INTERLVUDE
Lio Kd\f HIERARCHY AND CONSEFZVATlON LAWS (o §59)

.@ Is KV the ouly é.eluqiim for wixt) st e operotors

1L(w) = +u(x t)! T (10.0)

ok da.F-&.rM hm.s are tSospe.d:ral'?

[ ] (\V\GMJ& WAL,
[AB No ) and Ha Low formalotion of KdV e Vot T S mdn 2

o Tndud the pmo? Q'F 't'&:« ’c&wrew\, W&] used the .e.quwalmca.

. "“&;‘;‘;‘é u, = N(u,)\ | é-.';' L,={M@), Lw) Eﬁm .4 SRREC |;)

IDEA 1 Hind o differevk MLu) st. (M), L(u.)l 's MULTI P_LlCATlVE.
reohze.o\ \98 mu\.h\ahm’am bJ He ﬁuwhm MLu.) e'C W, u,,)u.,“

u)é——) [M u“L.(UL )

1] NIMJ» otfur c.mo\»’aws %Qwuﬂd. M(u.) Scdl&%?

g R ot () AT opercior A
N wrt o hermitian inner ‘:mdu.d.' (> is olbﬁm.d. bé_ |

o L BEE [<W1JAW2> = (ATLP1)‘?2> 'Vu(h\‘."z o Q‘O?‘)

A s Heaﬂmm/sexf ADIOINT  iff Af=A

A s ANTIHERMITIAN ,\FF At=-A .




L] | f_ _,
N S EEREEEEEEEEEEE EEEE
) m ) ) 1] i
- — \.‘qlivl ,.. j @#
o | | um r T .O..
P ] J
- | =
| * ! .
L, | | 3 L
| I | m
Py | | |
| _ .MI
| | o
o2
_ m 1 # v
| ‘ Z T I :
ﬁ ﬁ ] = ANk >
Jo 5 5 o H
A | D |5 = =
0 i p 3] 8 S e . ¥ oo» b
- = e : = .m M l...ul- |-w|- S
= v . s [ LR = A~ 2
- +> - =¥ L = p = : |
) iM ™~ S ~— LM s - i 4 e >
n = % <IN | © 0 g 2 3 . N
rull Y " i 8 + g | |+ e o2 C
) N . 2 - i
y ) M o2 + y Iul.‘ = ol \
- g g = < 0 o ~
T b ~ 12 P Hoed = - B, g O
- RN 7 ) 3
M_ 5 I8 [ 357 WL R B 5 W)
¥4 i h“
i a3 9 515 . T ;
3 1 IM P m j
! ‘ g = w
L - — — .Hh E M.U... y Ii
N P - v
° _ —- . |.I“\||||. ® . ,
[ _



« For us M(}.L) is a differentiok GPera*br o

L M) = i % (%) D’ I HEEEERN (10.6)
J:O |

| fdmﬁae,d Lfrovn natedTon !
C whoe ot.a_(x,) are funckions of % (and in principle 't‘) | |

 However

;D*'=-'DJ f'f'ﬁ'zif".‘(io.v)”

@ms»shmﬁmﬁmxv(aa;)i\unu;__

=
@’J) 2 )

(W= T T el

1 \h)c can '\:am wile e adilherwabion M as

% €XAMPLES

fm=o] M(u)O"-—?[MLu)L[u)J o - N(u).u.ﬁﬁ,,,ﬁ‘

HEEEEEREEN -=-_E’1,xxx- Be,xx D-2 EﬂxxD 4\-@1) D*lﬁ’g

= -4B, D" - 4p, D+ (2pu, pnn) (lo n)



1] | | | A HE
k _ | , w
| W N l | N 1
| E k P - S Ml - -
] B 1 i PLP 1N o
= *J — . v
| * 1o Ol g -~ = 2l | _ -
] y . e L] T 23 | z
: _ %/ = _m L5 .!mgr _ o ﬁ .Wl T .I.M\ .“t.\\
1o | = _. & & 3 1 g 3OJ 3 52
| | M _ | P | L M ﬁ\: -5 ~ < N HW
W -9_ A.”.‘ ] I M_ \u\_x N« M N _ﬂ W = N D |
| - 1 ! ] ! | C o o812 , 1 |
& oo A48 o8 [g [ [[] m;r_. 4 | | | 4% el 8D Lf-. .
* ||« 3 S | w _ e m N A -
] wm GM 1 L H IWA _i;c. ) N | .,m 3 P By _ N
L] {e Mulm ) i j ) 3 l.__l..\ e m.iwp_. -
R HENEE-REE: - e Q- ~ e il ¥
HERE 1o 5y N UEN-SEPCPEATIE
HRN= S8 e v T IH eI |
| N [ 1S 1) (gl 3 [% a4 ; il -
HERTEEEE SIS 3T 118 | (o [ 1% g | [Tl
el _ B | . 2 i | .E _m w 3 |
= : L] | . A e ﬂm I, AR
- ERE-AVIN 4 = ° (| | | 1 _ sl B
N - . o G _LM . 1 i e i =
N 3 | = e = 5 | | J _..1 ; i <I¥
3 BE EINEERY INNREAZ NG IEL AN ENIES
| 3 I (Y W_. \mN 2 Hw i | Bl - | (O 5 ¢
_ \FNU_|..A p.-‘ui oy | I } _ 2lAa il ,, X - 3—&
I I e || + g @ x| | || LI |1V | [eaf oF +
o o | HENECEE S _MJ o | [+ | :
KN amE ANE L BARE @HIE AR RN , umw
, Ry - o ™
e Ll MW iy Bl |5 ol .ﬂ.u.v Qnmx = J
\ ) | b - | — 4 il |
| ik > 2P F [ T % |
v pE HENMEBEBLAEZIEL R~ T . F
Bl 3 T [T I3 | =
| —L _ MU‘R%% b .UN.I
IKE L3 e » e s | |
T S e T . NN
ENNE- g HE (¢ [ [[]][][= AR )
O 0 -H=ENN B N
= S 8% | |« |
- L - |
_ _ _ _ , _




t:r WSt =-2
D P 4

With 't-—» 4t omd \c-O s is Ko\:V Altemqkwela

D e

- U t) = wixsakt, -4t)] ]  (0a8)

soo\xsgw.s kaV . @ Ex 60 c,&id(,)

m=0 : ut = O M:.—_\_U
m= 4 u’t+ Ua.x=-o M==D |
| EEE | o (ea®
m=2: U touu,+u, =0 M=-4D"- 3 D+ Du) | |
m=3: U+ 30uPw, +204, W, M=-16 °-20(uD*+ D) |
410 ww, ¥ U.x““ =0 | | -s((au-ux&)D,+D(3u —u,‘,))

AT b it | t




] T 1] |
] ] [ NN _ m
HiED T T 127 = ) | )
i e | o | )’ W |
L I‘I _ & o -
— e 3 \ .». .m i3
| llf rm rm 11 r.l:u\ ' -+ | |
— : m
| e m ) )
L R *, F | L ’ | B |
7 - O X _ | | - | ,Q “ ~ A o | |
| | P _ 7 _ “ ,’ P ...—.v.. | g
A | m | | il > 3 ¥ m IE
I 2] | X s _ L]
_: e | u | - w u.b —Zﬂlu n k _ L
| [F | ﬁ , | v & \n. _md_ . J _
n T | o i o _7 K 3 ”_M f |
I | N ) w , | |
| 'O |
g | _ 2 ¢ Q !
i | B g 5 | |
_ | iﬁ.* # & o .5 . gl L
NEENRN | i v (- g | I |
-l ol B [z ([
. Q) 1. _ IJ--T# w e ﬁm -% . \u
| [O o Oz Sl | 12 | [= %
[ n k v ENER g s B 2 R |
) NI N (N a8 T T8 g T
| g + 2 N, M, ¥, W ~ - |9 2 -
> £ 7] - = 1 | = ~lE o | ~ ¥ )
o2 e 13 57| EELENLNLNEE 2 9 B P B L ]
u.—lw.u_l_ v ﬁ W I Q. Q.\ Q2 OM m > m ] 2 . VnM < o
| el | & || ]| | i ) ne L, i
Q 3 \wu ~ _, LB M ‘ | m
= . |m I % o~ a P , _ I
<2 | | . A iy Qs | = L3 8 & k .
, L o |3h | 2 | M | 19w gy o (9 NN
- | | Q “__. L | | .M| 5 hw|ll;k- . o] _
EEENENCEE ] IR AR EEREEC R L TR T
- .M =g ..M‘ I O O I A 2 | b | .n..r 3 . L]
. YI- . , “M | — b - - _I ,.i | -O i ‘_\\ | AN I
a I e O O O O % | R v w v I I B A
7 _ : _ I I . a | g S - _ | -
T _ ] _ W _ ﬁ ] f _ _



10.1,1 = The functional derivative

—

- LF[u.J Sd:x. -F(LL, W, R - ) (10-23)

is an example of o FUNCTIONAL of w : it waps a fundiion w(xt)
Yo o number (-Fnr any Eixed volue of t’). |
{H@’& T is & sPec/tq:tor and 1s Fixed Owb % s I.ﬁgﬂrcﬁj.o@ auerj

« Now consider o smoll variation u(xt) st Duw—0. Th

K+t

F[uq-—%u,:] = de £ (u,-t—‘au,) (Wt3w), | (u,+‘8u.)xx, .-_)

00
= Sol-x. + (u+ 'Su.) W, +3u, , u ¥ Su.xx,...) Qo‘g_q)
Taulor nd of oF 2
"fJ 1;:}::{” F{u.] g [ u‘&L+?)ux8ux +guxx8uxx+..] + O@u))
L T S -
InTgreie by parts = F[u.] ax ‘Suu[ - +] + O(@u)
& Tu=ld, Bu Bu).. J Vo, . My B Ou, )
- - F(uw]
and.  we difine. tRe FUNCTIONAL DERIVATWE = I’?r
W
| +00
Lx:[ws@_{:[u] = [dx %U*_lm « 0@ | goas)
L w
= SF|w
Tharefore,

—_—— ... |, (10.26)

Pl _ 0F 9 9f ,a-,_ EAY
duw . In 'au. ’éx du,

~ KAS\DE . s concapt is cantral n classicak F‘)[Aﬂs{cs. One can obstein the
me \O\\j ‘Fe,qulr[vxﬁ ok He M Su]=jdxdk&(u VNI )

‘I IS 'EQ,HWV\OJE UV\JJ.V‘ Ouw IV\‘C\V\ -t(Q'W"‘[ \JQY\DHGM._. %LL WS\%{' UJ‘I.HA BC S =z 4/
L Seo. £xTRA READING for 41 chudiuts iF Uow are LSH and) intrrested |



» Exameres : Flu]= jdx. £ with

4 f=uw -‘3-&:-'3—#-—13& s =
) TSNE AR EE A
B T ¥ 1= 3
@ 'F'-—UL 2 %—4‘\&
TR F——9 C
O NE LTI T2 T Tar (A= ~2uk,

° The CONSERVED CHARGES Q,\[\Q=ﬁx o, (W uyu,,,.) are
quwup{o.s of funchionals of e Jcm;e. (10.23).
Thar funckional derivedives are

e . §_G.'_L= % N
=t ' S

* 15 sQ

g, =W il B 5 8

Sw (0.2%)
s = us';'lf&: : 5;14 = 304 U,
(4 9

AR N

- P AL S oy = 3 z e
Q‘;u, h“x*g“xx' %%_,__-_4-\1. +4—ux+4~uuxx-2ux+su

—

* GENERAL CLAIM - The 2 infincte Seqm.n.c.u ane relakcd as follows :

, 36 3 .
w= 2 Tl <> \MNM\ " b (0a8)

B Bix .e.qua!dm
AN
nth Conserve d c&mac_, I i BEWARE : i
w standard kd\ egn ] This Q_C\ud?{lm-x s Aedived up To
He normalizotion ar{. - B which
Cam b obsorbed w £ haven't |
'T:LLV'HMU‘WLOF% 2 been careful in waldns ofl CD’R\J%HU—{\!;

Cnus'\s{‘,eu*} bud &m be achieved ba_;
hormolizin o pricds /b ;
D Al the cuaRGES Q,[u], n=12.., am consertes T w

]

ovolves EU gﬂ% Q,O\uq,he:w U, = Nm(u) of e K4V WWC% 1




2.) One can 'm.'t'\"oc\uc& a awfferent “tina' for each un.m{:\.m) amal,
Packogg, He whole W.qurcﬂ:j into a slelk Lk(x,f”fz,...) st.

Qqu_ S
ot = N () = 3; e Ym=12, .. (10.28)
Than € we avolve for a while in -L-i and then anctbaer while iv\.‘t:j
we 893( Hi some as ¥ we evolue in Hha %Pposl‘(z s,
—» "COMMUTING Flows"” . \en far reaching icka, but we
dont have Hwe “to ,p_yF_(QrCL oo
IExm
N o Tor 44 shudmd‘sl who have sean ‘{"Kﬁ. oxtr mad;nq wmolerial &
Congidar e AcTion
S[w) = Joedt (1 —p, | R G AN
-Rﬂ.quirlv\ﬂ ok it's St’ofdm3 kads o He wa—LG(j'faM%& &Twaﬁm
0- 3&9 % Q% _PRL Lt
Wy { ’éw U
. = 3(Lw)+ 0 (Lu— 2o a2 % 4
tha il ou w=w, g P )U:'w‘ 'Bu,a =W, o

= ( IR
t 9x Dw

0  we -P{no\ 2o EQUATION of MOTION

[,L-‘-'h}‘x

- 2 2Q.
b ™ T

Upon 'Ldmﬁ@\ljm% u= w .

X



