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Q3 Let A, be a U(1) gauge field, ¢ a scalar field of charge 1, and y a scalar field of
charge —2, with gauge transformations

(Aus 6, X) — (Au+0,a, explia)d, exp[—2ia)x) .

Show that

X(2) exp [iq / . AAx)dzﬂ] Sly)?

1s gauge invariant for an appropriate value of the integer ¢ that you should find.
(The line integral in the exponent is over a curve C' from point v to point 2.)

Q4 1t is given that, in a gauge where Ay = 0, the energy of static field configurations
of a gauge field A, and a scalar ¢ transforming in the adjoint representation of the
gauge group is

E= /(13.’17 tr (TI—BZBZ + (Dz¢)(D1¢)) 5
Iy m
where the spatial indices i = 1, 2,3 are summed over, D; are covariant derivatives,
B, = —%6,1 ik Fjr, and the integral is over space R?. Find a lower bound for the energy
E in terms of an integral over the 2-sphere at spatial infinity. You may use without
proof the Bianchi identity €;;,D;Fj, = 0.
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9 MOCK EXAM QUESTIONS 22

2.

Calculate the magnetic flux through a 2-sphere of radius R centred at the origin,

/B‘-da:/ Fy,dOdy
S Si

2

R
where B = B* = V x At in the regions where the two vector potentials A* are
defined, in both of the following two ways:

(a) By finding the magnetic field and integrating it over the 2-sphere;

(b) By reducing the surface integral over the 2-sphere to a line integral over its
equator.

How does the flux depend on the radius R?

. Show that the energy of this gauge field configuration

1 5 1 ;
E=— | @z B*= —/ d*z FjF"
297 Jgs 49* Jrs

is infinitc. You may usc without proof that F% = r=4(sin 6)~?Fy,.

Q5 (15 marks)
Scalar chromodynamics is a gauge theory with gauge group G = SU(3) and N ‘flavours’

of scalar fields ¢; (i = 1,..., Ny) transforming in the fundamental representation of the
gauge group. NoTE = &, must wplox !
1. Write down a gauge invariant action including kinetic terms for the SU(3) gauge

2.
3.

field A, and the N; scalars ¢; but no scalar potential, and check explicitly that this
action is invariant under SU(3) gauge transformations.

What is the global symmetry of the gauge theory with action written in part 17

Write down the most general gauge invariant real scalar potential V (¢, ¢') of degree

at most 3 in ¢ and ¢. ('\‘G N,; -‘-'3) :

Repeat the exercise in part 3 under the further assumption that the global symmetry
found in part 2 is preserved. (i{l N‘; :,3)




1. Gxo.u.az_ Lramsbo’s

A}* by A;A= VAL +4UQL™)

¥ Ue SU@)
¢, — ¢; = VP,

Qanuge invariant kindic action:
= [de [~ A5 tr(RuF*Y) + 2 (FuFP) —Z(m)*(b"qa )]

n
whire
ﬁl = A =3, A-i[AWA,) > Fl= R, U
Fro=1 e ‘Fér —F M=y Ry
Dy; $; = a}&4>s.° - \A}A)( . P‘P;) = U'Dr.“’i

-l:r(Frﬁ’“’) —~ tr(VF, u"u‘?"“’u*‘) = & (FLFH)
by UTU=4 and ylicity o tr.

(D¢, )T OrP) ~UD.&:)T (UDF) = @i YTUDM) =Bu6:) D)
5

2. beal symwekry can ack on Havour indices l oy N .

L\Mv:j qomge and. Havour S\‘ju«wkg ‘transto (V)

7

4)( > ¢,i =7\U¢\'.Vl'j or é':'('bn“’z)"] ¢Nc)"—‘> U¢vV
x-deyendenk Jmsenwe o i

20,4 0%) H{y2704)

‘o ovexr Tlowou
ra A sk %

T (VD&Y (') = r (WHDLE (D'Y)) = Jc,((braﬁ)*(br@))
WE W= = Ve DN AREL




ERCDR =3
ohﬂre,c_, @ . e-1 — coustant € R

+

e 4 dg;rcc. «— not nvariawt < al=go
:"?"“"- < M"‘;Wfb«: , M=m+aqfiw i
degrer 3. 344, $bb « mot Jauge invariaut

A £ E% ¢ bré; + c.c.
de@)

dik (VP V) =(dek L ’;a;* &)YtV ) = [k @) -flak V)

A
r(M ¢ ‘¢ ) & [troe over ayvour indicen Y

> VN 9) = c v M Fig, +()\ddc(<1)+cc)
with ceR, M=M" AeC.

4.« FMPFF) — & (MU GV)= b (VMY G
o»dl:j ivariamt under U (3) Havour Sawtw-b:) ® M=mdl,

kG (A B)-(debV)
not invarion® wader U 3) Havour SJMMU 'W(.ch,l t_,\;l

= NE¢ ) =c+ mtr(37@) c,me R.






