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[OO@WE } 2ckures 257
Nekahara for mere dlstal;
« So far: how to formulate gouge Heories .
Next : understomol He uno(.a)rl:j i_n.ﬂ hﬁzou:;’cric. struckure. .

We'll need 4o learn aboouk &Bm. bundbs il drt. Bl conmibbinl |
oy ot aj:[ch@ extm Sbru.chut, o %:15 of a differevtiable manifol
The 8uquuL formal defimition is qtu‘b_ abstract, so lt's build
towards it Slo\dlfj) b\l.j SuCcessive Wohmhou.s

Final 3001. describe gouge ‘L“rw,tsevruoixousj 80\&89_
&QOMU&‘HC«L%

'F\'da( S{Tﬂ@{:ﬁs ow:l Cfe\.a/gid F\dd.s M@%_

F14 — The 'L'anazn't bundle

e Roecall « differentioble manifold M (of dimensiow n)
t?i'. Ui - R.“ Iml-e.r'{:‘bHL

(Ui}‘ff) . coordinale chart
[ patch
’{(va:({’i).-:l}: atlas

R 424 | L | -
(REEEIEY g qulint)—g(Uinv)
transition funckiou

(Smaotin, 1avertible)

coordinatrs of Poiwl: p (in ?a’cck U;),

(Pl- (P) ( )’ - mﬁ.? ]
t We'lt OQ(QH GQr_p (‘L) wnhess |'{, s psedud |
Much of e a,'osl':rad.'\on/\\s #é do with dj{nmnﬁ notiows -

m‘crmsmalﬂﬁ) ek is without ml&u@ veference to coordindgtis.




A Funcbion
f M— R

ic differentioble U.Snwo{'ew) i Y (U;,(p;)) its Lxpressien (n Cocﬂ
Coordinoles

E r T
CESLBNEHEATARSSES

x=(@)., x") — {'2-”(1,]

1S Ouf-ferew’cfabl.t (/Swicl{'ﬁ_) I

Cm(_M) : cmooth e en M,
Thie extende to offor hj‘sea of wmaps in +he obviout way .

@)

(?.2)

[Lakw on, when we know whot we are doi-u@, eI abaute  nabedteots |
amd won!t d&sl'inauj.sf-. -l:ﬂg_“"n{:rlng'ic.“ ?(p)-?rm its extrinsic /
descriptien  €(2¢) *@v (o) in terms of local coordinotus ac=¢(p)

N a_Pa‘t‘cﬁ» (U q:) For now to aveird confusion T'U uw haks |

L for e ntriasic obje,c;ts, and no hats for Huir expressions i coord's

A
E 26 l
» 4% dorm :  dlefined
*'quam%vectors{bumweCoirFeM M
—-'bm.am:’cs‘:amo{'ﬂabpz T‘,M-
El_.e__x_‘l:: oxtend Hic consbruchion frow a Poiuk P +o Hhe
_w\w& wanifold M . In{:orm.auﬂ) we'd ke to define

(

THM =T UM (#.3)
peM

o "bundle” of e tangent spaces b diblerant poinks.
—> 't‘gna.wi’ bundle. TM of M |

Question :  how Yo define it Pro@erl\;j?




b 1o Sa;;n in’tulHou., t's useful to take an Q.quiuale? but
Coupummiu:\j view of *Camaewt ve ctors B

Def — A (TANGENT) VECTOR FIELD V¥ on M is o map

A ~ (7.4)

which obeys ; :
L\lj or a (mathemats ﬂai:] Leeld = more Samm%

i b
D LINEARITY : Y a,a,e R | Ve ,62€ C®M)

’{J'(a.l %-r Q;,Ez) =t Q,%G,)a— az'{\r(éz_) (3.5)
2) Leieniz rute: V£ g C7(m)
T(fg) = ¥(*)-g+ F-v(3) . (3.6)

(. ke, Pt dodvekives ! More | aboult 46i%. soom whin wé 118t womuncctts.)

k €21 lot v w bb%una&*vzckor felds .
s ~— -lﬂwgmt
D Show ok Wedr does ot difine aNector field.
»e et
Q) " " [{{);q} = Wer=-Tew difines ;\fw feld .
Givema.+qwaa\tVec£or?\kldfrmM amoLcLPointFeM}we_m
. defing. o TANGENT VECTOR. frP_e T M | ekl P°_i-_"‘t '?__l’lj g.vgmoﬂw%_

.Quek\tj‘l:ﬁmﬁ ok Po'wdc P

T, . C7(M) — R

P
T %@ = FE)e) @)

41k . Ll | | One. can dabine *taw%m%
’D P [Q,\C,+ azﬂ‘) = a, U‘f, [-PJ** Az vi’ ({32) Ve.%orafa?‘k a \pa"wkm
.2,) {T (ﬁ 3 ‘) = ?J_ ({‘E} e (r‘) 4 "{E[{PB 7 (A\\ fﬁsc:a?ﬂ &‘-&O ?‘:&:ﬁb&
\ 2 3 T 8 i .- i %) 1o 'ta\?]naawt vector fields




« How is His def of -lmy%ud: vectors relatrd to the PrRVioUS ohA
(‘[gt"bzm) W terms of curves ?

Given o Swooth curve

c: JcR —M

T > c(1)

with c(o)= P, define a quua.mt vector frr to Hhe curve ot P L}}
’i)'f, ()= c:l%:- -F(c(r)) ; (=.9)
whichk is defined inbrinsically ¥ £e C¥(M) .

T=0

Let's express this n coordinotis x*in a ch:cpv (L, Cf)} where Haa
curve 1S ‘:umwni'risad lvé

(o c)(x) = x(x) = (*'(),, 2" (7)) . (#.10)
ond He ‘FLLv\.Ct.Uu., 'f (< OZPFEWJIJ as €= d‘?o L{J-i :(-Pu.nd{w ol o)
v (F)= ;._T (£0) (=)

— d A. 1 oleplo
—J;G.i; ‘f’v“)(‘)\uo

T=0
. 7.1
=_;L -{-(x('c))| = —i.f(o)@-—;%(x)\ : St
= o 4 = ox %=%(9) =¢(p)
(c&th rlLl.L) i DIRECTIONAL DERIVATIVE ef §

b : along the tq,n.a.imt to the aurve
._w = . at pgm‘t P Wit “toardin aXie Se = e

‘D When You descrbed ‘Hu,funamk vedhor to o curve. at P in locall
Coordinates in 1% tenn,  %H(0) were tRe compontnks of HRe

_—

‘fo.wamt ve.ctor ,

2) To conshruck o basis of the tomgest space ToM, you used curves
Cq. s.b. “i.’l‘(o) 36:, (%(D)z(oforvg{b o/"‘!"ﬁ) | |erate)s (e} 4 vh71

Ca,ULwﬁ the corresponcling 'famawk vedker R, we have



2 /[F)=2 ¢ = 2 Bl c X}
(FYs vl Lz el L G52
or for sheort

'e"a. i (.aq.)p )

whore @q_)f, (s '5.9_. whin we worke W coord's x=9(p).

xﬂ.

B In SLRMM-QJH) we con wnitt QM:, %&Wa-mt ve chor fl}r € 1‘: M
in‘krin-s{ca!lﬂ as

%f, = «G“(aa),, | (3.14)

or _.qx-h—lmic.mll:j (in local coord’s) as

-y
U= U -;a-;z& 7 G IS-)
(o=t 3N

-
whue hear =1 are veal numbers . (‘_E’B\.L compouunts of H’x.mueckar)

Now lit's comsider o colleckion ef 't'ama.ud: Spoces ouer every
poink o M & e "TANGENT RunDLE'

™M= U LW | (3.16)

PEM
This is mhra.uﬂ a manifold: for cacd coordinali chart
U)i)‘ff.) on M) we“mw define coordinciis @c*‘) 'U'H)
on U T‘,Mr) Uitﬁ;u'z (:.KP) are teorcinalis ewn UL; oM
pev;

we (:qrquriu_ o 'l'analuk veekor Qg

v e vr‘-‘a?—x-;- . i (-‘?lq')
|

w

Ciﬂr!rﬁﬁs\f.ﬁis i m[;;ﬂ = EE.“ ‘G’P < U‘_

2 |



v X Qsmoow\.) 't‘awa.zwt ve ckor @L@Lol is Haua (in coorelineli2)

= yP(x) 2o 2.18) |
GE XL 2P (#.18)
as o Jarics

with components vH(x) 'vardins smoothly \over M R o el
ae ey ) X

VU f we worle n coords

* Ex 22 .
Chacle Hhak G.IB’) ma.fg. c.’:ijn)o’re\. functions To swoothe -ﬁmoﬁw)

1S Lihﬁ.nrJ " awmel Ql:»&js He Lebniz rule .

« VOCABULARY :
(smooth) U (Swesth) "
We say that o {-unam’c vedor Red is a "SECTioN ef TM |

T cdsdm! Pole [ B, bl 13 [ais [Solotos { | [ (W0 F r{m).)

R'=TH
= Locagﬂtj ] ™ s a Proolu.ci‘ Space. U, x . ‘e iagk’ '_H__‘%v
wl b 5 L
- The vedkor fleld v draws a 8% ‘BASE. i Lk
{

('x.“}v”(x)) o g U R"
which cuts the tomget bundle TH almgj Hwe direcion of M.

Honee Hhae nome “secion’”.

e This was a local clﬁ.scrlpﬁm W o coordimale Palcdm
When wbd\ma.apaﬂ%m U"co’\j 0

(ow the overlap VAL ) 4oa coordindirs % 0
on M C/kcm.%a as ‘,

Al s fi"=%"(mﬁ) -‘ ,‘ G.lﬁ)
x=lp) — X=T(p)~{(Foq)ex)
Tn o.dolll:iav«j we re.a'wim— e ‘bau.gz«.t Space coordinates 1t to

CJ’\.OM.%Q, as e

{
4

dxV ’U‘U ) @Qﬂ)




o tHat

=yl d = FH .
V= = S G .1\)
s 1-!\dl.rxuohui‘ of e choica of woordinatzs.
Proof .
0 ox’ 9 3 2%Y 2
e T e e - "U'l"‘___ - UM = Nv.é_
ERNE T AR ; T R I )

e The dual vector space to TPMI .e. the vedor space of
linearr functionals on TeM, i colled the COTANGENT SPACE
H—_
of M ok e, ._TF*M"

'[;Haw-. TP(M)——'—'R,

3.23
Vv o— w(v) ( )

s.t. Va,q,eR VD‘.,’O'ZGTPM)
w(a]'u]-i—a,_'v'z) = Q.0 ("'ngzw@'z)- (#.24)

A duwal basis to [[a—a;d for TPM is -[d.'x.*‘} FU\-F*HJ

where we r‘equine_, ™ durivakives ditlecdkials

det () =38 . (3.25)

So we can wrl any mt’o.uamf veckor w ¢ T:M as
M 5 w= W, dxt . @ 2¢)
Under a cﬁu:m%e. of coord's om M (’-}.\'3) wWe mo'w'.r.e_, that

L Y
wp =2 UOF =

= (3.2%)



so ok

!

W=, dx¥ = 3, d%" 3.2

e wu.?uw{: of W choica of coord's .

% [Ex 23

1) Use e defiibion  df(0) = 25 dxt of e differauial
of a funchion to siww thok undir Lwrti\.uc\ﬂp\rag QM 9)

daxt — ax* = oxr dx” G-ZS)
_ Y _ | _
amdl  there fore
w='w, dxt — w = Eb"Md?é"‘ =w dn’=w . (3.39)
0 - LIVY
2,) Lek 1:-*--'1;'**,3_7(_“ e T,M omd wthM“eTE,M. Show Hat
W) = w, vk (z.=1)

ond Hhak Tt is indipondak of Hhe cheics o coord’s :

Wt = FLSP'tNrV‘ (?—.?,2')
£

e We con comstruet e COTANGENT RUNDE

M= TUTIH (2.33)
peM

as a collection of c,o{'mamt Spacts over avewy point on M.,
We rRAULIR Hok Hfor each word. chart Q);}L[J;) m M
™, = U TMM = U 2 RY ) with coordinatzs (%% w,).
gy e on Uy on R"
Un dox okqm%g of coord’s ToMER
T ' L

we have (3.19) owd (3.23), so FIBRE .
UO::LoMol:d" e coerdinedn ivwl.cq:e,u\dw\k_ BASE “h P L L




(covectar) |r .@*H{H"*‘i’_’_"{) 1~ form.
A (smooth) cotangudk veckor freld is (in coorl’s)

W= w, (x) dxk . ALY

Whire (%) are smooth fa's. It'e a smootlh) “section” of Hhe
wt‘amam{: bundle T*M (Dm. wrilks e F(T*M)‘)

€28 |
* Ramarks : (fﬁ';()iCL )
1) In _Lf.ar__q._naian mechanmices
(qm ) ﬂU'j) e et
guwrolised  gemeraMied Wi= o) 4. | Nedtor

rdinals vebocityes : ;
c{?:“.:.r M \.\s L‘FI 2 = T.M} / 2‘?
are coord’s ow Ha 'Eomaud' bundle TM of Ha m“aumh'w v
U-Wd.ﬂ,f' -Hm -QVQ'JJLH.QM,} {

(c(i@:)) curve n M
mmpouh\{'x

vj(l-)=cij(i:) /\h"‘ﬂi‘i’ vestor to the curve

v = an 2'5” t’ma,ub veckor
/aﬁ_’/ %q

SL) In Hamilbonian m.dw.nicsﬁ

AF EEF YEL

ald ged alised
g‘::u-rd»mn' 3 awummtm
(base M) {(Gbre = T: MY

are | doird’s et e c.otqmaa«k bundle. T*M & %m&a.ﬁfau)
> M e = - E 3

whire  p, ——-6-%3?_;3 Now ©= p3dq’ is a Cohmawk vector
omd one can wrilz

H=L- 2% = L 6(v)
Eﬁ‘t




:D‘GRE-SS‘ON: (S—“Q_«L‘_E WA VIR E}'{'" 'H.VLQ)

non~digemeralg, <.
« A METRIC g en M 1s a s\t,mm’cnc. buhnu:xr form em ™

whiech varies SWwo{‘?Jﬂ over M. At a ?omt

ca( V=0 & Uz
8; T.M x T M — R
(W, v) 8(&,\)’):8(&,11-)

Tn local coordindies

g, = 8, (x)dm“@ A=Y
é—»ﬂ" g heu Mﬂniw& Q&a{ﬂ eluesy
- A peir (M) ta) is caled a (PSEUDO) RIEMANNIAN MANIFOLD.L

» A s1MpPLecTIC ForM w m M is a nm—olﬂazmti o.w’c{%jmmtr{c.
bilintar form on TM  which Uaﬁuw’c&lﬂ owver M. At q?o‘w.:h

w (]

pr LMxTM —R

(w,v) — wyv)=-wbu) .
Tn locel coordknatis
W = Wy, (%) dxt @dx’

dimM:zm
A Pair (l"l',m) is colled a SYMPLECTIC MANIFOLD .

» TXAMPLES
. (Rﬂ) 8= g‘w) ) (R‘m) 3=«-mw) are (PsuLAo)RiQOiqn wuouadfold <

e Phase qua_ in classical mechanics is a stjw?h.ciln, manifeld )
with Poisson bracket

In Cansnicell Ccorci,?_-f-\,cx,{:_s GTP!"‘).{

fhaf= " 2%2g - Ba=(59)



 Ex 24

1) Show that n.qmmha, 8@ v) , w(wv) to be 1ndi?x»\olu:gcmm i

of the choice of coordinatis requires thak wnder L’-Ha)

S 5 o
Juv T v T ozF 3 deT
o= By = T Fow Ve

2) Show ‘bﬂa.t)aivmat. ‘t‘uuﬂmt v-e:ibrtﬁdc_l) v,
8.(‘0’} -) W —p %(_vjw)
W) W w(v,w)

define o m{zm%wk Veckor ﬁelal] and that n coerdindtrs

g(v, ) = &w'\ﬂ* d»V

w (v, ) = Wyyy ol dxv

L

» For us, in (M-R'sﬁ ), we danctt M, V=, and wse Hhe
Minkowsli metric " o lower indiceg (azomhxc.m% : to
define. an iSomrfa!«Lsm betwetn ™ gnd T"'l"'l)_

%* Ex 25

1) Show thet for R with Cucbidean rmr:h-'tc.I ch:uvaua frowe.  Budidean
eordinatis T Polm' coordinalls

x=(x, '.x,z) — x=(r ){{)) = (-dp:')%(x‘)" b arc{‘qu—:—;)
Clﬂ.@l\%ﬁ'& He mutric ac follows:

9= dx'gdx'+ dx*edx? = dredr+ r* dy ® dy



Q Ropeal the axercise for R

7.2 — ¥Fibre bundles

» We cam a,zwq_f;.zq, He Pm,viows construckion b_‘j rePLa_ana,
TeM  or T:,‘"M b:j o more 8mrnl fbre.
“ Swtmp{.ﬂ,gt 8@&1’0&;&&\0&: vector bundhe E

bae M = U U; (dim M = nY
fibre ¥ =V veckor space  (dim V=m) ,

Loco.llﬂ, £  looks like U;x.\/) with coords ('at.,)v'),

vwootfy
Def - A dife ble manfold E ig o.(SVEC,)ToR, BUNDLE if

1) 3 projection map
T E N (3.35)

£ixed
gt | Y pe M , 7.5 (P) =V .(vacbaf sm) (":'-36) i
This 1 a wa\xj of &oﬂlvﬁ thot M is Part of E} omd ok for codh
ix:mt of M we have a vedher Space V.

2) 3 atlases of E amd M sk, VY charts U of M
3 a Smo{:ﬁ,ma?

N "LocAL TRIVIALISATION"
@: (V) — UxV . of € over M (3:3%)

- bw r
Ts weams tHhak we can use coord’s ('x,lu') +er 6)

wherg % coords  over WM\

v e\ elemeut of V asmc;,o:t;d-koimiw{%x*



Tn Ficlmres T (p)= Pxvev  Hore over p

I{ \ FVEBrthﬂP@E&

base.

(To be more precise LE, M)'n')\/) s He veckor l:uuwlh.)

)

What ha.le_ns to the fbre coordls whan we chomae coovd's
in tHe baw ? |

a-_}“‘ Ly i“: i"(‘&)

(#-38)

whare tHhe tramsibion function for the fbre
(if Vis a vecdtor spoe over 1R)

t(x) ¢ GL(V)= GL(m,R) | (3.29)

1S an ’x.-oll_pznol.mt' lnveer[L lwtar travsformakion .

e Thare is a couslsbanc\nj cenoibion associofid +o triple overlaps
Un Unb, wiwch <2nsures that € is unique
coords ,i,‘ilj’i'.—)—me M

; ms
("61")’3 )
.3 //

Vg coords”
- (g Vi)

L () = £, 0D T () e | [ (3]%0)

This easures the comvf:-a,‘bfb{l.il::j o
Ketl| |2] | W9 &= € L. (=Y ar,

kcp\‘)a—i ' U-k. = -tk"".l (xj)-us. = tKG-J (“th) -tji-i (x;)*tr; A

G.4)



% Ex 6.
Shew ok [ bransition [Cadckions [for] TH dnd T H
ob%j @.33) for m=n and (‘4.4-0). (
L Hint: chain rule ]

e REMARKS

1) Unlike for TM and T"'M) He transition functions for the
fibre o@a.aeu.xul,vukor bm&l.m'mdl.?m&uf ot tha
transition fas en the base .

2.) We could take =H¥==zk (no d\-cmez. of coords in the ba.se.)
but skU oexmaﬂ- coords in the fibre . (3-29), (3 49 must sbll hold .
NOCARULARM @ "LINE BUNDLE" s a(ui}k;jé{uo?lamouk with fibre of dinuugion ’l) E 9_9 !

' +he Fbre
e We mwaawahm Lorther ¢ we alMow F 4o be a more

8le obje_c}gA. Prus: F ull be a oli.@'blﬂ. manifold tself
rather Yhan o vedor Qloacx

Bef - A diff'ble manifold € is o FIBRE BUNDLE if

1) 3 projeckiow map

T: € =M M: BAsE Q.afz)
5.
Y pe M nT (P)E' - F: FIRRE @.4-?:)

2) 3 aklaws of € amd M st. ¥ chark U of M
3 la SWJQ{'KMQ.P

_ LOCAL TRIVIALISATION
CP:T(ILU)——)'UKF e —Swr M — (?--44'){




Locad coords : (zr,) 5)

base  fibre
M F

Whan we cJ&.aw%Q, coords n the base M, He bz coord's
musgt C}\Qlﬁ.ae agPPrDPriaIlEj ) omdk HRe tromsition funckions oy

‘Wtﬂ- ‘c\-k)f-?. musf‘ Dbetj a COC:.’CLL comdibion . The transibion -pn.g
Tor the fibre are eluments of @ group callid e STRUCTURE GROUP. of te, biuedlls 2.

kX EXAMPLE : PRINCIPAL G- BUNDLE P

L@t F = & Lie arMP ) .2,@. U("l)’ SO(Z—) ) 50(3)

f =

e
Coordingfis (%, h) om UxG ¥
@C’.) ‘I:\.) ow UxG @
Than we rRouire. the transition funckiew tx) to be a

a\"'DU.F .e,lﬂ.m'b 8 (‘x) .|,+SQ"¢ = (\..o He 'ﬁb& s F= Gt ound tHha él‘.‘r;l.::(:‘z ﬂ@)

(=) h) — (%), R=g() W) 3.45)

G

« REMARKS: i

D Tis is called aﬂpﬂ_ci,‘:_a_r bundle because. ;'f' s importan e,
It controls e struckure of Qm'-'-(nltdj) many vector bundles,
Tndeed. | for Jz,c:.c&,_r_‘_n.?m%uﬁon | of G, we have a

veckor Space Vot dint [ ond an cackion o G on \/ml:\nj &
ra,‘)rmjcul-ian makrix v (3,) Gml,mmuﬂ vam vam)

We can thun ol.z,&m., on  ASSOCIATED VECTOR BUNDLE E witl,

fibre F= VT 3 4
Al (3.96)
Transition funchlows  t(x)=r (3 (%))

(e, v) v (X, ¥=rg)v) 34%)



2) Maths Physics

Principal G- bundie Gm&ga.sdumxbg G (

(&Qﬁm of-)Assoda'lﬁd vechor bundle Cae\n,r%ﬂui Cieldl
|

% Ex 273 . U(’l) bundles oyer S* (Mowo?ok bundle / HOP'F ’ouw.c“ﬂ‘)

7.3 ~ Connection, holonom\xj and curvature.

e Lk w(%) be a seckion of o vecker bundle over M, in locel
coordinalis .
T FaV

M
Can we define quﬁal derivakives of V7, or direcdivual derivatives
QLOVS a cawrve C in M (in c.oor‘clsi 'xl“:'xr‘b:])?

We can't subtrack vedbors defived of Iwgiuiﬁ.slmaﬂ:j close points,
because Hay belong to ol fferent veckor spaes.

We wed a Wy ot __cgmpoitg wekors dafived ok i feresct
Po'm-ts aions the aurve C. We can do s l{fj olLFlmwa s
notion of PARAUEL TRANSPORT G.LJ«& C ; Jcﬁrouahcx Wnear mayp

V=) )2V,
LUx)

‘ G M I (

% (o) x(T)

(




Llfx) N [ Vo

(7.48
v, > . Q(T)v,
which s invertible and ob.o(tjs Qo) =4, . More gunarally
) Of) + V. s V., (3.49

can be used to cowpare veckors defined ot %(t) to veckors
defimd at x(z’) . %Compqr{rs inFEnLthimuJ.l\.nj close potuks
xh=axk(r) and at(t+ede) we caw defne +Re CovarianT
DERVATIVE Vv l':J

- _Ja.ut- a iaook\-m.pmj dgice

Var = Vv dal= L, ki L i (t)v(x@) 3 S9)
E-20 = /

where  dek = xF(t)dt in 4o parametrization of e curve.

*REMARIK -

(’-?-.SO) 0\8 J&P?MOLS ow Hhe focal [inﬁdtﬁml) Horm o QU
near T. Ln‘bttwg_

L (t+ gdt) = 0(7) - & Ax() Q) + O(&z); G‘.Sl)
C'-A'.SO) becomes (wWheee xfr)z )

Vr(x) =dr o) + A(x) v () ) G‘S?.)

where Hhe ConNECTION Al is a ma:Eﬁx-—Vahmd@t)‘.o'kauawk
vedor field (or differential 't-Poru)':

A(e)= A (x)dxck +.53)
() A (

WLcririx

m{%rmﬂﬂ ; it taler value in e Lie alaelara of the Shructure Fotp of- tiig
' Vetkor bundle .



In componrats,
Vl* () = q‘vu(*-) + Vb‘,,;(%)&g""g("') : qu’) f

The connuckion A encodes the nfivdisimal versiow o ;x:»mll!,\.Jcrt:wts‘:c:»__v‘f»‘_~

. Now cousider a okmaz ok coordinails in e fibre owly -

(=<, 'U') — (‘x.):lvr= tee)v) - G',S'S)
Ml [V

We want Fv to transform Whke i, S0
Yort) — 1)Vt (758}
or in terms of cli{lfwaa.i:ial orerukors
VI* — -'chJc". (3.5%)
This requires e conneckiow to transtorw as

Ay — A, = LT EALT G %)

s REMARVKE

D) This construckion works for any vedor bundle € (0”;‘1 fibre bundle. in fack).

Q.) W'\U\. € g an QSSOCLO'h'.d \IE'Cka bu,v\cuﬂ,'tb o in';ql G,-buncuﬂ.
\JDGP—*%&}(P with &:>H&WWW\.“¢E~L a.ﬁnropno.ta.

raprmfukimh For o principal G- bundls, A A% s < B die ol gebra- Valued
uge hed which traxchous as A g4 3G Mg

3) Whan £ is the "Camaem{: bundle., A, i o affine conneckion
thok Qppears in awrul rdahvd\-j

Next ) \“O\"m“"ﬂ and eur veture




'NQXt' we Jo back to the Awill version of . Parauxl ‘Ern».spor-f
Consider o cfouzd Pa.{;ﬁ, (or ——P.) C .sf?arlnu@ omal .uwhwa_

ok e some Pow«'.h WQ. con paraliel ’m?-quor",' a vechor

v,e 7 (p,) almn.a'kﬂn- loop C

to gt a naw vedkor (L e (p),

(Here O .=Q (1), whore

\\Dc”ftj~'x”( )‘- * /
) =1 /
which is “rofofid” by ‘
HOLONOMY '
KLl Te [GLIV)I. T (3.54)

« Holonowies aLonﬂ osed. pathe sl:ur{'i% ouncl. malcu% ot the
Soume. base Poiufc P, form a group, colled the HOONOMY GROVP
which is a SubarouP of GQLv) .

(Ws is a consequince of the fact that closed Pok&s forua a group,
more dbout is Labex.)

5’5'*“‘"‘1 ‘Hl’-"
1

— If we ek te foops C, and C, to 8"* ta loop C-C,,

g d, W2, 8&'

o
L 3.6
QC2°C1 QC;_ QC1 ( o)
C

2 which is the clu_kegsm Lo ("prvdu.ct') Ew‘&a&arwf.

- The homo’to[’a o.lpftj He trivial [oo]:) which doesw & move
from the bose poink p, | 1s e o‘.ud:ﬁ}dmzut in e group.

- Given o bop C, we com dafine s b:oP ~C with oﬁoosd] orieutekion .
Than

[0 IR Wi (3-61)



s the inverse olimut +o Q. i e \r\olsmomj group .

+ REMARK. :
The hn\onongj group is (awwolﬂé’) non -abeliom :
.O.c‘ D_cz F ch Q°1 . (762)
% Ex (28!

ek M be.cnnmd’i.c\) *I:Rai'xs qygjmovad's ga.u:l:; Comnechd

b a Pa:\‘ﬁ: in M. Shew ‘l'Bwi thae hplomw\ﬂ groups baseo| akt
b, amad 9e ar ISomorTa{uﬁc.
[Hiwdc;: (

ro'a;m,i}J

. 'T:lu.. CNRVATURE 3:';“ is e h.oLowow.a mlptf) oM
mﬁ'ni.ﬁ.siqtal lpoE . Moz (?recisd:j) ceusidor the loop dC :

Leewh xfre(vlsast) -+
ﬂq&-avr‘ ¥y | | :
m!"
Than,
Q= L+ eFovrv’ + 06 (7.63)
Whare,
Fum QA0 (A, AL, (3.6

Proof : % €x 29.




Under a d\nﬂ\%z of coordinalis in the fbre (7.55),
e curvakure {ruus'goms as 'PouDNS'.

o~

AESE ANSE 3 NG u (#.65)
* REMARKS .
1) or a principal G-bundhj 3’;‘”=--LFWJ whore £, 1s

e feld strength of A, . (For an assedated veckor bundle,
L =R

) Even ¥ L curvoture [ feld streugth is O e holonomy_
com be non-trivial if e »QDOP C s nob contrackible to
a poink. E'j‘ en o torus T2 (e swrfoce of a dowut)

2
(nde covkravchible)

e ko[onnmd a(m% Cf-“'.nuol ot be frvial, whereas
e holonomy alowg C, (cowtrackible) is trivial (O =4
if FP‘V =0l I:*Exsoj
o Yocksuart: ¥ T, =0 we say Haf We connaction Ay,
i%_ﬂat_ (or thak 18 bundle s ‘pfoi*).
The hpl.onom:j of a Hab conneckion is wﬂr-d_v_nonoolmmg_;




» SUMMARY :

___Maths Physics
Principal G - bundle Gauge gymwmetry G
Connackion A, of Pr. G-bundle Gouge field A
Curvabore , + - Freldk shrength T,

(&d;iuu o*) Associatid veckor bundle wa.vazcl field
Covariant derivakive VF Covariomt™ derivakive ]D’L
Parallel "cr'a.u.Sfaor'lT Wilson lLine

C o s

't’f' (STL&) hOlonONU Wilson LOO'F




