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(Ex T+
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PROBLEMS CLASS 3 - 23[1/2022

Ex 23

Consider the KAV equation u; + 6ut, + g, = 0 for the field u(z,t).

1. Show that p; = u, py = u® and p, = xu — 3tu® are all conserved densities, so that
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4. A two-soliton solution separates as ¢ — —oo into two one-solitons u,,, », and u,, »,. As
t — +o00, two one-solitons are again found, with p; and ps unchanged but with z, zs
replaced by w1, 2. Use the conservation of @), to find a formula relating the phase
shifts y1 — x1 and yo — 9 of the two solitons.
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Show that the two equations

{Ua: = —u— v’ (a) (5.4)
vy = 2u? + 2uv? + ugy — 2uLv (b) '
are a Bicklund transform relating solutions of the KdV equation
Uy + 6uty + Upyy = 0 (KdV) (5.5)
and the wrong sign modified KdV (mKdV) equation
— 6920, + VUgge = 0. (wsmkdy) (5.6)

(Note the appearance of the Miura transform in (5.4).)
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Ex 28

L.

2.

Show that the two equations

2

oy = —T—T
v = 2u? 4 2uv? + ugy — 2L )
are a Backlund transform relating solutions of the KdV equation
wy + 6utt, + Uy =0 (5.5)
and the wrong sign modified KdV (mKdV) equation
Vp — 600, + Vg = 0. (5.6)

(Note the appearance of the Miura transform in (5.4).)

Taking u = ¢2, where c is a constant, as a seed solution of the KdV equation, find the
corresponding solution of the wrong sign mKdV equation.
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PROBLEMS CLASS 4 — 3/12/2022

Ex 36

The Hirota bilinear differential operator D" D” is defined for any pair of natural numbers

(m,n) by
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2. Prove the symmetry property
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3. Compute the Hirota derivatives DZ(f, g) and D%(f, g), and verify that your expression
for the latter is consistent with the result for D3(f, f) given in lectures.
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Ex 37

Define a “non-Hirota" bilinear differential operator D" D} by

M N . Q a " 2 i " !y
Do = (g +5) (3 +ae) faned)

(note the plus signs!). - ~ for rirote

=z
t'=t

1. Compute D,(f,g) and Dy(f, g), verifying that in both cases the answer is given by the
corresponding partial derivative d, or 0, of the product f(z,t)g(x,t).

2. How does this result generalise for arbitrary non-Hirota differential operators (6.6)?
Prove your claim.

3. Compare your answer with the Hirota operators defined above.
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Ex 38

1. If 8; = a;x + bit + ¢;, prove that
DD, (%, %) = (b — by)(a; — ag)e®+% .

2. Prove the corresponding result for D" D" (e, e%), as quoted in lectures.
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‘2“ D-:\D: ({Q)Le,_) = (b,‘b»)_)w\(a\—-@“ &'0“!‘92.
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