LORENTZ TRANSFORMATIONS & LIGHTCONE COORDINATES

The zquo.\"\mn of motion (EOM)

u"H: * u’xa = V'(u') (1)

of a relativistic field 'ke.una in 1+1 (4 spac + 1 ﬁmﬁ dimensions 1S invariant under
t—t=-t+a TIME TRANSLATIONS ( 2)
x+— x'=x+b SPACE TRANSLATIONS

'For O.V\.H a,beR, Since %:;—{ and 31:::‘.

Therefore if u(x,}) is a solubion of (1), wfx+b,t+a) is also a solkiow, for all a beR.

(33 Noether's Heorem ) His in turn im'a(fw.s Hat energy and momentum are cov\sa-ved..)
Tn additiow t» e 'cbvious’ symmebvies, relakivistic field equations Wke (1) have
oncther wore in‘\:‘e\res{’ing srowp of g.,mmeh\es , whickh rel:, on e Po.rl"\mlo.r combination of
derivatives (377 appearing in (1):  Huy are invariant wnder

% — x'= y(z-vk) LORENTZ TRANSFORMATIONS 3)
tr—t'= K("k-v%} or LORENTZ Boosrs)

where v (-1) and =

[The speed of Uight is set to 1]

This correspends to switching to the point of view (“eererence FRAME") of somaohe moving.
ot vd.odda v in e oriainal coordindlts (x,‘l:) .

* Ex: Use Hhe chain rule o show that '3:.'-—3:.' = 3:- 3:' , hence (1) is invariant under (3)

Tharefore i ubxt) is a sokhiow of (1),  u(ye-vt),y(t- v-x.)) is also a sobdion.
In Par’c'\cu\a.r) counder o stahic whtion wu=u ) , whick sotighies __u. (-;)-_

We can "boost™ it usina (3) t 3»1' o solubtiow of (1) movma ok vdou{:.} v B
u= uv(z;‘:) = U.,(K(x-vt)) .

This .ex\o(a;w: oo velakiow betuean o stokic kink amd o kink vmvina ok vdoddy ",



i ouslmmrj do set
¥=ch¥=c, yr=sitho=s (Nt sy y*v?= 1) @)
and writt e tramsbormaokion (3) as
NI L IO
t ) \qv 3 M/ s o\t
using o 2x2 wmadrix of unit dekerminant.
The real parameter ® is called o RAPDITY of Ha boost.

O ~——0fxrF

The set of ol Leretz boosts s a ';jrouf". C«w\.';os(nj a boost of mr\dh{a o, with
a boost of rapidity €, gives ansther boost (of mpioli{-j 8,48,) :

(c‘:sﬂe,_ -siuk&l»(c»s&e. -s'm\no') -(Cbﬂe\.(eﬂ-@,) -sink(e,*%))

~sink 9’2 col 92 -sinh v ol 6‘ i -Swh @.-k B.A ol (&.-\-Bz)

This is colled e LORENTZ GROUP in 144 imensions, ond. it is" 80(1,1)': the group of
2x2 real matneas S st

1 O
det S =1 and ST'qS='rl, where '1|=(0 _‘).

O/\_/

Ik is converient, especially n 4+1 dimensions, to switch <o
(‘\T:tx) (6)

LIGHT-CONE COORDINATES xt= ?11_

= + -
& t=xtaxm, x=xo,

so calld becomse e set of liald: roys ‘Kroua(«. a point  (which have «*or 7= coust.)

. " »
IS a cone ¢ -
x ..‘: ot

x

t
('It locks wmore Lke o cowe in \rviakw dimension. : %" )



The main o.clvav&o.gﬂ. of lightcone coordinalic is that they cliaaomlizz Ha Lorestz boosts (5):
x* = % (t=+ x) == -:lz-('l:'-.h x')= % [(ct-s'x.) :t(coc-.st)J @

= (c.:s)-“z(ta:'x.) PSS
So e uﬁk'c -cone. coordinalis are rescaled bﬂ -e'x:p(q: MPid—C{zlj) wnder a Lorentz boost b
and Ha Pa.rl-iaf derivatives with respeck to tRum are rescaled L\\, He inverse .zxreum\:\'ds:

I _a_ ' y __3__ - té_ .
'a:k T 'af = 'aé T 'a(x_l)t £ a.'t (8)

As we saw inthe lechre, -3 = 3,9 | and His ic nvariait under loreutz
boosts, becouse (8 is a ecomstaut ‘:aramf‘er)

A%

9,0 — 2%3,2%_=2379 . (9)

This shows tRot e €M (1) is invariawt under lorentz transformations,

NOTE: awm o‘o;)ed' U, of sPIN s browsforms as follows under lorentz boosts :
US | — U'S = .ase- US ) (\0)

so o'ojed:s of duﬂ'erm{ spin tronsform &%M\y .



