12. INTEQGRABLE SYSTEMS IN CLASSICAL MECHANICS

(secretly)
e So for we have looked ok [r@@rabb’ infinite - dime nsienal
classical sjste.ms:

L classical field tuories in 4 SPACE + LTIME
dimensions | which can lx {'?wust\k of as e coubinuum Uit
of a lattice of tnFini iy Wy coupled osclledors (see seckiow 2.3))
with lw&mm.&j wany conservetiow laws.

. M“’“\‘j of the withods ok we howe dwveloped, in s course ,
in Parl\,‘to.d.q,r ‘l’ﬁ.& LAX PAR M‘W\.oo[} also Qﬂﬁ% ® _'(-’l'w’\ﬁ -
c(iwxaws.imalv classical E-&Srth.. Hamiltonian %S}fi_mu

—

e A FINITE -DIMENSIONAL HAMILTONIAN SYSTEM s defined bJ:

— A st of %gymhzad) coordinafis q: ) and womenta &=l,(-§)n

which Sfea.% e mwﬁaum&im of -g-e:;.l%ste,m ak Hime "t.‘j

(The Space qum%riud B}j-lff,’\L 'cm&ﬂigﬂrnam,'q,? is caliod H%;‘\_Y_QSMC\:',')

~ & Funchion H(q} P') , called Hhe qulltoulq,w;
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* ExameLs:
n Par’c'\clﬂ.s moviuﬂ in 4 dimwmsion under conservakivie forces
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Hawmi [ton's equs  are :
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which are cz.q(qxvqlm/d: + e ;l“"d order Newbon's 2qus
o V(g
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» One can asscada o a Ham ltowian s\.j:tszwu A POISSON BRACKET { ) }}
o} biumr avx')di\ojmwﬁ:ﬁc '(:orm oW '*:euz. S‘.PQC.Q.. 0'(: puu\ci'icms of 9 l? :
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« Than Hawmiltons Qqns (z.1) imp‘ﬁ ok a funckion ‘G(_C‘,F)

which, does wot OU.Pehol ex\ohm{i,«j ow T ("\t eml\;j cix.‘aeu.ds owt imfuclﬁ&
%\Nﬁk C{GC) and P(-ﬂ) _volves as
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o Funchions F(q,p) which donct dapeud explicitly on time and have
vanishing  Foisson bracket with e Hamiltenicn are CONSERVED:

UFG)?)JH@;P)} ° = °' =), p) = J (2.9

—

In Par\:imqu the Hamiltowian is Qlejs Conservea ’ % anﬁstMMLb‘é}_

o 4,1

L T <t
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Hence
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IF {F] H}=O | Hhew not only F(q,p) is conserved, undaur the Hmi evolubion (12.1).
with Hamiltoman H(ﬁ;P); but also {¥(gq,p) is conserved. under o olifferert
time ewolufion with the differedt time & and Hawiltenan Flg,p)
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In 'Fan@ Lqmauo.&g’ F and # st {'F,H} are Said o B

"IN INVOLUTION' amd % 8zmmﬁ. "COMMUTING t':l.ow_s"} whire owa
tlow is e t-evolution with Hamiltewan B qud e offter flow
is He Ssewlubieon wit Hamiltonian F .

o DQJF—‘ ‘}‘t HAMILTONIAN S‘TSTEE'\_ qi.‘ “l P.;__‘ n ) Hiq‘tht)
ke o : =y i I

s called COMPLETELY (NTEGRABLE W 1t hacs n INDEPENDENT

CONSERVED QUANTITES @, (g,p) so.ﬁs{\jiua, .IQ;_) H}=0
which are, mutu in im:otxd:lm) thok is

{Qi,Qj}:O Vij\j=1}...,n} , (1z.11) _

]

(Om, of Huse consered qmwﬁﬁ% \S quaﬂs e Hamiltewion )

This means thal it is possible to find a el o  coordindlis ®;
and womenfa Q; such ook e Hamiltouian w.b O\LP&AAS
o Q. amd wk on ©:

IQ.P L ?i_H_ ’
H=HQ) = =Y 2.2,
{(.Q =21 = o 1
I

Tese are colled "ACTION-ANGLE VARIABLES (e cmglsz. vqria.blz.s)
Q,: ackion variables). (The nawe is beconse i Ha surfoccs o
constant H are compact, Han @ paramakecize periodic orbils and
Horefore can e Jcﬁowaht ot as angular variables D)

» The n CONSERVED QUANTITIES Q; are e Fniti-dimumsional
av\qLoaua; of He oa-l:’ mawy ceowsexved. ej\mazs of Ry kdV hwrard::jy



e What ig imﬁ,\j for us ie thak e INTEGRABILITY of a classical
s\{jsw can be established \Sj mmsfrmct(»j a LAX PAIR L.)M Sa'b«'s%lu&

o= [:M)L:] LAX EQUATION (12.13)

This is Wke for KdV, but now L and M are nxn wmakrices  wnsteod o

d@{:(’erw%ial opexai'ors: (wlnidx cam e '\'ﬂmﬂlx of asS 00-cimensional pakrices
W an a.ﬁaropricii. ba.sri,s) .

We wilk gea that e n conserved quantities are Hhe ﬂamvms
/\L=i,---,ﬂ U'C '['e-l— LC\.K. W\Qb’l)& L-

(To sex thak ﬁw:j are in tnvolution ro_olulmzx more work. We won't see tRed )

« The Laxzc‘uahm (12.13) , whe L oand M are funckions o€ Lime ‘tj
can e solved 'Formo»“a\ oy

L(t) = L(E)L(0) V)™

-5 (12.14)

whare, e time 2uolution operaker V() 1s Ha Wnigui solukiow o

. /t.uni%arg (U*:U')Lifz M=-MT.
Ut) = M) Lt)
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o The -&rm.aﬂ. %olu.ﬁow @2-!4) fmpu.e.s. ‘W\.Qi +Rz_ -G*S-OMVQQL&S O'Q'
R Ldx wabvix (de mtch.?eud m‘ﬁm&,) as in tha co- dimansional case
of KdV- ke %uaﬁms. To  sex -l:ﬁadi, counsidur

—

P (A) = deb (AL—L). { CHARACTERISTIC | (2.1%)

PolNNOMIAL of L

Racall frow Lwnear Al&do@:.
Thwis is a o(ﬂ.ar.e:z. N Mmowc Poldn.owkal (monic™: B ()= A +O"))

whose roots are +Re n eiaenvm Xe s LI

[,':IJ...)r\

Indeed L is a harmition (and often wal) makrix, which can b

/

anadvali.zch %j a uni&aﬁa bransformation

1 /\‘,\ O
L: V/\V ) /\:(Ol_.hx ) : @.\8).\__

Than
P (\)=dekt (ML -VAV™) =

= dek (AVVT'-vAVT
=k [V (M-n)VT) (12.49)
= k() dek (AL-A) dak(V ™)

= dek (,\1—/\) = ?F['Q\—X'J = PA O\) =A-¢, >\“"+cl>~“'2-A+(~;)“1;[)\c.
L= i i

Since. e time avolution is simllarla given \a\\j ooh\i)wacdim }
e sawms a,\ammnt shows Hoak
PloW = dt [ AL-uE)Ll)L™) (12.20)

= dit (M -L{9)) = P;_(o)(’\) ,

which uplies Yhat o gigonabiss N are indspendudt of e,

1



Equ{valzn{:la ) We cam Hinke of o n conserved ctuqnﬁ{'i% as
{Ck-'- Z_\ A Ke .. K

. | A Z e )
1< Lel<..<l en

k=1, n ; QQ.D.\)

the cocfficients of the charackristic plynewiak, or as

n
L3 e
Lskr. E. A, o= tell5) e L, ‘ (12.22)
These  axe redated kzj MNewton 1cuditics
e - i T-1 )
kT =1 D St 2%

— 'F':WOL%, e that e QA%QMVMW‘QU\” L, mawbé,

I L{E) w(&) = Ay (t) (12.23)
is solved %rmoﬂé b’g_
y(E) = Vv (o) (12 24)
whare (o) is tha eigen function ok t=o0. Inoeed
L(E) (&) =1 VOIROIVONIIIACY
E\?.‘lq—) (“1_2:3)

= DAILO Yy (O, = AVE) v () =Apl(t).



{ 121 - Lax pair for tha simple harmonic oscillador

e The Hamiltowian for a simple harmonic osallder (n=1) is

S—

H(q,p) = i Iy Lww*q* | ;% (12.26)

wWich lads T Hamiltou's equs.

q::_E_

° 2
L, p=-wmwiq : (12.2%)

« trawmilton's eqns 02.1‘1‘:) are ﬂquivalm"t‘ to Hw 'l_g;g 2qn (2-13) witte
[ P qu) _w Qi {=4 : rv‘
(mwc‘ —p ) i 2 (1 O) Qll?’)
Indend (#Ex : do Hae computoxious)
C= ( BR L ) = [, L]= (W ] ) (12-29)
Mg -p " wp wuo"c‘
s m%d buk (12.27),
e Sinee n this case M is t-lwdx.Pewdu&) He fime cvolution ePerodror T

Ut) defined by (125) s Sluply.
%

V) = %k

] (239,

whae the aex?om.vﬂcial of e wakrix Mt is defined b&} Tc:.jlpr KRpansion :

oo n
S pARRIEY Uy (12.3Y)

B\Lj He Ca:jlaﬂ-— Hamilton JC'ESLDI':QMI e should be .prre.s}%lb{x as a
POBV‘LOM ot d.aare:e., 2-1 in M. This is found Bﬂ mhunj Hat



2z Z 2K 2k K4 - 2l
M =-(.‘;_l)1L = M =t‘)"‘;’zk R =@)E__m) (12.32)
nls A&)'z\u\ —
\(W = Qm'(l D>
5155 PR S e .3 B ke
k=0 (Zk)'. K=o @kﬂ)‘

- (l o>_i (=) wt)zk-‘- (0 —1 (ﬂ) k an
© 1/ k=o @.k_)! 2 1 “-0(21&4 =

- 2.33)
— wt 1 © il )
= ms(-——) (_ )+ wa(w ) \? o)
t [t Y\
— (cos(‘-‘-’i—) -sin "I) ) e tebaking
L Se(SE) ces (=) by &
whare I used ‘{T&L TC‘@LOP series ‘FO\" Sin X cxwd oS X th (4:)
« This weans that
t) wmwglt
LU:) =( P() wq( )) = U(‘t) L.LO')UL‘G)"
25 Enaa (12:34)

s

\m i -s;,\(w )) plo) Mq(o)) K@;(wt) %Lwt) )

cos(2F)) \moqle) -p(o) ) \-sinl) cos(2t)

o

plo) cos (k) ~muwqle) sinlwt)  plo)sin(wE)+mwq(o)oes(wt)

(o) Sin w’() % mwc{(o) cos (wt) -?(0) CoSLu)’c)-t-mwci(o) son[wt) )’
w\(uog\, wLaWsS Jce\,at

= g(o)wos pe) A
fcltﬂ q(o) (wt) + e $in(wt) QQ-SS_)

AH\P(‘()‘ plo) ws@’&) - mmci(o') S{n(wt)



e In s case n=flJ so tha is a siv%j-l;. congervea c’qu{ﬂ?{-a) which,
should :]u_st e e Hamiltowian. Indacd T?(L.\):O andl

T2~ T (P ° -
o P-:._'_w\?.mzc‘z

(12.35)
I (Pi-!'we'wzqz) = 4me H(q,‘a) .

s the en\:j Lndkpewa conserved, ormnﬁlzj.

122 = e el Tor B Tadatalica, \

° The provious example was a bit trivial. & less trivial iw‘fn.arablz..
systew. (s Ha FINITE TODA LATTICE | wlich describes n particks
on a Une lnﬁmzﬁna with HReir wearest mi@kbou.rs On\d i
Lek's tole tha portickes o have 2qual mases wm;=4 for sm‘auakﬁ,
The Hamittowsan is

. 2 =(99) ~
tH(q)P) T % (% +e )J QQ"SGI

Nm CL:_,-OO <q1<,(:{2<....<qw4. qn+la+0° ]

—_———e———

%% % % Th 1

Rawmilton's eqns  are

N/

T
e (12.3%)
o= =G e B9 )
P = e )

A sustom of c:om_PM W flerential Waﬁms .



o The Lax 'Fn.{r is most Siw«.p\g formulotzd in terms of FLASCHKA's

variables

~(Qiv1—9;)l2 \
aizji_qu 9:) . b‘ir=-:"2—,Pi1 ; @2.3?)

who@\ S‘qi—is%_ %E,g_ Ham:lt'ok's QC(KS

° _(ﬂ‘ "q)[i =
1 141 1
e =i ) = Q’i(b*i-n_b@)

- -q:) (12.39°
NP =t Y — (%0 - 2 2\ “ )
bi—-z(z e )—Q.(a,;—ai_,).
Then e Lax pair is
b, a, ©
L= 28 bs A3
a b a
=t N n (42'4-())
6 a,
M - =@ O\ a, N
lQ “\ \"-. ‘
-a 0 a,
% Ex 1 cdudde tRok f_:[m}t_i[ K,;—_;@Q,,gg)_
o Thare are W Conserved quﬂwﬁﬁu
\l B = T ) &Rl “} ) (2.4

He Frst few of which are (x: Ex: compll Q)



Q=T (P)=... = )E.bf +2% al T
i_=l L=l
L —-(Z_ Pt £ -——3:_' & i q:)) = Hamiltonian (12.42)
:2.[;:l (or kotal euergy’)
Q = Tr(18)= .1 Z\o +3i°~ ; (b +by,,)

= %(ZF - SZ%H‘“ i (h +P«+:))

: In’trms%inat@) i e Wit no 00 one ks e INFINITE TobA
LATTICE, | which drseribes am nfinte numker of qu‘cids.& o a lux .
This Sejstiw«. has SOLITONS , whlch can le darived EU o nuumber
of methods indudivﬁ He nverse Scofdtulmg ik hools,

Not tRat hwere the aml.o% S

1e 2 a—r xR
q; € 1°8 +—> u(x)eR (ak Fixes Jc") i

So  Space S disaretized , whareas Hlme is continuous .

It is wot hard 4o cdude thot o FoUow'\.\n% s ov Solwtion !

—

_zkﬂt 2sainh(k) - b A-SOoLIToN

(12.43)

. i+Y L
£) = g - ,
%( .) Cio 4+T z“*(ﬁ"')tag“k@;t SO'—UT[OPJ
I uge 'Q wsliod | .7
of 1t cvmd (K)R'-?O) 7
wauaw with
u«ko.amma,

it \j_



¢ PUTEtn2R s Wy K
Tt descrikes a soliben m,ov'mﬂ 'fhrouak Z with

.

- 1
VGJDCA.% = % Sihin(R) T ;é,

O

/\r:-
w' OL‘E'?\, e _1_ *aee a9 L
i v t l#' P Z’

(Nt : o fastir Hhe soliton | tha narower & is )

L

ONL can %{Mllzc&r% ms\:ruot‘ H\L M N-SoLiToN SOLUT(ON

! : dek (4, + Co(t)) \ =
[ — — ‘&/‘v - Nl“ 2 h

whare {C )], is o family of NxN watrices , dupencking om
"Spat'a.Q." coordinall £ amd e Jcampom[. coordinafe t) given 53

8 i X5 Q,- (r;+ nj)l - (@ siala(r)+ o 5ink(gi‘))t

_2:-(.RL+"~3) UZ.‘%)

C).. =
i

|
4‘;1})“&

with Ry, = O and gzt



