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Vorticity equation (inviscid, barotropic fluid):

∂ω

∂t
= ∇×

(
v×ω

)
=⇒ d

dt

∫

S(t)

ω·n d2x = 0 (Kelvin’s Theorem)

Induction equation (ideal magnetohydrodynamics):

∂B

∂t
= ∇×

(
v×B

)
=⇒ d

dt

∫

S(t)

B·n d2x = 0 (Alfvén’s Theorem)
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Hannes Alfvén receiving the Nobel Prize in Physics, 1970.
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after Moffatt 1985, JFM 159, 359.
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Magnetic helicity

H =

∫

V

A · B d3x , where B = ∇× A

I Under a gauge transformation A→ A +∇χ,

H → H +

∮

∂V

χBn d
2x .

I Under an ideal evolution ∂A/∂t = v × B +∇φ,

dH

dt
=

∮

∂V

φBn d
2x +

∮

∂V

(
A · vBn − A · Bvn

)
d2x .

=⇒ H is an ideal invariant in a closed magnetic volume
vn|∂V = Bn|∂V = 0.
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For two thin flux tubes,

H =

∫

V1

A · B d3x +

∫

V2

A · B d3x

↓ B d3x ≈ Φ d l

= Φ1

∮

C1

A · d l + Φ2

∮

C2

A · d l

= 2Φ1Φ2.

For a collection of discrete flux tubes,

H = 2
∑

i<j

Lk(Ci ,Cj)ΦiΦj .

Moffatt 1992, Proc. R. Soc. Lond. A 439, 411.
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Taylor 1974, PRL 33, 1139 → H is the only surviving invariant
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Counterexamples?

1. Candelaresi & Brandenburg 2011, PRE

84, 01646.

3

FIG. 5: Isosurface of the initial magnetic field energy for the IUCAA
knot seen from the top (left panel) and slightly from the side (right
panel).

FIG. 6: Isosurface of the initial magnetic field energy for the Bor-
romean rings configuration.

very similar parameterization as for the n–foil knots. We have
to consider the faster variation in z-direction which yields

x(s) =




(C + sin 4s) sin 3s
(C + sin 4s) cos 3s

D cos (8s − ϕ)


 , (4)

where C and D have the same meaning as for the n–foil
knots and ϕ is a phase shift of the z-variation. The full three-
dimensional magnetic field is constructed radially around this
curve (Fig. 5), where the thickness of the cross-section is set
to 0.48.

C. Borromean rings

The Borromean rings are constructed with three ellipses
whose surface normals point in the direction of the unit vec-
tors (Fig. 6). The major and minor axes are set to 2.5 and
1, respectively, and the thickness of the cross-section is set
to 0.6. If any one of the three rings were removed, the re-
maining 2 rings would no longer be interlocked. This means
that there is no mutual linking and hence no magnetic helicity.
One should however not consider this configuration as topo-
logically trivial, since the rings cannot be separated, which is
reflected in a non-vanishing third order topological invariant
[23].

D. Numerical setup

We solve the resistive magnetohydrodynamical (MHD)
equations for an isothermal compressible gas, where the gas
pressure is given by p = ρc2

S , with the density ρ and isother-
mal sound speed cS . Instead of solving for the magnetic field
B we solve for its vector potentialA and choose the resistive
gauge, since it is numerically well behaved [24]. The equa-
tions we solve are

∂A

∂t
= U × B + η∇2A (5)

DU

Dt
= −c2

S∇ ln ρ + J × B/ρ + F visc (6)

D ln ρ

Dt
= −∇ · U , (7)

where U is the velocity field, η the magnetic diffusivity,
J = ∇ × B/µ0 the current density, F visc = ρ−1∇ · 2νρS
the viscous force, with the traceless rate of strain tensor S
with components Sij = 1

2 (ui,j + uj,i) − 1
3δij∇ · U , ν is

the kinematic viscosity, and D/Dt = ∂/∂t + U · ∇ is the
advective time derivative. We perform simulations in a box
of size (2π)3 with fully periodic boundary conditions for all
quantities. To test how boundary effects play a role we also
perform simulations with perfect conductor boundary condi-
tions, i.e. the component of the magnetic field perpendicular to
the surface vanishes. In both choices of boundary conditions
magnetic helicity is gauge invariant and a conserved quantity
in ideal MHD, i.e. η = 0. As a convenient parameter we
use the Lundquist number Lu = UAL/η, where UA is the
Alfvén velocity and L is a typical length scale of the system.
To facilitate comparison of different setups it is convenient to
normalize time by the resistive time tres = r2π/η, where r is
the radius of the cross section of the flux tube.

III. RESULTS

A. Helicity of n–foil knots

We test equation (1) for the n–foil knots in order to see how
the number of foils nf relates to the number of mutual linking
n for the separated flux tubes. From our simulations we know
the magnetic helicityHM and the magnetic flux φ through the
tube. Solving (1) for n will lead to an apparent self linking
number which we call napp. It turns out that napp is much
larger then nf and increases faster (Fig. 7).
We note that (1) does not apply to this setup of fluxtubes

and we propose a different formula which relates the magnetic
helicity to the number of foils:

∫

V

A · B dV = (nf − 2)nfφ
2/2. (8)

In Fig. 7 we plot the apparent linking number together with a
fit which uses equation (8).
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FIG. 21: Magnetic energy versus time for the different initial field
configurations together with power laws which serve as a guide. The
decay speed of the IUCAA knot and Borromean rings lies well in
between the helical and non-helical triple ring configuration.

FIG. 22: Magnetic field lines at t = 0.248 tres for the Borromean
rings configuration for Lu = 1000. In the lower left corner the inter-
locked flux rings are clearly visible which differs from the proposed
trefoil knot [23]. The flux ring in the opposite corner has an internal
twist which makes it helical. The colors denote the strength of the
field, where the scale goes from red over green to blue.

The power law of t−1 in the decay of the magnetic energy
for the IUCAA knot and the Borromean rings came also as a
surprise. Since these configurations do not contain any mag-
netic helicity we expected them to decay as rapidly as the non-
helical triple ring configuration with t−3/2. The observed de-
cay rate can be attributed to the creation of local helical struc-
tures that constrain the decay of the local magnetic field. But

we cannot exclude higher order invariants [23] whose conser-
vation would then constrain the energy decay.

FIG. 23: Magnetic field lines at t = 0.276 tres for the Borromean
rings configuration for Lu = 1000. The two flux rings in the corners
both have an internal twist which makes them helical. The twist is
however of opposite sign which means that the whole configuration
does not contain magnetic helicity. The colors denote the strength of
the field, where the scale goes from red over green to blue.

The Borromean rings showed clearly that local helical
structures can be generated without forcing the system. These
can then impose constraints on the field decay. We suggest
that local variations should be taken into account to reformu-
late the realizability condition (2), which would result in a
larger lower bound for the magnetic energy. For astrophysical
systems local magnetic helicity variations have to be consid-
ered to give a more precise description of both relaxation and
reconnection processes.
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Aims

1. How do we quantify 3D reconnection?

2. What (quasi)-invariants play a role in magnetic relaxation?

11 / 24



Field line helicities















































































lim
ε→0

∫

V (ε)

A · B d3x .

Taylor 1986, Rev. Mod. Phys. 58, 741.

Berger 1988, A&A 201, 355. → energy formula for force-free fields
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Our flux tube

Bz > 0





























































































































































The relative helicity

HB′(B) =

∫

V

(A + A′) · (B− B′) d3x , where B ′n|∂V = Bn|∂V ,

is independent of the gauges of A, A′ and ideal invariant for v|∂V = 0.

Berger & Field 1984, JFM 147, 133.
Finn & Antonsen 1985, Comm. Plasma Phys. Contr. Fusion 9, 111.
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Topological flux function















































































A(x0) =

∫

Fz (x0)

A · d l.

∫

S0

A(x0)Bz(x0) d2x0 =

∫

S0

∫ h

0

A(x(z)) · B(x(z))

Bz(x(z))
Bz(x0) dzd2x0

=

∫

V

A(x(z)) · B(x(z))d3x

= H
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Winding number

C (x0, y0) =
1

2π

∫ h

0

d

dz
Θ(x0, y0, z) dz

where

Θ(x0, y0, z) = arctan

(
r2
r1

)
,

r(x0, y0, z) = (x1 − y1, x2 − y2, 0).

In the Biot-Savart gauge

ABS(x) =
1

2π

∫

Sz

B(y1, y2, z)× r

|r|2 d2y ,

we can write

A(x0) =

∫

S0

C (x0, y0)Bz(y0) d2y0 := ABS .
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Simple example

B = B0ez + B1rzeφ

A rare example where we can integrate ABS explicitly:

ABS =
B0r

2
eφ −

B1z

2
(r2 − R2

0 )ez .

The field lines are

r(z) = r0, φ(z) = φ0 +
B1

2B0
z2,

which have uniform pairwise winding number

C (x0, y0) =
B1h

2

4πB0

and uniform

ABS(r0, φ0) =
B1R

2
0h

2

4
.
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Gauge dependence

A→ A +∇χ =⇒ A → A+ F ∗χ− χ
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In a rotated frame,

r ′1 = r1 cos θ0 − r2 sin θ0,

r ′2 = r1 sin θ0 + r2 cos θ0,

we get

Θ′ = arctan

(
r ′2
r ′1

)
= Θ + θ0.

In a general gauge,

A(x0) =

∫

S0

C ′(x0, y0)Bz(y0) d2y0

where C ′ is the winding with respect to some frame field θ0(x0, z).

Special case: If θ0 = θ0(z) then
F ∗χ− χ = constant =⇒ A = ABS + constant
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The Biot-Savart helicity

HBS(B) =

∫

V

ABS · B d3x .

For any reference field,

HB′(B) = HBS(B)− HBS(B′).

cf. Hornig, A universal magnetic helicity integral, 2008 (gauge ∇⊥ · A⊥|∂V = 0).
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Completeness theorem

(a) Let B, B′ share the same Bn on ∂V , with n× A′|∂V = n× A|∂V .
Then

F ′ = F with same rotation number =⇒ A′ = A.

If the difference in rotation numbers n ∈ Z is non-zero, then
A′ = A+ nΦ0.
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Completeness theorem

(b1) Let B, B′ share the same Bn on ∂V , with n× A′|∂V = n× A|∂V .
Then

A′ = A for every gauge ⇐⇒ F ′ = F with same rotation number.

Proof.
We need (F ′)∗χ− F ∗χ = 0 for an arbitrary gauge transformation
A→ A +∇χ, so must have F ′ = F .
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Completeness theorem

(b2) Let B, B′ share the same Bn on ∂V , with n×A′|∂V = n×A|∂V , in
the specific gauge Ar |S0,Sh

= 0. Then

A′ = A ⇐⇒ F ′ = F with the same rotation number.

Yeates & Hornig 2013, PoP 20, 012102.;Yeates & Hornig 2013, arXiv:1304.8064.
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Completeness theorem

(b2) Let B, B′ share the same Bn on ∂V , with n×A′|∂V = n×A|∂V , in
the specific gauge Ar |S0,Sh

= 0. Then

A′ = A ⇐⇒ F ′ = F with the same rotation number.

Proof
Let G = F ′ ◦ F−1 and aim to show G = id.
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= 0. Then

A′ = A ⇐⇒ F ′ = F with the same rotation number.

Proof

1. If Ar = 0 then Bz > 0 =⇒ rAφ > 0 for
r > 0.

2. Two loops on the boundary imply

∫ Fφ

F ′
φ

rAφ dφ = 0,

so by step 1, G |∂S0 = id.
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Completeness theorem

(b2) Let B, B′ share the same Bn on ∂V , with n×A′|∂V = n×A|∂V , in
the specific gauge Ar |S0,Sh

= 0. Then

A′ = A ⇐⇒ F ′ = F with the same rotation number.

Proof

3. For any curve γ ∈ S1 from x0 to y0,

A′ = A =⇒
∫

G(γ)

A · d l =

∫

γ

A · d l.

i.e. Aφ(G (r , φ))
∂Gφ
∂r

= 0, (1)

GrAφ(G (r , φ))
∂Gφ
∂φ
− rAφ(r , φ) = 0. (2)
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A′ = A ⇐⇒ F ′ = F with the same rotation number.

Proof

3. For any curve γ ∈ S1 from x0 to y0,

A′ = A =⇒
∫

G(γ)

A · d l =

∫

γ

A · d l.

i.e. Aφ(G (r , φ))
∂Gφ
∂r

= 0, (1)

GrAφ(G (r , φ))
∂Gφ
∂φ
− rAφ(r , φ) = 0. (2)
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Completeness theorem

(b2) Let B, B′ share the same Bn on ∂V , with n×A′|∂V = n×A|∂V , in
the specific gauge Ar |S0,Sh

= 0. Then

A′ = A ⇐⇒ F ′ = F with the same rotation number.

Proof

4. By (1), Gφ = g(φ), then the boundary
implies g(φ) = φ.

5. Then (2) gives GrAφ(G (r , φ)) = rAφ(r , φ).
But the Jacobian of the transformation
from (r , φ) to (rAφ, φ) in each plane is
non-zero by step 1.
Hence Gr = r and G = id.
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Conclusion

We have identified a finer-grained invariant than magnetic helicity and
shown that it is complete.

Ideas we are working on:

I How to measure discrete reconnection rates with the flux function?
Yeates & Hornig 2011, PoP 18, 102118.

I Which functions of A are the most robust invariants?

I How to extend to more general magnetic fields?

The ordinary magnetic helicity is a meaningful quantity whichever
gauge you choose, but the Biot-Savart gauge is the best choice.
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