8. TOPOLOGICAL SOLITONS & (NSTANTONS

_T_hls ds.apbzx - non-trivial solubions of feld .z'qt.wd:iaws
whose existence and stabi.l&\v is enswred

CRRLEL.

€. Weinber 3.1;1
Manton - Suteddfe 3.1,3.2

.1 — Global VOYH&;]

- Nortiws are Topological solitons (non-trivial. fwit Anergy.
localised sol'ns profactid by topology) which. look ke particles
n 2 serce + 1 TIME dimensions.

(They leok. ke strings n 3+1, mumbranes in &+1, ebc)

Coordinates  (=°, =, x*) . let
+
2=+t = re (8.1) -

be & c,owflxx coordl. for C=R* (‘;‘ocwz,) ,

. O;m,gldg,r q,_q)\x sc_aJ,o.r -led CP w't{-R,a. U(‘l!-{ﬂmwwh—ic
scalar potewtiol

constav s

V(4,9) = Y(16]*) = -;‘-:- (lcbl"— 'u'l)q' . v>o) @.2)

A >0

N

The, ENERGY of a static eld contigh
E= [dx([ve[ + V(r) ] ®3)

{{|

@pee) 2 (ervY)T
or 1y
%\@54’ - ¢




Satic p &30
: Co“(lisum’d.ows of minimum gy (vacua)

1arg(¢) = 'U’Q,;w'

P = |p|2 (8.4)

Whare ol ~ ol+ 21 s a cowstomt . —nuﬂ (x\.raw.ﬂ.ﬁ'lu il

vacuum maovifold (or ‘wyoduli spous et va.wtaD

V=g (civele) (8.5)

tutic
- We are inleresiid i less %rivialimﬁaurmﬁows of finile gy,
which, I/Ook ke <Pis - [otraw‘mj a)?:(%c’{:)lmq:) in Rz';’a‘:o.cm)
Il It
Muds) | R=space b by
I
\EEET
10 1%
AN

REMARKS : l

DSu.d» a Feld c,ow(:is'n cannct be deformed mﬁnuousg to Ha

Vacuum, € we lkep the boundlary condiions CBC) at Sf:uox’a'al,
in@{ml% fixea .

2) qumﬁ Ha BC fixed, the above stetic feeld m@isur—ah'm
con be deformed cow\'.'inuouﬁlﬂ wn til ‘kﬁﬁ, angv (8 -3) 1S minimized .
Tha rasa\.ﬁnﬂ COnﬁjuraﬁm solveg e LE— L.,) €oM (—3- Ex 31)

ond is  called a GLOBAL VORTEX .

4
bﬁcm%c U[‘l) GLOBAL S\Ljnw.-z(_hl.] .

« Thore 1S some imﬁmsﬁn\xj unolﬂ.r{t]t_n% ,_'EEPLIDE);]»_-
Given o Smooth cm»f-id'“ * ¢} We com defive e VoRTICITY
/VORTEX NUMBER |WINDING NUMBER




N[C] =;‘T§Var3(¢).df = L 6 3an(¢)dx (R-¢)

C

associolzd to a looPC.

DI ¢p30 aong C, arg(4) is well debined awd 8.6) counts Hhe
number of full rotations Hat arg (¢) makes duriv\ﬁ owe. cloclewise
cicewt OJOV\& C, which is an l_t\_'t_i_,a.g_r_

2 Tf we deform C continuously  N[C] also chouges continuously,

Bk it's an in‘ligzr) so it can oub be cowbinuous b3 bema o
CDV\.S'L'GM#. (Oml Sajs Hioi N[C] IS 'fﬁ?ological% C.euéE'ruU:i'.')

3) Theare 1S an _&x_gp{'_iig._ e W C passes 'l:e\mush. a Po'wd: P where
$=0, Hen am(d)is h-defined, and so is §.6) . Thu

__/?}f_ c,,

N{C] - N[C') = N[C,] | (8%

omd %JumP in the vorbex nur&ber} NLC',J}‘IS the orduwr of
\Iawlshina of ¢ ak P.
(I{: N[Cch.o, Hun ——M[CP] is He order of a \OOUZ.)

wibtof -
2 e i
% Ex 32: let ¢~ é(z-zo)rfmmr 2=2,. Show that

N[Czo:,:“ i Cz‘, is an infinitisimal  Loop md.rdina ).
We. say that Hhere are :

N(C,] vortices siHinj at P € N[c.]>0
-N(C,] anbivortices . » " N[Cp]<O.




4) So

N[C:] = GH: Vorhiees ) - (# awﬁvarﬁcns) @’8)
enclosed by C emclosed. by C (
amd, lalting C= S, the circle ok spakial infiaty,
+otod ‘otad
SSLIES A EN Wi SR RS Bl MAN) MBI 2)

5) [Topology_ i tfe bramch off waths that studier shapes

up to continuous deformakions. _[E:Poloaicaﬂd . C =S a.wd.\
_ " loo cirde
Spatiol | fleld gpnce /targel dpace J
1
afg(d;)\c 6 =B \
81 (
Counts how many fimes the Sfahal loop C winds arowad,
e circle parawmetr 294, b:j arg(§) in feld S(ncq_z“ arget space r
Ma.PS fom S to S are labella E\j leﬁa%%wihdb-g’
numbex  N[C).

e let's now look for a stakic solubion of e field Qquqﬂm
Vl¢-)\(|¢,l2_ ‘U")CP =0 <g_1o) ;

with N=1 . Soluiv\ﬂ (_8.bo) in aau.ml is hard, 5o lt's wmole
e ansatz

d(x) = €(r) Dl (&)

NOTE - (_E.’.H) is invariout under o combined rotation in QP&HC\J R ard |
o | phaue ofalion of ¢,

If we requirz @ to be invariomt under & refleckien about Hhw x‘taxis
combined Witk cplx. w\gu@aﬁm -+ CPJ +Han ! (
$0,9) = ¢*(5,-9) (2.12)




whuch implies
£(r) e R . @.12)

Subbing (8.1)-(8.13) in @uo), we gk the ODE
)4 LFlr) = BR ) =0 @.14)

Proof : x EX 33 .

We impose tRe BoUNDARM CoNDITIONS

flo=0, H(o)=v (8.15)

So that ® is nensingular of Ha origin and U (141") —>0

|

ok spatial infiwity. |
The 2qn @.14) with 8C (8.15) cam b solved nuwerically, L.t
We run info o problawa: He stabic 2y (8.3) is infwilz
bocouse V750 ok spokial inkiwiby, due to Hhe

G-Olbpeuo‘mco. n (8.“).
€. |

¥ €x 34 : .
D) et ¢ (x) = o(x) 2,1“(3') | Sl [k

= =Jc|."*x.[ -(VE)1+ ez@“)z._._ ﬁ_(ez-v")z"] .

2) Lk =)< asin (81). Show thet

ez' ((v‘.oc)‘z = E o i

r*“ vsem r* )
and Hot Hus comses o lodqri‘btvmic di\JQram ot €.
(‘M is, let €£= Iclzx ... and show +hat 'ER_N LDJ .

relk
as R- 00, )




B.2, — Derrick’'s theorem (€ Weinberg | 2.2

o N

« The Pre,viou& mﬂaﬁva result is not an accidunt , bt o (
parficular cate of a more W theorom due o Derrick (1964 .

« Consider a scalar feld K&oa n D D spacy dimunsions ;

= -1 G () 9.0 " - V() | (816)
ol makrix
Where éab (9) is positive At bl V({¢@)=0 ot it &lolaal MAnIMAL .

Than any ‘itz oGy stofic solution of the fiedd u:,n.x.aﬂou.s
is a sfa.ﬁowccﬁ pouk of the stific (or potential) Mﬂ_*ﬂmc{ioﬂ;

E (6] = €[] + €,[¢],
€ (¢] = [d’x LGu@ et a6 =0 Ui Rsi7)
€. (9)= [d°= V@) .

1S\'Joftlci indices { are Sumwmed over in €K (cﬁ-— ho dictinetion  belwecy

)
Wpoer and | lower indices. lakenal wdices a,b | are also | Summed over. J I‘i
(

% €x 35.1: prove the clom above (&13).
[Hink: 4reak €[] as an adbiow for stalic field config’s,

amd derive its Culer- Lagrang ﬂ.qv«.s.J

* Given a stalic solution of Ha GM §(x) = $,) ) consider
PG = P(x) = §,(Ax), 8.18)
a A-paramiter fawdly of field config's  labelled by A0,




Then
E(e]= Eld] +Ey(4)

= N (@] + X7 € (@)

Proof : % Ex 35.2 .

319)

We know thak )\=1) which hurns Hhe static sol'n of the
€oM, is a stafonary poivk ef €[], hence

-

T dA <[] \.\s

= @P)NPE, [@]-0 N 0] |, @.20)
= @-0)Ecla) - B &, o

i
@

s D=1 : wzgzt'wwidwwa

There Cam be non -teivial

Eu[q’n] < 6\, [dp,:] : 'Fimtt Lwa—gﬁ f:::tm (8.:2&)

‘D=1 E,[d)=0, (8.22)

—————

which implies thek P, must be a vacuuwm for all =.

partiewlar; glebad

'T'lms ruler oub adortex solubion, since Ws not” . vacuum .
(el $=0 at e core)

'DZ_%;: e wo terms in the laat Lne ot @-9-0) hove Hha Sowa
Sn.gm. The, O“l’j solution to @20) is € (d)=E,(4] =0,
which oaqain neans ok ¢, must be a vacwmw Mu—\ujwm.

CONCWSION ¢
Thare are o non-krviok (zmv\-'cm\.shni) fwlz Qg static.
( Jso\,m}dcws of Ha scalar field 'W&.org (8.16) in D>1 Space

| diwansions.

WAY ouT : infroduce gowmae Lalds .



3 €. Weinkerqg 2.3 1
— \ whon, SutEls 13
8.3 Gmam vortices {%B (mg FF;E_‘;SJ
«Let’s return o our modd for vortices in 2+1 dimansions !
but now wih a V(1) 8%3?'—%"“-‘-“-’5'3-
We obtain the Abelian HLSSS Mootd with

L= -%ﬁ,i—‘f‘" D¢ bfp — (l¢|" v) (8.23)
whare = Ouer)
F . =92A -9
sl LA s Fo ®.24)
4 =B g _
$=o0, A;<d
o In &LM A, = 0 o Ausrgy of stedic field m&awrahous
1S =0 (1¢)
2 2 Lk 2y _I__ z
€ = [de [ L it + 4 oo 3 (&.25)
Whre
B= F, = 9A,-9 A, . (&.26)
(Ir\ 2d - maanni,ﬂc Lield  tramsverse to Ha F[ont.b)
[sz,v.i_eExéi im0 pro bl slw.{:J (
’ QSIM‘I"LS :
1) Vowa[Ground stlzs are confip’'s wth €=0 .
() Oi¢ = 2¢~-iA;¢ =0
(2) |$|= v (8.27)

(3) B=0| |

€q (2) seks <p='mf;°“%-°‘) and sullsing i (1) we Hindd
= (0, = (o 7)




A&‘ = —iadf,oa,tfp - '%cx y ("Pure gouge ) (8.28)

which implies
-B=F12_=O- (823)
Frad
2) A ncassany condition for €< is tRak Hhe Helds (&, &)
: Hal infinity -
approach o vocuum %tspct infinity

Ll ((l) (x)— v 4 Aj(ag - 35 otm(—;_g)) = Q| (& 30)

|g_(|-boo

By W logic of (8.29), Hhis tmplies Hak B0 af nfluify

3) The total vortix number / wir\al.inﬂ number

Cd'."!’-—boo

% | 1
N=N[S, )= L ¢ dn-sizﬂodaj_;ﬂ@ 8.3\)

s \ \!ars.ctwt Q.vw’- oportionak to s r\uhc, Llux
Jouge in proportional £t mageabic B

AL
=1 b Ade =L (Bdx= @(33 (8.32)
2.“ Sl Tzr[ RZ-

oo Skelees
) ! Vortex
é@ @“@ - ;1 anti vortex
Twis means W Pa.rhou.lqr ot o Maawdk Hux *l:ewouak
& Sfdhﬂl PLU-N- 'S vaa.nh-zed ('Tifu : a hidden T wiich T setto 1)

4) In @».31)J e O.SUMP{vtb profile o (©) of 0""8@3) defines a map

«, : Sl —8', 8-33)

(=]

Such MQFS M into d;.sJomt o!.o.sm La.btz,U.a.ol B\tj L Lrﬁaﬂr N
R windin 9 numbr which counts Jcﬁo. number of times um(sm)
w‘mds around S',




Mak’hﬂ.moiic.cﬂﬂﬁ J continuous Maps from & +o S are (qut-cau\,j)
classified lfj e 15F homo{-op:j srou.p/ "fundam emkal ST.?“P“ gt &

o (S*) =2 (8.34)
N

static
e Can we find solutions of the -chutakiows of motion with N=17?
In -E&g,jw.c.%a, Ae=O, owe can use the ansatz

P(x)= v{:‘;e -Ft(fv'r;),_,- =Dk
K. (*x) = 5. &lﬂ aj*lrr) (8-35)
< i ik =

Ramarks : (
) @.3‘5) is mt'qb(waﬂd scjmmz{:ric.: HBe ot Ff a sPat'ql rotution
com & undoue %j a Jeuge transformodion .

:D (8.35) & invariant under refleckion about te «'-axis comotned,
with cplx cowjugation (% @)

-F)a,——vo 3 -Qa,—-pfl @36)
r~o r oo '

‘o ensure rl’.awlariti ab +Re on'aiu. omd, e BC ot 'mcl'uik\j.

4) Using (835), R €M reduce Yo o systew of 2 ope's for
£(),alr).  (%Ex36: find thew.)
The soluflons ar not kwown analyfically , buk are Lasy
o find ruwarically : NIELSEN — OLESEN VORTICES.

](h f’\ ‘B ~ ({WLPD("\.'Mt in S:ULFE‘\'CQ’;\G{LI r,{‘I wf\y s
T+ Kb ko say '\ﬁ)ff,'i‘f.-f;-’:)
/ (
¥ » B '
4 r r ‘
g i My L- W‘#L_g . W o He ?hn{'w. {/A;"j




5) The physics of mulbiple vorbices dapends oun the ndio bekweew
W Lusgth scoks § omd L asseclazd to ¢ awd B, due
‘o cowpetition betwan

— albrackive foree dua ¥ P =0
- re.iw.lslw., force dur to B %0

. T\,“)Q, L (57 L): obrackown wins — &QPGWOTIL vortiee s

combing into one b&] vortix, inside which we are just

m a norwal vecuuw .

* Ty I (8<L): repulsion wing —> lodhicr of separdla
vortices  (Abrikosov hw_%) |

[ DL S b
* 9 o @

s §=L_ . zero0 nak force . Comxu:j naxt ...

—

——
———

’["7 )\231 ] ' tuwrns oub .

‘_8.3.‘1 - BO&OMOVWJi Vorﬁcn.s]

lek A= 51-_ We can massage tRe static Wargy 8.25),
ustmﬁ a trick due to :Beao-ml'ngi}‘l:o fnd a bower bound for
1Re Luacgy tor :z,ve\:jﬁxed value of N :

E=] dz*[af__-. D>+ £ (1o v+ 2-‘?3‘)
iy 7 (O [opinelin Bine Bfne) (@39
i (Bag (o) )+ 418 o)

(twicz.)

2 5 o =
where, g =€ = 1 (l-i’..‘ €,,€, art &r&) ;



fntarqt;xj bv Iwa.ri's and uti-'mﬂ e BC to drop boundagy [surfac
2rmS

e (B0, 4-(5,51D, ) = =[x B [0,0.]¢ |

2.28)
=+jd‘ac. 1.6 =2 jol‘x BlP\* . (
Heuwce
R *
S jdz“‘ [I(D1-':E1Dz)¢ll ¥ '1_-; (’B'E‘z‘az(lcﬂz—vt))]-
9 (£.39)
- € Blp|* + szsaq:\z-v*)J
Picldnﬁ E,=E,2E, we Lind thak
€ = —Evzjdzzl?) =—2negv'N . (8.4-0)
Since. His holds for E=21 we find the BOGOMOLUNYI 8oLND
¥\ L ™
iﬁ%‘é € = anv?[N| . | ewn, (8.41)

+ The shtake gt*af..n:al ns Kok saturote the bound  i.2. €= 2mvN|,
ordex
beﬂ %4 BOGOMOL'NYL_EQNS

(D-ieD,)d =0
B=eg (1477

Where 8=—sia~»(N), Tkuer are. calMed BOGOMOUNMI VORTICES.
(i{l N0 ) o%mﬂzn omﬁ.dorl‘icﬁa)

342)

real

Mamml solution com be found .ex.PLLc.LH:]) omd has 2N Farmkus




[ 8.4 -~ The Dirac monoPolz,( [F\la[ca\mra I,aj(\ﬂ.ﬂﬂo.ai

° If we extoud the Abelian Higgs modd to 3+1 spacetime dimeasions,
stodic acm.s.zd vortices loole lika _s._k:_ri_nas_.utawdxvg alowg %* :
'teu._hmoﬁnﬂ,ﬁc.- Lield is localised in e ' -x* Iz(cm.ﬂ..} near W
core of tRe vorticzs.

QA Con we have o maﬁm‘m- Reld Eoml»sed nar @ poiik in R?
Jok Space
(MAGNETIC MONOPOLE )

We can a,Lre.a.d:j ask tHRe c‘ue.sﬁon. " pure E-M.

M| Nol E=un
0 7z maﬂnﬂ.tc. cl«ararz, d.wsd:j in Maxwell's eqws

a F*Y « 3 a— Qlekric current

43
a.FP'“’_O G—-nowm’ﬁ.cwrrui— (&4-)
whare FH' = 1 &wev';:ey (S.mn=l) N

9) Tn the So.ueg, ’ceu.or\tj formulotion. of E—M for static
fidds

PO
B=VxA = VR= J. (2.44)

« Thus seaums o &t@%o.st ot ‘::oin‘cl;.lw. mmamd:'c c[)\nraas dou' t
-Qxlst} but Direc (1331) found a LooP\molL in His M'son.ihﬂ .
This was understood later in 8¢om{7-tc. twerms % Wu&Yau% (1368)_

As we will sea Ha kay poluk is to remove o poink (Hhe position
of e mowo[;olﬂ.) frow, SPG,%‘E&.




Than V:B8=0 eue\-jwkme, in iR.\O abudr we com have
&

= = j MAGNETIC ﬁ = @’q's)
21 ""‘ CHARGE : \‘ K (
S don S e o /

/(,arm elova guk
Mo.av\.di;: FHux ‘Eﬂrouﬁln. HRe Z-SPlur% Surr‘ow\diu\o HRe locoton
ot il ubmpobil

« REMARK:
B.45) can alse be phrated as

V-8B = 2rtm 3 (x) n R (8.4¢)
usinj Qoues' thaorom (bu.t‘ w's better o work in RSN Ca (

Prool: HEX I8.

Yes!
A2 | "TDIRAC MONOPOLE (AND DIRAC STRINGS)

N US'mj Po[o.r c.oorc&noiis (n FR,S we have

= 3 " e - -
& L =-4an¥(x), = = (8-4%)

whare  r = (x|, Then we can sove (8.46) by

=M X M 2 (8.49)
Siwidarly te how we describe polutli dluckeic charges.
« What about e veckor potmudial [gouge field A ¢ Consider

,c.-—-Lal-:x,l

Considar AT 81\!% Ba

LY L N A I 1% At =0 (8.49)
x 2 r(r+z) ’ ¥ & z

which has




Vxﬁ* = .’;{.% + 2w B(x)3(y) 0(3) . (8.50)

Hook : % €x 338
So we heave
B'=Vxa" = & ®51)

on REN ‘\mﬂaﬁve. z-—axlsj; whare _Q;_" s defined .

- The singwlarity q].ov\ﬁ Ha -ve z-axis is callud a DIRAC STRING .
A First %tsht it looks problumalic , buk Diac reolized thak
it's __rlgt observable if e _@_namggﬁ&raa; S ?r'operle'
c]uan‘d?.ﬁ.ol :l med

Und:.rctandimﬁ Hhis PmFP'rb rea’u.i.ms QM ) bk we can also see this
as follows: consider moV'mﬁ a test particle of eleckric d»cu-sz,
Clel sl»owB around. e Biroe .s’criug.

Dirae Sbriwa.
c
-
Parhol&
is multl plied
Tes qmn‘mm wave&njflovx, l::ick.si u;? o Pko.se. from parom *mas()ort' :
'i‘i§ ﬁdg- q) Wilson Leop alow ]
L c = WC . in rep of of'a.arra%z_ cl) @52)

One can show Rak s Pkth, s =‘IJ \.e. unob&ervth.}
Vq e . it me 4 .

Froct *‘t Ex 38.




« In fack, Hare's no nud o worry about; Diroc sbrings, as was
understood E\aj Wu & Yo.u,g_ (19e8) .

(

KEY IDEA : gouge felds are d:.&ud.__lgﬂ# @:nn.ecl-‘iou c@-ﬁbrdwudh,)
~Think of R3® as R, x S (‘:ola.r coordinaii ) and. cover'_g‘
b\jif&i‘&h& U, and U_ . In additien o A" defined en U,

Ax 2 r(r-z) ) A1 2 r(r-z) J A?. 2 (8’55)

defined on "W\.L soutRevn ]na.{'oa. U_,. (mi«io& cau be 4+aleen 4o be QE'NN)

- — ) S—

velofzd %j a V) Jouge transfo o the overlap Upinl_ -

- AY AT are mn-anaula.r whare 'Eﬁnﬂ are olj..@ivu.d) ond are

AL = Ai A% + A’;dﬁ EB A:dz.z Afclr-f A:;cle -I-A’:‘Pdcfa)

8.54

A* = %.h (j-_1—-c.ose)d.c|> $ )
(k€x 39) so

AT-N = mdcf = d.(mc?) 3 d:l::

] k T~ 8.55

s-ig,. d.3+_ (&)

whoe, e tromsibion function (or aqu.gz, trausfo ‘aatuw.nf&r) |

g 0= " ¢y (2:59)

Stnee @~ @+ Qe (qwﬂh.}a.a.olmtj 'kﬁo_xzaruaicor)J g, s
__s_lwglx.-vahual as we do owa l;a.F around e Q.c'ua:ljar‘ e me? -

gi-(gran) = g, (4) &> me?Z, 8.5%)

So the ﬂu.axiﬁzcdiov\. of e m(jm:hc c&_c.rg,g, Hollows from
m‘}‘d“"“ﬁ Hat A* are connnckens for a U(’t) FM&J.

b__(inouﬂ. over Sz | (T]J\L cﬂnar%r,cl 4ot Par{-:tcia in Dirac's mraumw..’(' i~
Wen o |seckion of an associdid lLina Gundle. A




el 2
QD 1€ m=1 ; 10 Prw\,cb‘x\l V(1) bundle ou &° ig e HoPE

BUNDE  of Ex 2% (total space E=8%).

v \/% nee ! We can deseribe o shakic solution of Maxwell's T
which is a Poutk:lx\u. maﬂwﬂ.‘h'c. cﬂw.r:(:!z, (wvuﬁ.t_. mowopole )
b('j exdsinﬁ the locokion of the mewopole from Spoe.
and ,ex\oboiﬁtta \c}epw.h\*j and.‘ﬁopologa_ of bundls over
R\ polnt  (or ,ee'uivalml;‘:j S*) .

BT (% €x39) -

(Shpw "lteuok)o, Diac MowoPg[.v. has infwile @_9:5.3_ _!

S

B3] No ()

We'll fix this next .




85 - The 't Hooft - Poljakov MowoPoLL

* Tn 133 't Hookt and Folyalov independuntiy discovered thot ‘
non-alboelian goge Heoriex with Scalors n e adjolut rep
aowmit sSmooth monopoles as chatic Hwite Luargy solutions .of the ToM

« GEORGI — GLASHOW MODEL  (SU(2) ADTOINT HIGGS MODE';L)

Go.uat; grovp G= SU(Q.)) P e a"lj (eriplet, S-clin'l \rrep Jwﬁm

view c{& 22 +tracedose W

= R tr;\t" FPW) {',T({DH{P‘DHQ) - V ))

5 : 25
V()= M H@)-v*) (v>0) (E59),

whoe
{;‘w B aHA,- 3, Aﬁ'if‘tm Al Rco)

Dr@ = u8-1,2] . ;
The ENERGY o-fi STTIC  Reld Com?tgumhtms 1S (gouge Ag=o)

‘..g?- ¢)=-
€ = [d*= [.,-— br(®; B;By) + tr (D; ${D:¢)) + V(q:)]. (8.61)
1z ‘Jl:‘ﬁ“ (

We can minivize € l:d sdok‘w%

B=0 _@_é =0 $e (%) =20 @.ez)
Fﬁ ] !
5 = O covarnom
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