1. INVERSE SCATTERING (or "REASSéﬁEi.Y“) (b3 §3.3,3.4]
+kbogun fVIN- 1% |

e To conclude tfe INVERSE SCATTERING METHOD, we ned to
REASSEMBLE e KdV field u(x,t) | or equvalently the Schursdinger
pobemtiod V(x; t)=-u(xt), from the smkttrivﬁ d.aia,.]R.Lk),{h,cnf: }

Twis is sTep (C) ¢ 4:"REASSEMBLY [INVERSE SCATTERING .

o T s Smrprlaivsfj that this is ak all \aosﬁbh,: ib's like" l’l-ﬂ-ﬂ.l‘!l..hﬂ Hla
shage of a drum” e re.r.ma.t’mdcmj He shage. of Hu drumluod
from e Sownd harmeuics it malas. lucily His probluw hosl
already ban solved by MARCKENKO (following GELFANDE LEVITAN)
a few ypars before. GGkM |

| 41.14 — Motivakion

o Considur e wave Waﬁm for  P(x,2)

= | \dl)xx__ ¢ i ___l (:11'1)
We have seawn ARy Ways to solve . Owe is Fourier transforu . Nril-inj
' iz
Px,z) = _1.117 jdk. Pl ) e
. E-= 1.4)
o e o | hieZs
L\J(’*;Hﬂ dz ¢(x,ge T
Ho wove zquation (11.1) Hor ¢(x,2) tramslalis into
(qu“ + k=0 l . (11.3) |

for s Fourier transru with respect o z | lale) .




» Now suppoze Hok we are Wliresd ina solukion of @1.3) .

[’l{:(.le.r_') m_..t‘,mhx as ?;-—s:—mj (1.4

This is  obtainad bj_ C-LQGELW%

E(I;Z:} = ¥(x-2) + K(x,2) 1] ; ('H.Sj

whevre

{ Kix2)=0 IF | =<z _ (11.6)

and | K(x2) is a solubiow of (11) fer z< .
Indred, if Hat e e caswe we Hind

(.'.\]4@"-}_@ = E...-ka = S-:I‘L R (%, 2) E—ihzj | I ¢ 7 %)

whick hos e correct c:s{ijmp{:&ﬁcs (.4 .

o Our aim is t® solve the inverse S.caiteﬂwﬂ Pm'b‘..uz,m for e 2qu

h)“ +(K=V)p=0 ! } L _Y (11.8)
which differs from (11.3) lecamse of e poltnkial V() ok
e t, which we E,Umhauj i.d.m’cl% with. ~w. 1
We are inlrestid in .;‘:Mm&.ﬁhﬁms (ond bound stadL ‘inmﬂkl;;}
but  to cousbruct tRaw we com uswe e dL-FFfe_rui:Ej wormalizad, |
JOST SOWTIONS 1, (x;k), whick have asymptotics

1 ]
Y (k) =~ &7 a5 meaew
_ 1 L _‘Lhi kii‘ﬂ) |
V. ijk) ~ e AS K -*-00
\ - .

For instance, we con 1&:.»-«.%% Yoo s&.nﬁ:ba.rluﬂ solukiow (8.2) caming,

Arem. w =~ as




L PPl cangugakion —
Yl = TU) (k) = Y x5 + Ry (x5l (41.10;

e Since. we want to reassemble tha po"fiq.":ial M=) in (U8) fro e
SCATTERING DATA @v%@% d%jnlpkot;u QE R 3-00 ks s
v L JOST SOLUTION Ly , which ‘we assuws to ke of ¥ foru

Y (k) = j dz K(x,z) e "> L] (11.14)

wlwre. K(x,2)=0 if t«:?.. as in (Le)=(n3) .

e We wamt to subshifate #he ansabz (11.11) in He Schcdm,au _qn

(1. 8). h‘ﬁamﬁvg by Pa.r‘ks Twice us‘.a.g Py ez = %_ _};3._1&_ lu'}
and assuﬁ%
\f(_’l’. 2...)) K (.-x, a,) —--70 s z.-ea-—m] . {ll.ti}

Lb is m"t' 'l.‘oo L\ard 'l'D 'Flw:i (#Ex )

S Y = T L _
ﬂ(_m =4 .. 1'(7 -k K(T?‘?L)i'lK“(_sz.) % K_z_[_:.l'x.)‘) +jdz.-e, h.Kﬂ-LlJﬁ

-7 _-Q‘_lki (41— iﬁ K=+ i"‘-’ Ka (vxf;)) J de o z:'.(. z) (“.r%}

where K,(’m,::;} WML S K‘(sz.)lz_ = bun K W E) o

29 Z

Subsﬁﬁ»ﬁ.@ i Azl S:hréﬂi:n@er eqn (l.‘l-_% ) we obtuilin

[o ' ( 4 ks -:.)-—ULL)) dem I SAVTA T IR

which, is solved i we requires Hhak T

s

B I ) _K#_(_t_,za ~-K,, (x,2) =V(x) K(x,2)=0 Mz<= {1 I‘?)

il V)= i};'r_‘f{x;x.) = i(lﬂ.x{_i}'x.)_-l-\‘(.z_@,x}) LT

(I 16)




« REMARKS 3

’D (1.15) is He Fourier bransform wet ko of the Schrﬂdin@er eqw (.8) .

2) Vf_?:.) can ke obtaind from K E\:a_;)_uﬁi.nj oither Ul.lS) oY (L_HJE‘).
It s nentrivial that the 2 Lquokions are ca_m.pih;‘b'tﬂ,-

3) Twis is skl DIRECT (mof WVERSE) SCATTERING. _
Given e polumtial V(x), we can solve the PDE (1L15) withe
the. BC's (W\2) T deterwine. K(x,z) for. z<x.

Than  (11.11) gives tha JosT sowTion ap (x;k) .

1112 - QSLA:A-P% for inverse scnﬁ'er'me-: Marchanko szqmcrhm

e We want mgRad 4o solve e 'mvm_ﬂm'mﬂ_- problew :
{91\;%_%&;_ SCATTERING DATA af x=-o0  dutermine toe PoTenmaL Vo).
(D.Jf anyy fixed KdV time )

L wilk net P ﬁmugk e darivariow | which is. rather lo"ﬁ; 'Ekpujln

_nst too Mard fo follow. You can read it in §3.3 of DI axeapt
Hak Hre ,a,mj%»ﬂ is phrosed in Terms of Sc.a.-tlfwlu\cj soWilious
with waves camiva__i.—n from 400  and a-"ﬁm[:%n"cic-s as ®m—=>+00

| @FM.MS_ ! .NQ- wee,

'ThL_:uFé’H.o‘E is e -FuU\.ow'mé KeC\PE - ko B




@ cm;r;ot ‘Ea&-'ﬂ.w:tinw

1% 4 M
—— = dic ~1kE 2 KaE \
_ _F(.E) —-L Cra Rk)e ™= 4 E c, < l | (113)
from the SCATTERING DATA )
. : " 1
{ R,(k-} ) '[ Fny C‘n}n_ } ( - (lLlS:;
- - 1{. — e — ki 1 51 I —1
'R i SRAD
= CONTIN UM DISCRETUUM

-*Scﬂ,ﬂcmivﬂ ctalze - bound skrles

- ]71‘((7:71.) + Fx+z) +J da_ K{i,g,) F(lj-t-z.) O (1.19)

O Solve e MARCHENKO EQUATION

_;];'O dﬂ.{'.e,rm;.mt, “‘.‘ﬁﬂ. ﬁ“k’—ﬂﬂ.ﬂ.ﬂ_K[‘:x.,z) 3?‘2.,:.1 |

@ Fmo.u@ ! d».i?nrmm e Scﬂxodmaer ?mt.cd from

iV i\lgx.) = 1-—- P’(x,i-)l . LTI (1.20)

L This s reldid to e KAV fedd of Hwe T ba Ww=-\,

_( NOTE. & uamg Lm_mmmﬁ oy eL me. T oo 'H:.i trl-oumk"{ &rm.xi.ﬂ&i., o B

4 o T T

V() = —Q_d K(x, %) = =2 Qu-u Lk‘. L (x,2) ~})

The final r:e*u’t for (=) it 'crp Cource "Hi;. S LI T1




- TL\.R, Fr-av.tuui-; FerLkLo.i‘_, are C‘Lt' fixed KdV ‘hmi_. + Lmhcb._ lg_
not md..catal) But 1Rs 4:1\».._!_. evoltTeon 1 EI:_HLFLE,} u;i-iwg our
Preulcus resulte (ﬂ.aﬁ) amd, (34{5) . whick. '933 Haak

3
R(k;t) = R(kj0) < T

am c.(0) =

where e eigenvalues k' and - de net depend on e .
So o find e Haw evolubion of W we nad to O‘??‘fj & ?rﬂ;ﬁﬁu
_ recipe sfqrﬁnj frow,

—apdt (11.20)

J

« It wmight be hard in prachice to cowmpdte Q'lz..) , solve. (11.19) awd
obtain (11.20) .E.Ka.d'yj as a funchion of % , but PTQ"DE-E’.M g | |
solyed 'i prl-.n..cLPlL (and caw for ustance be solved hume.ric,a.ud‘j*

T ?ﬂrjnmh:-.r -
o Tha term mvb‘-ij R with e i nﬁﬂrul over e, moles W had 1o
compul  F(E; t) 'gn' T30 . However, i o Poﬁ&’r\.ul. is re-'F[uthq.ss

e f:mbl.t—m.. for Y30 5 sassm’cm!{xj as hard as for ¥=0, It
Cam. b& Snluei amd, tJC 5LQHS FI‘I‘Q-U.EE’.-‘::] "t‘a.ﬂ.—- PLLFE. vl b - EGLLJL“BLL

so luions "lﬁoi' we  found "‘"S‘“"ﬂ Racllund o Hiceta .

I R C it's Posc;.\loh o show ok e torw muul\.rmﬂ e

s to O as to+o ok fxed Hwk ¥.

o 2K N J
F =] Zriye s La@d™
o -0 I';lt n=4 LE ) t) m-r}.l‘)
e (=) alE- ~
=J 2 R (0 a )+ Z,-:::'( J.:?..H ™
= n=i
\




» The GENerAL PICTURE | which we will coufirwed by ke King.
ot examples shortly (s Ha \Ceu.nwivgj:

RAIGHT-HoVin G
@ {P.“ C.“}h_' = N coLiton S ln‘uLLJLL I“lhaidﬂﬁ'{_

- LEFT- MovingG
@ R (k) <> DISPERSIVE WAVES "{ugide twitial dakto,

The solitonic biks move to {tha_hg ot velocities 8|.L:' n § - spovca.
The dispersive, Waves move to e LBt ob wloctties -8k in E-spase.
(M ackuol velocities of the cormesponding componnts ot w in real
%-Space. are holf of thasz . This is \eecouse, F apprATS n YR
Marclenke aqn a5 Flrrz) (nd Flary)). Half goos o = aud
half goes v z )

« This is a sort of ':r_imuﬂﬁaa_ FOURIER, ANALISIS ,
The different compowmnts of F(E) are superimposea lneacly i (119)
Buk thu Marchunlko function K(x,z) obtained fraw (11g) is wk a
Wnear superposition. | ?

1.3 - EKQHLPLL. 1: Ha 'E-Mﬂh. Kd\) salcton,

e Consider a he.f"u,chu‘w'w.s:s Fo'te,nho.l. @ {'ﬁ.cit E.Qc.) o, Wit oo

%mahl_. bound 'Eh.itI cj-\a.rnx..'ben?.zd. %j J“.LU 1} 3“&; }
~ Than (=t fxed )

ey e (29

and e MARCHENKO €QuATioN (143) reads




’r‘L

l K.(::L 2)+c

+Z) x

+ ] dy Kl y) < R REES }

(n.24)

wich is to ke solved Hor z2<x. Wecan chk'ﬁrouiipz' *Frm‘lca.a.,

LQ‘:‘:*-' twe terws :

z .
0= K-(’I-_,z.)-t- 2 ('C.T'E._f'-t- ct

(we could ales factor out c* )

"

[aykepert)

EEOF S e e

 WHarefore

[KL’KJL) = h(x)el*

(1.25)

(n L?_s)

for some funchion of 2 h(x), which sakisfies  (ubbing11:2¢)in (123)

0= h(_'x.,]-l-c..e,

j%hm

= Mx)-[“r__f daﬁﬂ % il

== l (‘K.j -E.. J + f. -E. [
C .e,t‘“'
-# h(.-‘“" e | s = 2 .
'H'g P
T we bk (rading < for )
e,
we obtain
plx-2%)
] - R 5L |
i P = Ay 1 2RE)
—— 5! [~y + (2 o)
amd |
|..L(':.+z.-2'x,‘]
- K(‘x z.) = -2+L

Ay 2T

Ql.l‘?j

]

(.29)

(139




T — 4 o = = i

HEM&
| 2 %)
) e ) 1 T e e
Z -2p (X-%)
o gt (et |y -
- 4%;;.(.‘2' .»,-1) "_&l"‘l L

(e ay

=y | V(x) = - p seck” ( H(I'%))J (1:31)

Slnee. w==V this is jus.t.' a Snof&ﬂmo)f of o 'ﬁ%& KAV soliten
af a Hwe (sQa t=0) whire its contm is aob =, |

(Lﬂ. Fo.r’c‘lmlqrj f p=1 and =2 (e eq [8,6)1)1 we find \f(x)=-§akcﬂf'x.)

e Tha tHwe @uolution is also 2asy to cowmputn using (L) -

—Ru> i — Qg3 oL - 2
C,'l'(_{:)= c.’l(o) ~ gt 21&::51 St 2 (g apt)

= 2ue = Qpe 3 (1.32)

| Ly 4—}1.1;]_ ) (1.23)

HE‘?&-.U.. ‘H:u KCW Pfeid'. IS

\ Wx, t)= 2p* sech (Mx-xﬁ- 4;1:)) } : (1. 24)

| iw a(.jrm.mf with e resdbs of He first torw. (:e.\_rj- (6.3))
L utxﬁT .- | |

ot _.‘... :

mq-r..ﬂ'pit

s —
A

|




N4 - EXQMPLL 2. e N -0 [ifon S:::-hﬁci.oh. } |

M

« Now consider R(®=0 xqain, buk N bounol states with '{}*mfm} :

Fe) = Loret \ | (o451

Siwce F('x.+z.) Zc 30k o B PO sww of -Pnbt'orilﬁd 'teer;
we Wlu LBOIL- QJV O. Cﬂll.u*wv\- Wm K-(_I 1:) s CL"SOD» -EH.M B‘Ez ‘{':JL‘{:OH
Brms. umﬂ veckor and wakrix wetokiow g ;

Piaks GHGIT \ hy(2)
'E('I-) = ( ) ) L..L‘I.-)= : Is H(_':..): ' ) (_!_LE.E:)I

21 Cy a—“"x] ()
we can wrlT 'l:m.ﬂst:vc.‘;e:. |
)F(‘x.-i- Z)= ér(i) L(=) = LMl gl | i .QLE?-)

o we look for a K.(:r_:z) of the forw

. UTRHE
K= LW = Seth,@e™ | @)

"

. &bghﬁu_ﬁq«a (_11,33)-—(11.38)1“ MARCHENKD EGN , we find
0= Kix,z)+ Flar+z) "”j:“d K(x,y) Fly+=)
T W (=U + Bl L) o+ W) _Sjg WEwte - (39
(Hwewﬂ dy EG)LT(3)- Hta-)) L=,
which i clarly solied i€ E

[r(x)H@ = Eg«,ﬂ 1 (4o




where T(x) s He NxN wakrix

. X L
Ll_'(x?)= flL-i-J d.&E(H)L(Q) 3
)
B 1chH_J55 w7 x
whose wakrix elewawts am

CPM*F'H)“-'L
w0
M) = B+ [ g ™ Echa™b o5 e 5

NeR alse Hat (11 41) implies

£ () = B T (x) .

8 GQ{“S bﬂ.d\&- {‘D (_qu-D} 'tEJL \fﬂ.cbﬂ'l"‘ H(?;_) IE Lﬂ-‘SﬂuML:lg ('J»‘d_ Tﬂ!’?]%{})

He) = - T €9,
and
Kix,z)= L:r(z) R(x) =-C(2) r('ﬂ—)"ﬁ(_x)
=—lr (r(_:,)'l E(® I:_r(_z.)) ;
- _T'nm-f:m?n..
K, = - B (TS @ )
B = o Y
(1.42) M O“( ).d“‘r( )) |
= -1 (4 e C(9) ==~ £ (LgT0)
= —i Qma(cl.d? r(x)) y
whire I used e wobrix danbdies
a 0 _ ! d
i ,Qa_a C=r i e
| ) tt(ﬂnar’) = Qna@:.fl") L 1 T

I@__f Hnutz &nu. 5E0N0 -E%L,se iJLﬁfﬂfh’ﬁL W limear ﬂllag_lbrm_?

ot fin

(u.+9

(1L.42)

(\.43)

(I1.4¢)

(n,q&)..




This impllz.s.'l'ﬁa#'i:ﬁt.l’:du Geadd w it

u--;l__K_(x'x,) 2.4l &8@&1"@.)) o (nee)

or, Tzsforins Ha ']:'-d.l.?e»dmw_, hidden in T (-M%OIL\’ e Cn};

T T Tefac ) = _z,%&_ P_ga@.:kr(x}t)) 1 (I_L;‘H)

it = B s s e B
1 E'(l"*h*'l"‘n)* _ T
r'(_z,j k) -?S + c tl:) - @ ({I-SG)

* Egns  (1L49)-(1L.50) are very swiler To ta N-soliton solukien (6.49),
whick. is found us.‘-.vﬁ rote's  methed. To see el Hae resule
e i foct Ha Sama ) we Can Usz _'_Etjtumtér's A rwinant 'ERQ.DTM)
wich. shdrs tHRat

dek (A+ AB) = dek (4 +BA) . (150)
for Any. paie ot NxN mokrices AB. for 1%“7&“&! 'i:a.lu.m.a_
A =@ Sl N {‘::;E’Hn_l L] | (IL52)
| T TR
we fnd ;
wmtPn)
e s
4
it (1.53)
BR) = = AR -
B, i = /
IS Hoat 1o,

oreons.| ok o spivialintly s T 1T T T T T

feoagmprson], e




it
."’“' [_ 1 2

| 1 2
S(I}t)""."“ T :m*'Hn. C'ﬂ G;)Ej
_ Aa ;Hn(ﬁ-—m-*u:t}

Hm'l" H“H.

(1,55)

whare v HRe [a.gt'_,éc:rlﬁltu]_ 1 used (m21) and

sz

(1.54) —(n.5¢) is e gowral forun of e N-soliTon SoLuTioN.

. #¥ Ex | (proBUENMS CLASS):
Use tnverse Smﬂ'enuq to obtain the potzitial V() =—2p3(x)
_ trom its St:a.'u-'@nre,j data. (35), with. a=-20 Ul
Emn)c + close Y iutrgrakion contour with aw arc ak nkulty in
e cowmplx plane. e compult f‘%‘: Ry <%, v
Discuss e cases £<0O and F?{J separately ]

Do T TR TO EVOWVE THE SHSTEM IN TIME. \T GETs oo HaRD|

.




