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(Ex T+
In this exercise you will (arn how to gemeralise tha Bgomol'nyi bouns
o field configuralions with | topologicad charge|>1 .

@ Ex()lqin uol\\/j the BOﬁOM. a@uwuev& @'\\/zw wm thae ledares fails to
prvicde o useful bownd ow the 2uargy. of a soluflow of tha S-&
eqn w/ topological oe»qrg:z, Ne-n_=2. What's the most that
can be sud abod the ewrgy of « Held witk n,-n_=k ¢

*N :ZQi'\z?u'
| R /_\
'Boaom.cl'v\@\: E=\fdx. [7'2-(11-{— lu?' + 1-cosw
‘ + 2 X
| ~00 V7, v/ Vi
| o) o o

yoo
I/ -

+o0

[ (30 + L (e 28t )] w4 (o
v
o o

- 00

oo

4l

. ul(j:oo/-t): 2y with k=N -n_.
00

{Cpig %1]-00 = Cos(rmf)-' cos (1n ) = Q“)nf - (">n‘

s SO MR R GO T ey

Ez +\£ms§}j:k= O which we alzady kg

FWW ke
S2a || =4

0 ) K 1S _uen (samet as k:ola)
g€ , kis oda (awe as k=)



@ For (a s -Gordon field u, amwro.hse, B 30\9‘”“*9"'%]& a@umm‘t
4o show tRak

o 2 2 N r E

Ad.x,[:,,_'-u,c«i-iz-uxi- (1-o°su)J‘ = 1:4-{&;3 %}A .

I

&
Skolx,(:” uly ;u‘; t 28w 9;}

];2 € {anLx—Aﬂ.riuw{ve,
= TR 1 +2.S‘L\u.:2. o \ 4
S&{X[ Ly ¥ 3 (UeE280T) T 2using
: R B8
= [ [Lule Llu, £2sT) £ Hoosd) (eos 4
cgnk{:zue-('z(uﬂt GWZ)J:& w8 g | 4 54
A | i v A A
| I
| o o

i
|
|
|

i
|
i f

| {
(3) Use His result and R idkemuchots valus Heoreu 4o show Hhat
ic the ?k-\eko\. w has thx bouwola:\j conditiows of a k-~ kinlk ({&o.t
S n{’_—n~=k>) Han it anetgy is ot kast |k| tHimey that

i

ot aisivxﬂb. kink.. Can this bound be saftradtd ¢

We iwwkcl ke bo show ok ﬁaglm‘bp.o&qr}q_

Oousidzri a Sal'n W k=n-n_ , and d's sek Wi t)=2nn_ =0 wtog,
{zﬂ sb\.c.f"t;uxj w(x,t) ég an appropriale ‘m'Eazr multiple of 2T
|

Q(—m/f) =D u(foo)'t)z-iﬂk .

é

|
We. know;([assu.m:.j HRat™ w s combinuous, Bj P T adl valuses w {0,2nkj
are taleas &'ﬁ 4o fleld U ok Lastonce o xe®R. C:d-t—) “mif ‘('-Cxed,)

f

/



(-A:Suw\&, k>0 from now oA
Lt's call ®,<%,<.. <% the smallest values of = st u (x, k)=2en.

E.S  for k=3 L
(Fixed ¢) — 3

- P
\L Al

+X

+00 = £s x
‘ P2 o 3 r
€= de. & =de§ + |dx& ¢ jo\x Teeo t A &
e % *i * X
| =L, 2eu® W W
Whare = S U, T g %:J )
Now apply tHa 8og0 bound of park 2 Twrvol. by wzeval
Y
- I x, ‘ P . ,}zk_' ; ' :"W
S = fR [@s%ﬂ - 4-57_@0&%:} - -—4Sk_lx€,os% - 48"‘003515
~ ) X, A2 *

&

/[
\f,n. j'Sn =4+ S e Slau a?f)ear(wﬁ in tha 3030 @
X

P .4 ?_-DO.
— . & Lin UA , f, (= SR
| l,u = 2.8 - sm_Ll for X (%) | > (%KE+°O>
,‘ | =
\\ | /—7_ 42 o / .
. 4:1 (=t -l) - 4‘3% !\1*‘ L—t)) - 453 (=Y .- a\k terms)

+ - l

Pick a,\texmk‘wﬁ SgnS Sy= (= ; o thats ‘?:?, g k“

e The bound couw e Sativatzd € 4 =0 ama @k} lholds "forall?ce@gﬁ
'9("} {0" Qu n. The SO(L(*im s a S‘\‘nﬁc/ leinle or OLledhk/
whick owly +tends o wimger mulliples of 21 as @500 . Thak
Cw%mo%b Hat @ u('zm-t)s?;rm Lor -F{v«l‘E’In. S Ao

BCSOMO\?'“\‘_@‘ 290 (,kj\ cannct all be :bdl%%\m Smubfanzousy . 2E>2k

| € k>t .
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Ex 23

Consider the KAV equation u; + 6ut, + g, = 0 for the field u(z,t).

1. Show that p; = u, py = u® and p, = xu — 3tu® are all conserved densities, so that
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4. A two-soliton solution separates as ¢ — —oo into two one-solitons u,,, », and u,, »,. As
t — +o00, two one-solitons are again found, with p; and ps unchanged but with z, zs
replaced by w1, 2. Use the conservation of @), to find a formula relating the phase
shifts y1 — x1 and yo — 9 of the two solitons.
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Show that the two equations
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are a Bicklund transform relating solutions of the KdV equation
Uy + 6uty + Upyy = 0 (KdV) (5.5)
and the wrong sign modified KdV (mKdV) equation
— 6920, + VUgge = 0. (wsmkdy) (5.6)

(Note the appearance of the Miura transform in (5.4).)
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Show that the two equations
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are a Backlund transform relating solutions of the KdV equation
wy + 6utt, + Uy =0 (5.5)
and the wrong sign modified KdV (mKdV) equation
Vp — 600, + Vg = 0. (5.6)

(Note the appearance of the Miura transform in (5.4).)

Taking u = ¢2, where c is a constant, as a seed solution of the KdV equation, find the
corresponding solution of the wrong sign mKdV equation.
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