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SOLUTIONS TO SELECTED €XERCISES

2 :
Sub wlxt)= TS m KdV eqn  w+6uu +u, =0 :

U, = ———— Sinh(x-vt
hi c»se."’(x-v'\f) " L‘l \r)

-4

= \ -vt
u’% Cnﬁ&?(%— \rt) St\ﬂ-‘k("‘ )
12 . 4 g 'z
= ink '&—\r& -
e c:ole.‘(z- vt) sinkle-vt) cosbfr-vt) T ot (2-vt) T od? -v’\f)

cokx—sinkxc= 1\

-16 43 .
W, s =(cm9.§(:-vt) + C.od\.s(«-vf)] X\WL(*'\’t)

— 4 sinh fx-vt) ' (: = B 4
S =) O cosR3(x-vt) -cpz?(x.vt) b %ﬁ(—wt)J '

Therefore w=

s a solchion of kdV F (and o*-Jj i'@) =4

2
Cn&ﬁz(x—v'()

1 L& u(xt)=Ag(XT), whve X=Bx and T=Ct.

Chain rule = w L) =AC 31,()( T), W (xt)=AB 3x(XT), uux(z;l:) =AB33m(X,T)

S u+euw su = Acg (X T) + 648 3(XT)3x(xT)+AB"3m(x;r)

= AC- [g, x‘r)+ 63(_)( T)zx(x“r)-+ —3m(x T)]

¥ 9()(,1’) Solves KdV (inits variables X and T!) then w(xt) solves kdv
(in its variables 2 ond %) provided thak %:%: 1, lecouse in Halk case

U+ Buu+w = AC [3T(x,'r)+ sa(x;r) 3x(x;r)+ 3 m(x;r)] =0,

== kdv for g(X,T)




2. w(xt)= glat) =—=——0 1-soliton  soliction of kav

cogh’(x-at)
ar? 4-Pammdfer 'Pam'\l:’
= u(x,t) = 8 B(Bx) 331:) = T [B (et B = u.s(z)t) of 1-soliton sollns
(wi{'ﬁ. parameler B)
label , not
derative |

3. Q—‘eijkk of U‘B) =2%* L :
(Velocity of ug) = 48> AN AR E N )

T “width’ is o measure of how Ha lwnp is concubrated in space (x).
Stce.  the cl:.‘;eno(mu, of ug ow = is ou‘:j -l;l\muak Bx, we caw soj-kﬁd:'
Q\ltd‘l'ﬁ. of u3> 05’ -18- . The precise prororl:icnoﬂy fador Jtptuob ow precise.
Woﬁ:ﬁ {e.cd'dw. mi.‘jl\'k dmovz..) but regardiess of Hat cleica
wid#f
2

B>0 with

(M) loSS 0"
“thral;’tj ) v —> 44 = B - widt, — -:'3— widff =

Dan't worry f You were cowfused lﬁ part 3 because I didn't define the width
umm\oijuousld_ M]j aim was o make Yyou Hink. about Ha M.Qan'lhj of width
(and se2 how My of you would reolize thek the answer was largely independuk of the dv.{"h) _

I ma'n{? run a few more social -QKPG.H'.MW{'S kke s duriy3 e g, but ot in tHhe xam,

1 prowis? . And feol free to ask me que.s{'ions about e homework if you think. you needl

more information +Ran is given in . taxt

SUMMARY of His exercise: For 4-soliton solutions of KkdV

Height o Ve(ooi{:, « WiaZ



€x 3

Direct method : check usiv\j the chain rule.

- ) | = =
L] ‘U:t‘.' 68'\)’\7,(4' v,«x’ ‘E u‘t*‘ 68‘8-3qu+ ? uxxx =t _2— (ut"’ Guux* uxxx) = O °

DTlau.(x T) 2
o W + -+ & = 2 T
T+ WAL+ EW = € @ |, e WD)
+&¢ u’x:x("/T)L._st = g* (u' (-x"r)+6u,(::‘l’)u (“)T o u'xxx(x T)JL
5 =gt

Alferm‘\.’i\l&h) Swppose you didn't know +the final 2qn for v w and warled
to derve ib.  Express w interws of v (fw) and sub in KdV egn:

. u(or.;t):sv(x;t): kKdav = s.'\r-»es'\m'-rev =0

p & & &
= vt 6e v, + Vo = O.

¢ uw(x,st)= ‘Ew(x;l':): KdV for u(x,et) is

_9 ulx,et)
o (0) _Q(:F + 6“(‘1,5{7)“ (“/s'f)"' uxxz(“tld)
t)=1
ufx,et)= \::*) a e <4 w (%) + w(-x,t)w- &t)+ 3 Tw_Gt)
__
'a(s‘t) = 62 (:'w,t-t- wax + S'w;m_}

from ==



€x 4

(——M——be————ﬂ —_— N

When 4Ac (mg{‘e‘, w soldow is -Furen.ou,jk 0 Ha Lt of Hhe Lw:il'ﬂ. n solitan
Witk m>n), we con ewlve e sjsbm forward by one uwt o'F-l:lm_) to reduce

‘lex,&farahow Q:

L —L—men

We can thrati this webil +He sepoxa*:iou £ ackes Ha range.

r\.s.€<m.}

and ":a.\a. +ﬁ;s as our s{:arﬁug ‘:o‘m.f:
—m—DQsen—

l.z:l:'s evolve. ":evls c.oh{‘ijumﬁov\ -Pbrwa.rot ond see wlwl' L\Aﬂaeu: {'b '@ﬂx_'buo souk:ms.
To cover all coses, we'll have T evolve the gystom by Ab=2.

w-1 L-n
8 02 Y
-t .... .l.~s:‘:..]’- = '-"!"!’\’“‘_\ Ma.lCL ure \I’ou_ MMAUS'EOMA
=0 . : B P
T AR EEEE batl aumd box rule .

If you Aoul'lf) asle me_ .

Unless n=f | of 1= Hoe yysbom is in an intermedictt confiqurodion, still in e widdle
of #e wlirackhon. But Gll'coud:’ ot t=2 o faster solitow has overtaken e Slower
afler whick fﬁﬂ kesp 'bruvdliug_ undisturbed to te Hﬂl\t/ with, 'mcxaeasiuﬁ separaﬁcm.

To caleuldte o phase shifts of the dwo solitows, Wk's cowpare Huir positions o t=2
(a:ﬁzr e 'tvutm.d:ioa) with e \oet'\'(:io-u.s 'Hw:, weuldl have had ok e same Hwe hod
e othur soliton nst bew tfeve.



Compo.reo( o 't=0, He lﬂuj‘f‘f\. wm solton has wmoved to the h.a‘»* ba_
MLt mt (m-L)+m = 2m+2m

boxes. Tt would have wmoved \-»3 2w boxes in the absence of am in‘h,m.dﬁou,j so its pkq,g,
slft is +2n.

Compared to £=0, Hhe length. n soliton has woved to e right by O boxes .
Tt would have moved l.:;:, 2 boxes hod no inbirackion takew ‘a{cw., therefore tts
Fka:e. S‘ewp(; is —2u.

CoNCLUSION :
The two solitons Vusrge frow. e inirackion with He same l.u\j’ces amd. velocities, but

advanced [ ala.ln:’e.ol Lg,

| Phase shift] = 2x (Length of e alover slion)

o Whokt can 30“wma" o R<n?

Twe starting poink is in He middle of Y udurackion! See Hor instance t=1 in Ha
Pid'wz obove . “This g st an wctermediati m#aurd:in, wick con involve difforeut
O‘o"jeci's How o solibous appearing in e for past [fibure .



€x 5 To make my Ufe ecaser and aid mamory I will avoid colours
and use instead "1" for ke (blue) bal which is moved Arst
and "2"' Hor Hhe Qed) ball which s moved afterwards.

E.g. 000 000 e 00

I

112 221 2 12

. Clerléj:
A vow of n conseantive 1's is a speed n soliton

(]
" " " " " 2 S n 1] " (X} 0"

bu‘AALSe, '\‘F a Smﬁb. Co'ou!r/{ﬂpe. o‘e bodk s ‘aresu\i, '& zvo‘ve& as iw
tHhe sinah, colour ball and Yox mod.el .

111 2222
111 2222

111 22272

. Nexf) consider a szquena/row where 1's are Szparaut(d l-a\t, 2'8) e.g.

112122
2 211112
2 2 2

Since 1's move first, ofter ove unit of time all 1s will ke consecukive  so this is not
a soliton. In order to have a soliton, all 1's must be consecutive!

« Considar then a row of m 2's followed % nm 1's:

n-m m
Ay Ay
111 Vv222

lriv222

1's move -Rrs‘t, ‘trqv\s(a{'ivtg b:j n boxes to the r'cjkt, and 2's follow.

—_— S‘am.d n soliton .
Thie works for m=0,12,..n = n+1 gpead n solitong |

» ) TI))




e Whok if we have m 1's followed lﬁ nm 2's?

N-M > m
B e e
222211

N-M.= m n-m< m

Py, | pr—— PN e ——

222111 22111
222 11 V2 22211\ 22 11

A's move first % m un;&s. 2'5 'Fou,ow

D n-m>m : at kast o 2 overtakes the vow of 1's.

2) n-m=m . Gunal aw-RauratiOu = nhal @wﬂauraﬁov\.

— Speed m=% solitn  (if ne22).

39 n-m<m : e row of 2's is bft behind .

. Fiwa..(&j) whok akouk

o

b c

222211122222

'S move Hirst,  leaving a gop between e two rows of 2's . The gep is (parﬁql&,
or Compldal:,) Filed by some 2's frowm e W group, buk aryway He 2's

from e right group Lave a gap of (of kast) c empty boxes to e

ek of e row of 1's .

SUMMARY :

- nis odd :

* N \s even:

222 111222222 — Not & soliton !

N ———
C

tlare are n+| lmgH’; n $ou.+ovxs) all of s(aaol n .

n-m m
111222 m=01,2 . n.

N R

n addibion 1o the above) Hare's an extra \nvﬁfe\ n
solkon of S(aeo.d %: W,

M. m

’\Mm

222111\
222111



In ‘facx ) His latker soliton is betler ‘H’\ouakfa(' as e umion of two
consecutive lmg(‘ﬁ. % and sperd % solitous.

TIndeed J consider the SCMI% (—* Ex 7)

speed 3 2

Nott Hat numbers (jcolours) are reshuffled = but lemgths and speeds are unchonged.
The lngth 2m and speed m soliton breoks up inte two \o.v\\a%ﬁ m and speed m solitors.

— ook at €x L {To £xplore more ’Proper\'ie&.



£x 10

\BL S —A(h— L.&)“

=L

2(xt)= r:lk

=

A [‘t—!—-wcﬁ)t:jj

Pacd

= e:" (i -wﬁz)tJJdk e:

-8
dk = .o

=00 -2 . e <+00 2
“Alk- 1Bk Bk -Alk B(k-k BK -Ah
Sdk &A(k k) + - 'Q:. jdk A(kK)+1B(l ) 1 jdh AR+ 1BW

-0 (kW) + 4 [k x-w(Ot]
2

-a‘(b-w) Ak-T)e-ied (D (Tt - 3 W (Rt

[+ 3] (4 4 () ()

(z-wi©t)”

L Ex-e@) \[ _, EeEwEr]
ot+ 2 o) ‘Wt

3. The amelope,, which is obfoimed by Sooliug o the abselill watue. (s
u.aﬂ-&tta the osd.Ua.‘l'o\a pa.r-t’) , V8 (md!.“:eqt aeR)

Van
,Z,\T-'-'—"‘_ w ’-'l-‘q
(40*+ W) ¥

B\‘j'\'ﬁxwd, 10is meoms Hhak
o amplithde of Ris wave
Arcreases with tiwe .

a

o (w-w (\c)t)

Profil. cadred ok x=w'®)t
witl, widie? ~ 4o+ %t‘



€x 1 Sub (n  plane wave u(vx,t)-.-.a'.‘(b"wt) :
() WU + 2w, =0
~ - +ik-iakdz0 = wk)= k-«k® D"gt"”l.i‘“
Phase velooi'l-g c(k)= %':L 1~ k*
Group w,loa'.l-y < ()= W)= 1-3xk™
(b Uy - Cuw,, = U’
) hai F* F Fhxx L We uiglnk be interestid m
e G AV 212 = — _ ot in the + s Py '
W etk @km = w(@‘im ‘(Lmt t's m{“mkr;;:ﬁj
Phase velocily (k)= 0l _ , o
le Vit BEIE
k.
G weloc: k)= W) =+« —'—'-i :)r- 3
NM.P o'-'la- ca( ) ( ) [(‘*P‘lk‘&)h #‘ mz— + (l+ F‘ q.)‘ll'l-
€x 12 U+ Wo+uw,  +uw =0

Sub n qum. wave

=

Cyp—
n

W t)= 2 % v0),

-ww +ik —ik® + A"k"=0

W)= k- +a" k"

Plane wave

Ak(- ()] -tk
wlt) = &K ) g

DiSSiPa.'BOW (w Complex) i ne2z (n eveu) .

Physical dissipation (amplitude decays) ¥ nedl (‘n, is a wmulbiple of 4).

Let n=4wm .

U.('l’ 't) jm -Q.ik (_*“(.l-k’-)t] EKPOV\.ULH.QL Oll.caéj



