiow of a wmakrix ﬁrou;
s e one tm which G acts E’ matrix mulﬁp[&wb\’ow:
$— g¢




Hat is ,
@) = g AN
where 9 S o wmoknx .
We denste e fundamental representztion @Md or 1, where
n is s dimension €N &r SUN) So(N) | =20 for US(EN)) .

2) Find s goarafors of  Fund  and its cplx comugale rep
fund Ac SUN), So[N), USp (28) , and shaw Hhat Aol and Fucdl
are guiw\/aleuk for  SoiN) amd USp(an), mxw,lé

AREEA Gl

for some invertible matrix V. |
(Being e | Lie algebras| coupack Vis unitary - =)



6.2, — Non-abelian gauge Heories: H fields

® e This section : introduce the cast of characters that we will
\

then wse o formulate achions which are invariant wider
hon- abelian Jouge transfo’s.

— Felds ¢ (reps of G)
— Covariant derivahve D.¢
- C‘tau%z field Al

@ and tReir 3@\;,8@ trangbormations.

e We will 8mrql£:& later ) but let's start Jzas& | as.m\wlvﬁ

- G : classical group (=3 SO())
- ¢ fwnd wep )
i‘e_) H{Lﬁm‘%@ transfo of ¢ RS
1o*t
P gg=le 156
ohee ¢ s a'weckor,
maktnx Mulﬁ[)lic.od:\'%v

Rucoll 3| [ = ¢le) -G8} #7285,

629
®

Nx N

a makrix | and 9 ads o ¢ by

° ‘F{rst) c{&ﬁm ‘l'eﬂ_, COVQY'{G.V\t dﬂfl\/c\k{\le,

D¢ = 9.¢-iAd (6.24)

©® Where e gouge feld 1S now a wakrix :

A, = A: £ 1, 6.25)




We rRquL. thalt under Ha non-abelian gouge transfe  (6.23)

D}l¢ F2 8' Dr‘d} ’ (6'26).

\. L2 W i_‘.\_g}

D .= 0 - tA (é 2%)

M ' i
as a ma{'rix-vgl.l,&&CL di@@er(‘uﬁal OPFerC{jO(‘ (_-(. [l 4y
;L el - 1 Af; (-,: '}z;y,“‘. e

()@

«;T L N-dim yeckor space (funa-rey)

We vequire the Juge transfo
2
D}L — 8Dr*8 . €.28)
In terwms of mﬁwgg @{Q,KA} His weans

a’*~'ipty‘ — a"‘-LA'M = 8(9”—.LAP>3" ‘.'
: (E,..lﬂ)

8G9+ 80°% -t atg
S0 ‘HRL\(jau.a,Q field traunsformg as | (now +hit ic o ' .

Ar‘ = A;‘ 8‘AP‘8-1 41 9 91‘8—'}
INENNENE 6.30
= 8 AV@ ‘Larﬁ\'@ ( )

where _'['ve u,;eo{

0= 4 - 3(99") = G9)-9" + 58.9")- &)
* REMARKS:

e A Tehul ik fﬁ,cja»\ga trausto  (6.30) of A, s the adjoint action
of e Lie group ow o Le ala:zbm olawewt .

-The 2™ ferwe is & correchien terw .
USRSV RN 70T ¢ %) KR S0 MWUREMITLED € £ 31 ot 7 g n g v




* Finally ; in aralogy with e UL{) case we define

Fo=1(DyD,] . (6.32)
that is, it si y acks by prule slice tion, e differtutiothius (nvelved . )
By construckion, under a Jouge transfo (€-23)
B = g F 3" (6.33)
Proof -
Fw =4 D] = FL = 4[9D0,97, 90,97
= i9[0,0])9" = &%g - -

t 1§ X

Calwlodivtj the commutator (6.32), we find that (d,: N A

Rw= QA -0 A —i[A AT (6.34
fro
i€, =[Dy,D)] = [95-1A,, 01-1A)
b [8}4;’) aﬂ =14 [aﬁl)Av] = [’D‘M»auj] = [A‘MAV]
@ =0 = A (A (BA) 1 [AuA]
@ B

£ (<t (apAv-avAM-i[AwA,])L

- The Ainitn puge transfo (6.33) of thae eld skrm\cjb‘k ﬁ}u

. 'S b\\) Hae adjoin‘t‘ achien of He Lie 3‘0‘*‘3 ow the Lie al@,ebm
This means  thak FM, transforms in the G.Aﬂ\jo‘mt fep a_é.j_.




* €x 14 .
Bj congidering infinitesinal gouge bremsfo's (o< )

il )
£ .
8:.@,10( “Ele | Aol b O(eat*) (6.35)
zlie(B)
ancl Toﬂlpt .prawoliwg to h&divx\cj order in é} show thot e
"“‘c"“"t“‘;""“‘lﬁi“@‘ variabions  of the fields are
Su.¢ = ’{VO((P & l‘m\(l i\ii) ot (4}’
Sd AP‘ = ’i.[Ot) AP’] + 3’*& <'*-~‘.‘l.:i_j ,(-)g” + corre chipw terun (636)
= SOLF}&Vz ’L[u)ﬁ*"] ' =T * 9
B
° REMARKS :
! FW transforms in He g,_% rep £ 9 wader in@iul‘b.simldau%g,
transfos .
2) A, doesn’t quite braungform. in od), because of the derivative
term that we hawe c[quﬁ oncountered for 8‘= u(1).
<P€aph— often say that A, transforms in aikjj but that's oue
abuse of Jrerm'molmw )
3) ‘DH does tranglrm 1n o’éj D
an r-vecktor
¢ M o‘F {‘:eu.s 8¢vu,xahzg.s to ¢,\+rans€orulv3 i an r—dimglm,ai
vep ¥ One S‘M‘P(ﬁ neds to m—plam. 8’ n Pfev‘mus formulag
bﬂ Ha representation matrix
F - 0(.“' JC('.'.)
rla) =l T =T, €32)
for instance
i a LA 2 N R ) ‘
D»q)':(»"l }*)dp T(F“rml‘Auta )q) ) (6'38)




and
Fo® = 1[D,D,)9

= 4 (A, - BA i [AuA)) ¢ €.39)
= i (QA - At + £, M ALAT )T
where it is understood that i ¢ € r, Hua
; (r
'A»¢ 5 A;:-tq)cb ) (64»0‘
. J

o a L)
:vacb =32 wa ta( ¢

cte. Simi\ar\d , WS cust*omar:j 4o 51““1’(‘;) write 84‘- for  Hha
abstract aclion of g o &, which in Prae{'(cz is HRe mulHonakiow
@ bé e represen totion makrix r(a) it ¢ tronshrms in v

In covN(éov\mJCS)

(APCP)‘L. = A: t;m )1. ) q’] @R r) (6'4\)
etc.
% Ex 15 .

. Show that) it G= va), Ha previous formular, reduce {o tiow
 introduced in chagtir 5 (both for charge 4 aud charge Q).

% €tx 16:
Consider ¢ n the ady rep witk coupontnks ¢°‘) a=\/...,diwu%,.

1) Show tHhat
a . T 1L
(A’ch) = alf A*‘P
and Siml[ar_% for ‘FW(P.

(6.42)

5 |
T ' &

Lo (ATt = (A, 8] o

Fo=Fot, . Shos ot

Pt




amd S(NLLC\Y@ for ({:P"cb) . Show tat tHerefore.

Dud = %% -i[A, 3]
[Dr)Du}¢ £ ';L[wa) @] i

(6.44) @



amd Sl‘MLLOJb for <\FW¢) . Show that tRerefore

Tt iR (6.44) @
[Dr"D"]@ 5 '%[Frw) q’) ; ‘

l6.3- Non-abelian gauge theories : action and Eoril | o |

i - Start by oov\s{’ruokiv\j a_ 3%89,__{“\/ar'\ad: achiow for e
(U-Q ngzbra \IOJ.UJ-A) nown - a_bdiwaffgg {F\M A".: A»‘;: ta. 3 9

Since the FHeld Str@yﬁ’c‘e\, ;IW = F“: £ tronsforms as

F}W 2 BF}LVS-' b (6-45)
we have thakt -r (FWF*") IS gamge invariomd .
Froot
A (BB ) = g, g g ¥ g)
n @

=J°\' (99 Fu 94 Gl EESI(AN LS B

~

REMARKS :
s tisaialaa =

1) In e previous u‘uak{ous tr is @ troc over thy vedter
Spact on which g naﬁxmﬂj acks bfj ok X mu[.Hq;(iodfcm.
So hee tr= {Tr‘w\d — traw in fund rqarz&mtctticw.
. whieke case

2 We could “’1““"% well use any otfer irep £, .
N il C)
A, £t and
(6.4¢)

= r(%)ﬁ;\f(g\_ '




Than Jcrr (FHVFP“’) is gauge m\/ariaut, Lﬂ the Ssoume 1;,84'(;.
. 3) Ani\j Mo Suck CL\DMS are. Fropcrtiwal +v anL OM,O*T&U

tr! (F':A;/"F"/Hv) Sl Fp‘t Fb,}u){:rz (t:’-t—::))

- F:V Fo C(c) By, 6.4
(6.10)
= [CleYES ETLL
T*Cu(u,{{c-{x(. Invouwi ok of irp
Thawn,

(s \vdi?uo\M& of e choicr of representotion r ) and is
invarant gader a o‘»awa.q of normalizakien (6.1‘\).

e The YANG-MILLS ACTION for Ar‘ e

SYM[A] = jd%‘ Lon )
1 v
‘LYM CEI R A (FWFV ),
® e
whare, 4t = Jcr‘,um* and we work (n a norwmalizotion where

(6.43)

Clhund) =+ | (6.50)
S0
A A
= S (W o g e | pv
(LYM T 4_3?. C({u_m\) {r{u_nd (ﬁ'WF )

(6.51)

1

| a o, UV
o /g L) F}WF)’*_

& 4q*




% Ex 18 -
Show -H’\ok, for a\r\:} ]rmP r

J(r (. F )) (6.52)

™M —282 T(r)

whare e "_l_)\«jnkin index”

——Glp)
M)l =  fund) (¢.53)

of ‘”"10 r | iS invariank under cf}xavxazs of normalizekion (6.|I) ;

e Thare s a Q_M\ 601&8& inwariamk tera '{:9\.0& ow_ Can odd 4o ’
He ochion. It's e |"THETA TERM'

Se[A) = J"l%‘ Lo
do =

wheore. € is colled Hhae "THeTa ANGLE" (more about uoté
€ s an avxju in Leker o{NQPtu:)I omd,

(6. '54)

fr(F F“")

’16"

= v
1 = ,4): i \Cer (6.'55) ‘

is tRe DUAL FIELD STRENGTH .

« o He 8@».21’(11 gouge iwanowk ackion which incudis a
kinctic trrm for AP‘) as welk at i@raction terms, is
S Al= (S | [A] + Sq(A
30,&8(,[ J YM[ } 6( -) (6.56)
L, Rag
lﬁ‘)““ﬂ“ Lo * 3 it {3 1“ i
)




*EX13:

@ D Exposs e Logrngian dy,,, in terms of AL aud Hhae

struchure comstauks -ﬁb‘ .

2) Slfbow Wxak {'ax ‘H’\nfu ‘blrw\ can be wntken as a ‘S%r{?m Jce,rlw :

=2 |1d4 B
86 87\2 Jd X aPK ) okl @Sq_)
KM= e (A, 9, A, - %‘QA‘,ABA,)

‘9 Show thak the €aUATIONS of MotioN obtamined frewm the

. CLCHO}\. S ars.

D, F* = 3 FM-i[A FM=0 . )

5) Show | without using o Gor’\) thot Hha RIANCHI IDENTITY

DI-*E SES. (6.59)

holds.

® . I o ae cHARGED FrEWDS & Jcra¢sFormj W orep. o
we Coan WritL a Jouge invauriawt linttic 4w for Ham
using covanart durivatives. €.9. for G=sU(N)

it H’;‘Pﬁ A»] = jd*" Sl
Lot = — OB D'S = V(3,97
whire we r‘mra.url_ e scalar Po{:EM)CloJ V 4o be Sa.u,g,e_,

B iavanank .
This 8eu.mhns to otfer c.lass(cai Groups b\»] Using +He
Q\‘»‘oro’widtt tnLr pmoluct in e kindie toem .

@, 60)




¥ Ex 20 '
Consider He achion

S(9,¢M8,) = S, Al + Se[AL) + Satier (474, -
'\) Show ot e EoM are

v
297

v eV
D=

DHD"QJ = |-
(6.61)
for @ current JI* = J: ta, ‘Wso&dou should find .
Q) Show Hhak undar & gauge trans formakion
J*‘ — 83"3" (6.62)
amd ot TV is "ooVariaqf\:j CAV\S—QNQA"I m»ulg_

D¢ =0 . (6.63)

t6.4— — Non-abelian Wilson line and Wilson loop TR

MACTI \

(o7l ExanINAL

e The l,ogic will be tfe game as for G=U(1): we Wse e
Wilson  line W, (%,,) fo Parcdbzl {mns‘mrf a oe»araul

Liotd Pix) | (il @M: | He wavetunch | (
from x, to x, aleng curve C

Twere will be "Cu}mico.l, differences due to the now- abelion
(‘v‘ no“~c)ommwh1{7i\/c> n.a}cure e@ ‘t&L@QM&& ‘Q\JA. AP‘

= ‘_ \
tA

nOU)




e Lek's g0 backwards +his Hme and deFine an infimitesimal
Wilson  line W,  (x+edn,x) from tha covariont derivodive

®
D)= Dy () dox = bimt ‘“’““"‘)’Wgc(’““""‘)"“’ (6.64
amck Lo\mﬁ%lvyﬁ with
D) = 9,400 - LA $ () ©.65)

where Pé:('x_): A;':(x)'l:? it ¢ transforms in rep r ue find
W, (x+dx, ) = 4+ 4 Ay dx+ O(@') . (6.66)
® (Now we view dx as 'm(—iwL‘b.SlmaLj and. olmF z.>

o Now we'd like to 8&‘7 a finbe Wilson live olov»j o At cwrve
C) B\\j 1tera‘h:v8 infinitesim el Fa‘H\x aC.
We want to find He Uwe o‘)fxa:l:or

//Z/’L Wc (< )'x,» which o‘acds:

>0

9 W.(x,20) = 4 A () We (%, %)
| e il i 61
. V\l (x'o ‘3(,0): 1 : (6 )
C- vl
The meuwhon is Hat Hhe values of A}* at diflerewt
Poiw’ts atmlf) e curve C _df."_’t comr_v_\EE_.

Eaqn (6.63) can be '\vx‘b@rah,d — 1' spare You e proef — o
bub asle we v Tuole ore ywWitse g

W, (y%0) = P axp ( 4 j:::m(x'))

& = P exp (i [ £ AL €-c)




whire

C: [t,t]) — R
.69
T | = xl(x') ( >.

S a quamkrizv:ﬁo‘u of the curve C) and. ?up() s e
"(.)a{'&—orduea\ ﬁ.x‘)ow/xﬁil "o TThis weoms thek whan we Taylor
Ja,x()omo\ the ,QX‘JOMJ‘\{TH’«'L? we  order e mokrices AP (=(7))
such Hoot Hhe volues of T’ increares Frmri._slnk to £t

L\ Praoﬁcg, l.d*mj

Alr)i= x(0) Aux(), (6 o
one has NOTE 'r:,'T"a 5
W, (%,%,) = i 1 j:h‘u jrl ﬁ{ \A(’C)A(ta) (T,
“m° - oT ToT i (6.#)
= D1 Toat,jro jat T[AE)AR) - Af)]

where He P@;‘e_oﬂigl% P has become o Hwme ordﬂr'\vxg T for
o affine paramiter [“Hw" T alov\:j the curve - Py

1 “(T:){:(Tz\)---{:hn)) Ze(roz-v (7. ﬂ",){:( o(1)"") 01">>

and

1 &gz d,2..131

0 else

n

{5, Tyt T { (6.72)

e REMARKS .

'D This s a similer consbuckion 4o the Hime evolution epercor
n QM.

) Sine AL= AT we call (6.68) He WiLSon LINE




n rrzprzseu{u’don ﬁ_ " a\m«ﬁ curye C from o, 1o 2.

® 3) It can be shown Hat under o qauge {'mns(o) He Wilson

lne  transforms as

wc (=, 'xo) = 8(") W (%) 8-‘(3‘*’) (»6‘13)
for the WL in tRe fund. rep, awd
W () — r(gt) We () r(g)6) (&2
‘FOF o aezuml (‘%P. Y.
® 80) if
O (%) — g (x0)) b (xa) | .35)
Han
N(cm("-, %) P(ax) r(g() {:Wé[)(x,xo)cb(aco:\) @.76)
V\C‘W—Ej Wg"(X,Xo)QD(*O) has o soun gouge fran sformakion
as ().
® 4) I C is o closed curve Hhen +he ‘Witson Loo”
Wi, (7 o (4 Al ) €
- c
{S_ﬁa_&ag invartant |
NOTE : tHhe Wilson Loop Oll()@dsmfe.mfﬁp r and ow
He curve C.




