€x 1

€tx 2

SOLUTIONS TO SELECTED €XERCISES

Sub w(x,t)= c»s&;z:-vt) n KdV en utbuu, +u,, =0
4
u, = —————— Sinh[x-vt)
(Dse?(x-vt)

-4

w, = \ -vt
S ) S )

12 : 4 g 2
= inh (=-vt) - = -
T otk (- vt) R costfx-vt) 1 o (z-vt)  colix-vt)

coskx—sinkexc= 1\

~16 4% ,
Nl ( oBdt) w.z?(«-vf)} 4l i)

4 sinhfe-vt) [ - =
So Kl = 0= = “”cj@.ﬁ) i %‘(*"’*)J '

Therefore  w

m—_ [ ek ! n 1 =4.
® k) is a solchon of kdV F (a cloulﬂ f) v=4
1. L& u(xt)=Ag(XT), whre X=8x aud T=Ct.

Chain rule = u (xt)=ACq (XT) | W (=)= ABG,(XT), W, (Gt =A333m(x,'|')

% u.t + 6u Wﬂ;\- U_”‘n = AC %T(X,T) + G'AZB %(X;T) 8x(,xl-r) -+ AE3 3m(X(T)

= AC-(g.4 )+ 2B 65013, + S 9001

¥ g(XJT) Solves KdV (imits variables X and T ') I then w(x,t) solves kdV
(in its variables % ond t) providid thak %:%3 =1, leconse in Hal case

U+ 6uusu = AC [3,(:(,1)4 sa(x,w) g T+ | m(x;t)] =0,

Ta
R kdv for g(X,T)

3
BB ey AR B




2. u(xt)= 8(‘& t) = T N 1-soliton. soliction of kdv

cogh’ (%~ -4t)
2e* A-parameler family
=> U.(x,'t): 3"3(8x)33t) = = 2‘3[3 (= &D = “s(";t) of 1-soliton sollns
(witk parameter B)
label , not
dcnva’c\ve'

3. (Height of ug)=28%" LT '
Qdocj,{au‘:ugz 5 = \!eloa*a—ﬂ.“uﬁ\»\'k'.

T “width” is o measure of how the lmp is comcabrated in space (x).

Stnce. e d:.‘;eudmcs, of ugon = is onb -Hmsu.ak Bax, we caw sa:,-l'ﬁa'k’
Q\lwl’cﬁ of us) oc -—- . The precise prolaorhcnala:ly fackor dipends e precise.

defintion of ld‘l’& %Smm Wk O’n,oo:'z.. but veqordless of tRat cleice
(33>0 wi‘l:&) 8 J
n WId{'ﬁ.

o loss of
%lral;{?n v —s 40 =B - w\dﬂ.—a-—wdfﬁ- >

Dan't werry f You were confused "\‘j part 3 because I didn't define the width
umhu\oiﬁuous(:j_ Mj aim was o make Yow Hink. about He meaning of widtl
(amd se2 how mahy of you would reolize “thet the answer was largely indapendesk of the dd"h) _

I malnk run a few more social ZKPQ,YI'.M&W.(.'S ke s du.rivg He geov, but ot in He xam,

1 prowise . And feel free 4o ask me ques{'ions about the homework if you think. you need

more information Han is given in o, taxct

SUMMARY of His exercise: For 4-solitow solutions of kdV

Heiak‘l’ o Ve(od%:, = Widkﬁ.z



€x 3

Direct method : check usiv\j the chain rule.

- ) | = =
L] u:t‘.' GE'\TUX-* v,«x" - L + 68'— uux"’ ? ux)q = E (u't“’ Guux* u‘xxx) = O °

E % Ez
aTlau.('x T) 2
o W + +EW, . = L T
A 6wWwW, X & @ AT g + 68 ux=Tu, (x,T) 4
+E&-¢& l&xxx(i,T)L__st = g* (u (=T)+ Gu.('x"l’)u (z)T +uw (=, T)JL
il =gt

Alferm‘\.’i\m&j, Suppose you didn't know the final 2qn for v w and warled
to derve ib.  Express w interws of v (fw) and sub in KdV egn:

. u(c:,'t):sv(z;t): kKdav = s.'\r-»es'vu'-rev =0

p & & &
> vt 6e TV, + Vo = O.

¢ w(x,gt)= ‘Ew('x;(.'): KdV for u(x,et) is

= M -+ Gu(x,at)& ("/3{')"' uxxz(‘x'd)

%t et)
ufret)=twixt) ;, L, (x,£) + £ w(-x,t)w' xt)+ 1 .Lw- (%t)
'F om ’at /

Ackt) -
) = a“ (:wt-;swwx-t-s'w;“_}
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WM e .Q —_— N

When e lm&‘:ﬂ, w solow is 'Fo.reh.ou.jk o He (ft of Hhe Luﬁ'('ﬂ. n solbow
Witk m>n) we can ewlve e tﬂsbm forward by one uwt o‘F'Hm..) to reduce

4R Sefqradnon L:

L —L-men .

We can teratt this uwhil +He sz,pa.raﬁou. £ reackes Ha range.

n&.€<m}

and dake s as our stqrhns {)o'tw'(f:

—m—¢ L sen—o

Lz:l:'s evolve_ -l:euls (.owf\ um{"lov\ -Pbrwo.rot ond see wln.a* L\-O-Haeus' '(:b 'Eﬁ:.'\:ulo sou.{fbus.
To cover all coses, we'll have T owlve the yystom by Ab=2.

m-£ L-n
m Q2 Y
t=0 ®ocoe fQ:.-'L: - '}'N“—‘ Malce sure You wnderstand
1 ':.Q.Q: O... how tuis follows from e
< : 000 . 00000

': Py 18 \ququwl\ooKm(L
If You Jou"l:) asle me .

Unless n=f | o t=1 Hoe sysbow is in au icterwediott configuration, stil in e widdle
of W wlirackion., But qlrcw:(d at t=2 e faster solitvn has overtaken He slower
after which 'l:ﬁ:.:, lca'qo 'b'uvd!iug_ undisturbed to ta rial\t/ witf, imo.s'iuﬁ se.para{:i.au.

To coleuldli . phase shifts of e two solitons, Uh's cowpare HRuir positions ot t=2
(after e i.w’&ra.d:‘lou) with Yo ‘»i&io-u.s '\7&:’ wewldl have had ok e same Hwe had
He other soliton nst bew Haore.



Coupamd, to t= 0, o l,wﬂlf& m sobtow has wmoved o te hﬂla'k ‘o&

w4+ m+ (m-.Q)-I—m, = 2m+2n

boxes. Tt would have moved \ea 2m boxes in e absence of anm in’h-mdflou/ so ifs phase
shePt is +2n .

Coupo.rev\ to 't=0/ o [I.uJK_ n soliton has woved to -lﬁ.,r';aLtly_ 0 boxes .
It would have wmoved I:d 2n boxes hod no intrackion tokew \o{m, tHerefore its
P‘nak %ewP(: is —2u.

CoNCLUSION :
The two solitons duarge frow. e inirackion with Ha sawme mﬁ& aund. velocities, bt

a.dvo.hu.ol/all.lm\,d l:g,
| Phase slift] = 2x (Longth of Hs. alover sclibow)

e Whokt can 3o"wvuu3" of L<n?

The S{'a.r‘an\ﬂ Pow\k is in Ho middle of Yo udeadion! See for instance t=1 in tha
picture above . This ig just an intrmedidfi cowfigurakion, wlick caw volve iflerat
O‘q’jeci's Hon e solitows appearing in Ha far \oa.rtl-citw'e_.



€x 5 To make my Ufe caser and aid mamory I will avoid colours
and use instead "1" for ke (blue) bal which is moved Arst
and '2" for e fred) ball which is moved afterwards.

E.g. 000 000 e 00

I

112 221 2 12
. Clerlg:
A row of n consecntive 1's is a speed n soliton

'
" " " n " ZS " " " v

"

becourse f a Sivxal:. cgbuV/{ﬂpe, of ball is ‘aresu\'k, it evolves as n
e sina\t, colour ball and Ybox model .

111 2222
111 2222

111 22272

. Nod:) consider a sequence/row where 1's are Szpamttd lw 2's , ¢9-

1121221
2 211112
2 2 lr112

Sine 1's move first, after om unit of time all 1's will ke consecukive  so {his is not
a soliton. In order to have a soliton, all 1's must be consecutive!

« Considar then a row of m 2's followed E\, nm 1's:

n-m m
Ay A ey

1111222
1ti1Vv222

s move frst, translating by n boxes to Ha right, and 2's follow.
—> SFmd n soliton .

This works for mM=0,1,2,.,n  => n+1 speed n sditous .




e Whok if we have m 1's followed lﬁ nm 2's?

N-M > m
B e e
222211

N-M.= m n-m< m

Py, | pr—— PN e ——

222111 22111
222 11 V2 22211\ 22 11

A's move first % m un;&s. 2'5 'Fou,ow

D n-m>m : at kast o 2 overtakes the vow of 1's.

2) n-m=m . Gunal aw-RauratiOu = nhal @wﬂauraﬁov\.

— Speed m=% solitn  (if ne22).

39 n-m<m : e row of 2's is bft behind .

. Fiwa..(&j) whok akouk

o

b c

222211122222

'S move Hirst,  leaving a gop between e two rows of 2's . The gep is (parﬁql&,
or Compldal:,) Filed by some 2's frowm e W group, buk aryway He 2's

from e right group Lave a gap of (of kast) c empty boxes to e

ek of e row of 1's .

SUMMARY :

- nis odd :

* N \s even:

222 111222222 — Not & soliton !

N ———
C

tlare are n+| lmgH’; n $ou.+ovxs) all of s(aaol n .

n-m m
111222 m=01,2 . n.

N R

n addibion 1o the above) Hare's an extra \nvﬁfe\ n
solkon of S(aeo.d %: W,

M. m

’\Mm

222111\
222111



In ‘facx ) His latker soliton is betler ‘H’\ouakfa(' as e umion of two
consecutive lmg(‘ﬁ. % and sperd % solitous.

TIndeed J consider the SCMI% (—* Ex 7)

speed 3 2

Nott Hat numbers (jcolours) are reshuffled = but lemgths and speeds are unchonged.
The lngth 2m and speed m soliton breoks up inte two \o.v\\a%ﬁ m and speed m solitors.

— ook at €x L {To £xplore more ’Proper\'ie&.



£x 10

=R

-0

2 [ken- t o
L SEe®a

L J[Ex-w(a){j

oo -2 . <t —\2 - [P o
“Alk- 1Bk Bk - B(k-k Bk
. Sdk ek(k k) + - 2: jdk QA(k—K) +iB(k-k) — ‘2’1

A (ex- £
L SO

Iy (o -AR+iBh
- [§
jdh e

-—

‘BE _A(h-iBY _E‘ Bk -8
1 Solkz( zA)__e%:\[%%‘ /an
(.

o)+ Ak x-w(Ot
2. 2(xqt)= sdk SR wilkmuloy]

; Pk ik-B) -t (D (Tt - 2 0t (Rt

w [+ e @t] (L) + 4 [x-w(@E]) ()

(2-wi©t)*

—

T, e iwER]

o+ Tu'@t

3. Tha mielope , which, s obfoined by Seolelug o te. absoldt volus. ({hus
waﬂ.&h«{j the osd.ua.‘to\a pa.rt’)) s (mdl‘\:ﬂak aeR)

Van
,Z\ =‘74 W \* 1-‘4
(40*+ w(e)t

B&'\'ﬁxw@ s meoms Hhak
He mr&’m.olbu‘% Rz wave
Arcreases with tiwme .

a’

" 4ty W€ ¥

| [_'x- w' (V)t]z

Profil. cedbred ok x=w'l)t
Wit Wi~ 4ats WET 2



€x 1 Sub in plane wave u(x,‘\:)ae&(kwwt) .

@ W+ U + 9w, =0
~ —iw +ik-k®z0 2 wK)= k-ak’ i, b
Phase velooi{a c(k)= Qk@ = 1-ak®
Group vzlocﬂra 3 ()= W)= 1-3xk™

b - dlu,, = B
( ) u"lf ax u'xx F u"H:xx k We mglnk be it restid
2 2 22 2 ol inte + s =Y
A~y -W "'ol,zk = @ k w ‘_-_"> (@ id—_"k{ 4—(&& Wt's h.a‘t'm{rc;o:ﬁe_\j
) el . c (k)= Q)('d =+ oL
Phase v ocd:}’ (k)= W

I k.

€x 12 U+ W+ u, +u =0

Sub in plaw. wave ufxt)= Qiex-wb),
~w +ik —ik® + A"k"=0
W)= k- +aA" k"
= Plane wave wlxt) = Rttt ol
Dissipation (0 comples) if me2Z (neven).
Physical dissipation (omplitude decays) ® ne4Z (nis a mulkiple of 4).

Lef n=dm . w(xz,t) = ol ] Exponeatiol clecay



2
€x 13.1 mKdV: w,+6uu, +u, =0

wou,u,— 0 Wt

X2 UXX
’ ] Ix}-> 00

Sub {:mvd.l.iv@ wave we,t)=f(x-vt) :

~vf'+ ef4'+ t"=0 for £(8), E==x-ut
Ix\feam't L ~uf + 283+ £ "= A int:zngcicw congtant
Be. #,F',-F"I-l—éo = A=0 .
Mulﬁp‘j ‘"J + and iv\'(i.am'b.: -%-Fz +1z-(:4+ i—(?')"-— B

Be = B=0.

So -% (f T+ i— +*(£-v) =0

"

Vi)
J< O \J=0 \J > O
V4 Vo4 vV 4

\/_

L

£

VY

-2 = f

The be. Tl us Hat we start of -0 , tharefore o noxtriviak travelling wave
Solution will ov\lj oist for v>0 corresponding to rolblna down and than up to V¥,
aud taew back B £=0 . (If V<O, Hon -F(§)§O)

Therefore we onticipatz that for v>0 thare will ke two 'ﬁ'aveﬂivﬂ wave sobutious .
Let's find tham o.ua.ljﬁca(!ﬁ,

TU focus ow the Soldiow with o<t sl since e offer solution can ke found bg
Sevdivﬂ 'C —-{.

l= _pr df' T
=t ffvpr = JP — = *§




U.sinj Ho indefinite ivdi.am.[ J Aer s ~arcsech(x) , we obtain

2fl-2t

+ ’S' = - .'_W arcs:.d\.(ﬁ_) + x‘o/_\intzarafiw cowstawt

1= £ =17 sech (70 (5-=)] = & sech(i¥ (5-=)]

Threfere e two {rmvdliha wave solutiows are
wx,t) = £ v seck {\h—r Q&-x,—'\rl'.ﬁ :

€x 13.3 " ¢ IE Wy = Uy + 20 (W) =0

Wy, %y w+1 — O
x-)-00

w u-1 — 0O
k) L x3+00

Sub in '\:raveﬂiwa wave, W(x,t)= f(x-vt) =L(%) :

(-v¥)$"= 2 (%) & =2t (F%)

:

Multiply b\c, ' and iv\t.amt: —G) =¥ (— ) + A

<>
>

8c. = 0=K"(;‘£-l)+A- = Asjz_z_

S 46F-Ly(PF -0 AW
\_—7——-’

= V(f)
= f'= £y (%))

et

Acoord;:uj t He L.c.'S, ve look for a sobdiow whure £ arows fom -t B 1. This selecks

=x(-f) = y§=

YRy

Thurefore He '(‘ro.VeUA,ua wave solubiow is
W, %) = fouh (y(x-xot)]



€x 13.5 Bu.raexs ; wruuw, —u, =0

U= u,, w,—0 as k- -00
(%7\&\70)
w4, u —0 0S X-+0

Sub in 'Eravdb’.na wave, U(xt)= f(x-vt) =L(E) :
~vf' e - 2'=0

ng v Pl f = A (»)
Impose 8 £ -g:)&uo -Fg:nou\ , £ ;::S .

A= L uglurav) = Lu,(ur2v)
Uo+Why
= W = 20(urw) = U= L)
= A= - JQ-. w,
Ivﬁﬂm‘(ﬁ (3) b\tj separakion of varables:

df
£1- (g + wou

|
| Coyewy - 26

) () =)

= ljdg

= lE - 2

Nad uw<fcu,, s
l_:-: = exp [—— (8- %)J

£(x) = Ug+ Uy exp[-:,—.u,@m)]
1+ 2xp [m(g-x.)_]

CHEC
2
% u(‘x."t) = uo + uI ex'P [-“T'—u-( (x'-xo"“z'(uo"'u-!)tl_)— ;:T; U.o
1+ exp (25 (- %-terb) N
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1. Fe.l)= —osin8, += (6, n)+1—(e,...-9) -——V({ m))
atnv 3ml _ ust
ZF %n\/ =F --a%"\/*"

This can b inﬁ.ﬁfaﬁd o
gnw 1 } cheae Kok partial derivakives
v ({6,‘}) 1 (’L.,,\Zf,z(‘l o 8) reproduce. the above {forces!
v ({ 6“3) 8 2o v%l (.Gmu 9“)
whae T've closon o igration  coustouks so Yot VI =0 when olf
Pudu\o. Po?a'b down amd yhist _ g whon ol (aev\au,l.o. ore aﬂ»dmcl So
\/({ }) = a ): (“-ws8)+ — L (6, -6,) .

2a ne2

2. In the comnoom umim, He s {8,(%)) approximatis o contimuous funchions
0 (%) , st B(x=na,t)=9,():
0

P x
a

Byt defivition o€ e drivative as a Laik
M —> 8, (xemat)

a0

ond, f.:.; He defivibion of %i»\'hjml as a Wt of a suw

a.%l-(l(en) — _Ld,x +(8(x.¥) LT — ,’/-\/I

————

Th our case

=aZl [(1 c088,) + L (%&3:)‘ = Io!x [(4-00; O(xt) + L © (‘x,-k)i‘

ned
Simi larly i

l o

=& .EQ. Jd 1 2
2 DO o Jd peey
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1. E-= Id«.[ u.t-r-'iu.:+ 2 (w= Q)J Q\,a>o)

2 2

E<40 = Uy, Uy , W= —>0O as x—x 00

Huxefore. w— @ or -a .

2. Thare are 4 o‘:-l-'\ms o.ccord&ua ® e asaup\:'éﬁc voluss o‘e W as X— £00 :

B.C. 8.C TraveUuS wave sol'n
u(-00t) | u(+o0,t) w(xt)

- _ —a

+a +a +a

-a o | ia-tanhfadX \‘(x—z,-\l’t)]

+ o -a - a.- tawh [afk g (- 2-vt))

where 1 nowtrivial travelling wave solutions
(k) = = o tonh [adX g e-x-vt) |
are obfaind as in axerciz 133 (Hh uly difference locing a, ) 3 1).
The comsboud solubions have O omrgy whireas for He vonbrivial solokions

U.: = o.*)\zg‘-\r" sec&.4[afx x(—x-x,—-\rt).]
ut = a*Ay* - sed?[ n )
){u-a)- Ao .se.df'[ p J

us(ug ddx tanh % = sech’=

ond. tankix -1 = — secl®x

= €= L[ = [uprulen@ay)= 2 (4+6‘0+v‘))j3* seck*[alXy(x-=xsvt))

-2/_“... Pt - .
e e L“U 2 = P
=27 "i‘ 3
Stedic solubions (‘\r=0 e Y= 1) have e lowest enrgy M= E,vw: %a‘ﬁ )



+0o0 00
3. €= [de[ulegutad(af]og | de(uis (nrmea) = 2fu(ea)]

_ _:1_ L”dx[u:+ (u!-_p{{(u‘.at))’j = I (%3_&?-“-[:
= + (N [%’“z“yu

For e "kink" lim u=xa, Ruehr

X-» %00

€3 *ﬁ-z-(%s-a.‘-o.)=:--§-ﬂa3 = e;-‘é-ﬁa?,

E=§.\Ra} W uw

=0 and u, +{X(W=a*)=0.

Ih"'za?othma , I du =X jdx. = j: arctanh % =X ('JL- ‘&,)

o-u*

= w(z¥) = o tarh (oK (x-)

which is inded He stobic kink fund in ra.\r{' 2.
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T/

Xe [-1([2,1\‘.12.] E= jdx. Ji (u:'+ ul+ 1-u.")
-1\'[7_
w(xt) satises |uixt)lel ond 8  |u(zL t)|=1.
w2
t ZLan (u.,‘ :l-.\(lT(E) jdzu. [T (= Wf u,=0)
-
w .n“)
2 ?j dw i1-u* (-—- W ou,= \-u})
%(-%",k) “(11 'k)
2 F -?L_ [u\r;u?-l—o.rcs{nuj i
u(C2H

‘Kink' : w-2,9=-1, u.(+%,t)=+|

[ ]' = arcsin(1)-arcsin(-1) = TC .

Hence. €= -"9‘7 ) picking ®e (ower sign.

The bound ‘s saturaftd i w,=0 awd u. =l .

Iwber‘ohvg ,
J T sz. = arcsmu = x-at
Tmpose BC : { arcsin (-1) = -17'_-4.0 s
arcsin (1) = +_T5!_..'x_°
= u.(x) = Sinx Sofuralzs e lower bound .

CHeck: E-= “'Idn(u U +1u.J J-Sol‘x.[0+cnsx+1 sz._)-j::}——*wszx

n
-nj2 -%|2 z’

n|2






€tx 201

Sine - Gordon kink of ve,loci{'j LV w(x,t) = 4 arctan (ex(t-z,-vt)) |

U-P to normalization, the TOPOLOGICAL CHARGE is

Q, < —[u)i: = 2“' 1.
(Any normalization 15 fiw. T just wanted to 30 Qe [u]l )
The ENERGY is
€= .f dx | Zug+ 3

=T (4 0ev?) g 4 sedd® (yemsot)) + 2300 (20rckun (J"‘ *-"U))J

= 1 [Ty (2155 edi(y) + § sie ovoban (e} farchun o)) ]

Tut+ (1- c,osu)) j dx [-’-(1-&'0")0.,( + 2 5in

Lk o= ard'm(-e"). Tn e logt torm is:

r R R
g sin*p-cor’e = 8 ta0 e = 8 ﬁ“—é—— =22 = a2.[-Z ) = 2 5ech(y) .
(‘\'au.z'a-h) tan e +-l1-z'_6 23+ 29

= €= 2 [dya (20 ) aklly) = 4y [Ty wily) = 8y -
The MOMENTUM s
P=r de W = v Sd.-x. = 4-'0”62‘[0!«. sec&"(g(-x-x,-u‘t))=4‘6v:f:da &edrf(\a)a 8yv-.

AL Hese 3 d‘o"'a‘" ore  Cowserved (f—iud:.‘aw.c(m*).

In terms of s wmass M=—€|v=°=8

€E=My= = M+ LIMv" + O(Mv?)

-u"

P-= Myv = Mv + O(Mv?) .



€tx 23

1. %o e, and e, se o lecturm welzs. 'Fbre' :

(= u-3‘l‘u€‘)* = xu, -3u’- ebuu, I (6uu,+u,) =30+ ctu (bun 4w, )

Term b\j torw:
—6xuu, = -(3zu) +3u*

T U T —(‘x.u.“)! U= (.-x“mx"'u‘x)x

3

3ctwdu, = (1atd),

Etuu,, = (_G‘l’u.u”)‘ -ctuou, = (G":uu“-:'il?u:)x

= (), = (z:m-a’cu?)t = (-3xul- 2w +u rntuds c{:uun-sbu;')x = -—(j,)x )

oud assuwing Hat u oud @5 x-darivakives taad to O fost amough as x—s00,
Q, = [ (xu-stu)

o ot charge Ve @, and Q, .

More ?n.clszlg: He wsual be's imply Kok wuyup,). =0 as xlmoo ¥E.

Tn order to have a couserved ckou-ag, Q,, however, we ward  Liw 3, = Bl ), ond Q ke

AU+ ® A3 -0

For ¥ (aﬂlr) we wed w—oo faster tRow 'x.'z) waless Hoe are cancellotisus.

2. uw,'x., (x,-t) = 2.y3' wecd? ['L(-x-'x_’— "—JG}]
L “:l'z. 2 22 (n-Ot =
(I will use J:N x -———(2“’0\. ,

+ o0 +00
Q4= I:dw_ u,wt'(’ﬁ,ﬂ s .‘21[’-5- :lx. secl’ (‘,mc\ ’?— l}L:de mﬂ_‘a_= Ye-2 = 4§
‘o jzt*x

400
2 J 400 3
Q= ] e uyy () = 4 Jdn o= 442 dy seckly - 48 G = 5t
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