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Abstract. We study a continuous-time stochastic process on strings made of
two types of particles, whose dynamics mimics the behaviour of microtubules
in a living cell; namely, the strings evolve via a competition between (local)
growth/shrinking as well as (global) hydrolysis processes. We show that the
velocity of the string end, which determines the long-term behaviour of the sys-
tem, depends analytically on the growth and shrinking rates. We also identify a
region in the parameter space where the velocity is a strictly monotone function
of the rates. The argument is based on stochastic domination, large deviations
estimates, cluster expansions and semi-martingale techniques.
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1. Introduction

We consider a stochastic model on semi-infinite strings introduced by Antal
et al. [1] as a model of microtubules, which evolve via a competition between
(local) growth/shrinking and (global) hydrolysis. The model was rigorously
studied in [5], where, in particular, its long-term behaviour was described in
terms of velocity. The purpose of the present paper is to study dependence of
the velocity v on the growth (AT, A7) and shrinking () rates. We show that the
limiting velocity v analytically depends on these rates in the positive orthant
of Ri, and prove that it is strictly monotone in the region A= > A*. Notice
that this monotonicity property is not universal; indeed, for some values of the
growth rates in the complementary region A~ < AT, increasing the shrinking
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rate forces the velocity to change its sign at least three times [4]. This feature is
a dynamical analogue of the so-called re-entrant transition for the Ising model,
observed in [11].

1.1. The model

Informally, the model can be described as follows [1]: we consider semi-
infinite strings made of two types of symbols, ® and © (and containing at most
a finite number of @’s), whose dynamics is as follows:

| ...... EB> —s | ...... @@> rate /\+,

| ...... @> — | ...... @EB> rate /\_7 (1 1)
| ...... @> — | ...... > rate j, .

|- ®--) = | 0--) rate 1.

In words, the strings can grow by adding a @ symbol on the right end with
rate AT (if the current right end is @) or A~ (if the current right end is &) and
can shrink by removing the extreme & symbol on the right end with rate p; in
addition, each @ symbol hydrolyses (i.e., irreversibly converts into a © symbol)
with rate 1, independently of all other symbols.

In [5] it has been shown that the long-term behaviour of this stochastic
dynamical system can be described in terms of velocity v. The purpose of this
paper is to study analytic and monotonicity properties of v.

We now formally define the model and fix notations to be used in the re-
mainder of the paper. Let {@,@} be a two-symbol alphabet, and let & =

Ukzo{@, @}k denote the collection of all finite strings, including the empty one.
For s € S, we use ||s]| to denote the number of @ symbols in s, and write |s|
for the total number of symbols in s (i.e., its length). If s’ = s} ...s}] and
s"” = s/ ...s! are two finite strings in S, we write s’s’” for the concatenated
string s}, ...s}s) ...s! of k41 symbols. Further, we call a head any word be-
longing to the set

W= {o}U{w=®s with s € S} C S,

so that every non-empty head w is a finite string whose left-most symbol is &.
Of course, every string s € S can be converted into the corresponding (possibly
empty) head,

s—w=(s)eW, (1.2)
by deleting all its © symbols on the left end. It is convenient to decompose
W=W,LUW_,

where W, contains all heads w of the form w = w'® (i.e., ending with a @
symbol), and W_ contains all remaining heads (i.e., the empty head & and all
non-empty heads w ending with &, w = w”6).
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Since every string under consideration contains at most a finite number
of @’s, the state of the system can be described by specifying its head w; =
wg(t) ... wo(t) and the position z; € Z of its right-most symbol wg(t). The
dynamics, informally described in (1.1) above, turns the process

Y = (ze,wy), 20, (1.3)

into a continuous-time Markov process with values in ) = Z x W. One can
show [5] that the component w; on its own is a positive recurrent continuous-
time Markov chain in W; in particular, P(|w:| < oo for all t > 0) = 1. As a
result, starting from any initial condition y, = (zg, wo) € Y the trajectory of
the process vy, is well defined (and remains in V) for all ¢ > 0 (with probability
one). Without loss of generality we may and often shall assume that y, starts
from the configuration with empty head located at the origin,

Yo = (w0, wo) = (0,9). (1.4)

Let AT, A~ and p be fixed positive constants. We now formally describe
the dynamics (1.1) of the process y,: for arbitrary non-empty heads w’ € Wy,
w” € W_ and w € W, the attachment, detachment and conversion moves are
defined as

(z,w') — (z+1wa), rate AT,
(z,w") — (z+1L,w"®), rate A\” ,
(x,9) — (x +1, EB), rate A\”
(z,wO) — (x - 1,w), rate p ,
(x,9) — (a: -1, @), rate
(z,w) — (z, (w)), rate 1,

where (W) is obtained from w by replacing one of its & symbols with the & sym-
bol (and then contracting some © symbols on the left, if necessary; recall (1.2)).
Notice that as a result of the last move the number ||w]|| of & symbols in w
will decrease by one, ||{(w)| = ||w| — 1, and, if the left-most & symbol in w
transforms into ©, the resulting head will be shorter, |(w)| < |w|, or might even
become empty, (w) = &.

It has been shown in [5] that for any fixed collection of positive rates AT, A~

and g the limit
Ty — Xg

v = lim
t—o00 t

exists with probability one. Here we study analytic and monotonicity properties
of the limiting velocity v.

(1.5)

1.2. Results

As a function of the positive rates A*, A~ and p, the velocity v = v(A*, A7, )
has the following properties.
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Theorem 1.1. The velocity v = v(A", A7, ) is an analytic function of the
rates.

Theorem 1.2. Let A\~ > \*. Then v is a strictly monotone function of the
rates AT, A7, and p, with partial derivatives Oy+v > 0, dx-v > 0, and 9,v < 0.

Remark 1.1. One can show [4] that in the complementary region A~ < AT the
velocity v is not everywhere monotone, and, moreover, exhibits an interesting
behaviour when increasing the shrinking rate p leads to a faster growth (i.e.,
increases the velocity v).

It is interesting to notice that the process wy is a particular case of a random
grammar (see, e.g., [6-8] and references there). Indeed, the first three moves
in (1.1) are of left linear type and the last move there is of context-free type.
Of course, since the process w; is positive recurrent [5], this is a rather simple
case of a random grammar. The emphasis of the present paper is on studying
the velocity (1.5), which itself is a long-term characteristic of the coordinate
component z;, an additive functional of jumps of the process (w;)i>0.

The remainder of the paper is organised as follows. Theorems 1.1 and 1.2
are respectively proved in Sections 2 and 3. A cluster expansion result used in
the proof of Theorem 1.2 is proved in Appendix 3.2. Our study of perturbations
for continuous-time processes is based upon a variety of discrete and continuous
techniques including large deviations, cluster expansions, coupling and semi-
martingale estimates.

2. Analyticity of the velocity: Proof of Theorem 1.1

The model under consideration has the following renewal property [5]: if
the rates AT, A~ and u are fixed, and the dynamics starts from the initial
condition y, = (0, w), then the Markov process (y;):>0 is recurrent in that its
w; component keeps revisiting the state @. Moreover, if 0 < 79p < 7; < ... are
the moments of consecutive returns to the empty-head state, and g, = y;, =
(Z¢, ), then the differences (Zp — Zy—1,7¢ — Te—1), £ > 0, are independent and
identically distributed. By the strong law of large numbers, the velocity v of the
active end of the microtubule exists and satisfies v = E (21 — Z0)/E (71 — 7o) [,
Cor.1.1]; of course, for the empty-head initial conditions (1.4) one has Zy =
7o = 0.

Let k1 be the number of jumps until the process y, first returns to the empty-
head state. Fix an arbitrary collection of rates (A\*,\™, 1) € R‘i and choose
b0 € (0,72). Tt has been shown in [5, Sect.2.2] that if E[z"* exp{571}| < oo for
some z > 1 and s > 0, then also E[Zi’l exp{§7~'1}] < 00. Moreover, a careful
inspection of the proof of Proposition A.1 in [5] shows that

lim sup supE[zf“esﬁll{i%l > KH =0,

K—oo
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where the inner supremum is taken over 0 < z < %, s < 5, |AT — At| < &,
AT — A7| < do, | — fi| < &, with possibly smaller §, > 0. Since for every
K > 1 the expectation E[z71e*"1{k; < K}] is a finite analytic function of
the rates (AT, A7, 1) as well as the parameters z and s in the region described
above, the expectation ®g(z,s) = E [zf“esﬁ] is also analytic there. This implies
that the averages

d
, ETy = — Pp(z, s
(L.0) 1= 2ol
are analytic functions for such values of the rates, and thus everywhere in Ri.
Finally, as 71 > 0 is a non-degenerate random variable, we deduce that E7y, > 0
for all positive values of rates, and therefore the velocity v = EZ;/E7 is an
analytic function of the rates AT, A7, and p in RY.

3. Monotonicity of the velocity: Proof of Theorem 1.2

Here we prove the main result of this note — Theorem 1.2. Our argument
consists of two main steps, and we illustrate the idea in the case of varying AT,
with the argument for dy-v and J,v being similar. Let y; = (z},w}) and
yy! = (zf,w}) be two copies of the process with rates (A, A7, u) and (N, A7, u)
respectively, where A = AT 4+ § and X = A" with small § > 0. First, using
Lemma 3.1 below, we construct a monotone coupling, which preserves the fol-
lowing stochastic order: if y{, = (zf, @) and yj§ = (xf,2) with z; < z{, then
x, < af for most ¢t > 0. We then use large deviation bounds together with the
cluster expansion estimate from Proposition A.1 below to show that, for some
constant ¢ > 0 and all § > 0 small enough, the inequality

oAt + 8,27, 1) —v(AT, AT, w) > 6 >0 (3.1)

holds with probability one. By analyticity of v, this implies that 0y+v > 0 with
probability one. With a bit of extra work, one can even derive an “explicit”
expression for this derivative, see below.

3.1. A coupling lemma

Let y} = (x},w}) and y} = (a},w}) be two copies of the process y, with
the empty-head initial condition (1.4) and the respective rates (A, A7, u) and
(N X7, 1), where X = AT and \/ = AT + § with some small § > 0. We can
think of the process y; as a perturbation of y}, by subjecting the latter to an
additional Poisson process of intensity & > 0 of attempts to attach a @ symbol
on the right end of w; (which will be successful only if w; € W,.). Let ty be the
(random) moment of the first such successful arrival. We then have y; = y/ for
t € [0,t0) and

yio = (4o, Wi, ), y;/o = (21, + 1, w4, ®), (3.2)



182 O. Hryniv

with some wy, € Wy. Let 0 < 7 < 7/ < ... be the consecutive moments when
the process yy enters an empty-head configuration,

y-r,;’ = (‘T"T,;l) @)

In what follows we shall see that the main contribution to the left-hand side
of (3.1) comes from those “excursions” [7;_,,7;) which contain a single success-
ful @ arrival of the additional Poi(d) stream. When combined with the cluster
estimate from Proposition A.1 below, this observation can even be used to derive
an “explicit” description of the partial derivative 0y+v.

By the strong Markov property, given (3.2), the future behaviour of the
pair of processes (Y}, Yy, )i>t, is independent of the past behaviour, t < ty. By
shifting the time origin, we thus can study a single “truncated” excursion for
the pair (y},y} )t>0 with initial conditions

Yo = (r,w), y§=(r+1,wd), w e Wy, (3.3)

Of course, when studying 0,-v or 9,v one has to respectively consider the initial
conditions
yo=(z,w), yy=(r+lwe), weW, (34)

(with respective rates (AT, X, u) and (AT, N\, u), where N = A", X/ =\~ + 4
for some small 6 > 0) or the initial conditions

Yo = (z,w), y;=(r+1,wo), wewW, (3.5)

(with respective rates (AT, A7, /) and (AT, A7, "), where g/ = p+ 6, ' =
for some small § > 0).

The key result of this section — Lemma 3.1 below — essentially states that
with any of the three initial conditions listed above, at the moment 71" of the
first visit to the empty-state configuration by the process y}’ we have 2’/ = x! i
moreover, one can show that the expectation of the difference 2/ "= a: " is in

fact positive (so that the estimate (3.1) follows from the ergodlc theorem) We
notice that arguments similar to those used in [5] show that 71" has exponential
moments in a neighbourhood of the origin; therefore, for § > 0 very small,
the main contribution to the difference J;’T',, x! / comes from the excursions
having no additional & arrivals from the P0|(5) stream It is thus important to
understand the impact of the initial conditions (3.3)—(3.5) on the dynamics of the
process y,. We do this by constructing a maximal parallel coupling of the pair
(y},yy) of two copies of y, with the same set of rates (AT, \™, 1) but starting
from the initial conditions of the type (3.3)—(3.5). The corresponding result is
presented in Lemma 3.1 below, but before stating it we need to introduce some
additional notation.
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Every configuration (z,w) € ), where w = Wjew|—1 - - - W1Wo, 1S in one-to-one
correspondence with the related semi-infinite string § = ...5,_25,_15;, namely,

Se—k=wp, k=0,...,|w -1, and 35,p=06, k>|w|

Of course, every two semi-infinite strings 8’ and 8’ can have only a finite number
of positions for which they differ. For the argument below it is convenient to
allow any two such strings to run “in parallel for as long as they can”, and thus
it is natural to extract their maximal common right-most part. This idea is
formally introduced as follows, see Figure 1 below.

Let 5 =...8, 58, 5, ~(2/,w')and 8 =...5/,_,§
be two semi-infinite strings with ' < z”/. We first define

1

5/ / !
:C”—lsag” ~ (x ,,'LU ,)

k, = max {k >0 : k < max(|w'|, |w"|) and w} = w] for all j =0,...,k}

if the set of j’s under consideration is not empty, and then put

se=s8'=8" =wj, ... wWWH =5y 4 ... 8p_ 1555
alternatively, we declare k., = —1 and write s, = s,/ = 5,” = &. Informally, s,
is the maximal common part of 5 and 5/ on the right, if they were translated
to end at the same position x € Z (notice that if |w’| < |w”|, one might have
|lw’| < |s] < |w”|, i.e., the maximal common part s, of § and §’ on the
right can be longer than the shorter of the two heads; indeed, if w’ = & and
w’ = @6, we have s, = O).
We next define
ki =min{k > k. : 5, ; =5, _; forall j >k},

which always exists as any two semi-infinite strings coincide for all positions far
enough to the left. Let § be the maximal common part of 3’ and 5" on the left,

A =/ =/
S=... Smlikr72sxlik7v71.

If | §|| > 0, i.e., § contains @ symbols, we apply the contraction operator (1.2) to
extract the shortest sub-head wy = (8) of §; otherwise § contains no @ symbols,
and we put w, = .

Finally, we define the “central parts” of 8/ and 3" via

r —/ "o =n
Sc =8y _jt1-Sur—ky—1 and s8¢ = Spr—kpt1 - Sar—ky—1>

with the tacit assumption that if any of the index intervals above is empty then
the corresponding s string equals @ by definition.

With this construction, the canonical form (1.3) of the semi-infinite string
5’ becomes (z',w’) = (', wis'sy), whereas that of 3 becomes (2", w”) =
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w Sc Sr

Figure 1. Parallel decomposition of two semi-infinite strings: symbols connected
with solid lines are identical in both strings, symbols connected with dashed
lines are distinct. If s.’ is empty but s.” is not, the right-most symbol in s¢” is
different from that in wy. If s’ = s.” = @, we have w, = @ and thus s, = w.

(2", wi8"” s¢). When the values 2’ and z”/ are not important, we abbreviate this
representation to
[wisc” sy s wise’s] (3.6)

and drop any of the components which is empty. Notice that the relative shift
x" — 2’ of these strings can be deduced from (3.6) via 2" — 2’ = |s¢”| — |s¢/|.

For the strings corresponding to (3.3)—(3.5), one can see that s¢’ = @ and s¢”
is a one-symbol string, |s.”| = 1, with s’ = @ in (3.3)-(3.4) and s/ = ©
in (3.5). Moreover if w in (3.3) ends with exactly k& symbols @, i.e., can be
written as w = WPy with w € W_, then

w=w, s’=0, s’ =@, =
so that the representation (3.6) becomes [W @ @y, : WDy, with possibly empty
sub-head w € W_. Similarly, for the configuration described in (3.4) with
weWw_,

w = w, Scl:®; Sc/l:@v Sr:®7

and (3.6) becomes [w® : w], with possibly empty w € W_. Finally, if the
head w in (3.5) ends with exactly m symbols ©, i.e., w = WO,, with w € W,
then

w =W, s’ = a, s = O, S8 = Om,

which is written as [W © Oy, : WO,,] with w € W4, and if w € W, then
w=w, s’'=0, s'=6, s=02,

and gives [wO : w] with w € Wy; of course, the trivial case of w = @ in (3.5)
gives just [© : @]. Notice that in all these cases we have ||s.”|| < |sc”| = 1.
One can now couple two copies, y; and y}, of the process y, with initial
conditions (3.6) in such a way that the common wy-parts and s,-parts perform
identical moves in both processes, which we refer to as the mazimal parallel
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coupling. An important feature of this coupling is that if s’ = &, the struc-
ture (3.6) with s.'(t) = @ is preserved for all future times (though the actual
sub-strings might vary); moreover, the inequality |s”(¢)| > |s¢”| — 1 holds for
all ¢ > 0. We will show below that if s.’ = &, the maximal parallel dynamics
reaches a state of the type [8¢8, : & with §¢ = ©,, for some m > 0, i.e., the
coupling event occurs, in which both semi-infinite strings become identical but
shifted by |3c| > 0 symbols relative to each other. From that moment onwards,
the maximal parallel dynamics constructed in the proof below will preserve the
shift of y} relative to y .

Lemma 3.1. Let A= > AT. For every initial condition of the type [wyscs, :
w) 8] with wy € W and s¢, s, € S satistying ||sc|| < 1 and |sc| > 1, there exists
a coupling of y} and y} resulting in a coupling event with relative shift of length
at least [s¢| — 1 > 0.

Proof. We proceed by induction in ||wj|| > 0 and show that the statement of the
lemma holds for all initial conditions [wyscs, : wis,| with [|sc|]| < 1 and |sc| > 0.
If ||wy|| = 0 (i.e., wy = @), we start by considering the following partial case:

w=8=0, S =O0,® m>0, (3.7)

ie., at time ¢ > 0 we have y;, = (¢/,®), y; = (2", @) with 2’ — 2" = |s¢| =
m + 1 > 0. Consider four independent exponential random variables

G ~Exp(AT = A1), G ~Exp(l), G~ Exp(p), G~ Exp(AT)

and put ¢ = min({y, (2, (3, C4). Here and below, the distribution Exp(0) describes
non-negative random variables ¢’ which are infinite with probability one (and
thus the event ¢ = ¢’ has probability zero). The first transition in the joint
model occurs after time ¢ and is as follows:

e If ( = (4, then a & symbol attaches to the second string,
y;+c = (xl7 @)7 y;l+< = (J?” + 17 @)7

and thus from that moment onwards both processes will run in parallel
with relative shift ' — 2" —1=s¢|] —1 > 0.

e If ( = (2, then the @ symbol hydrolyses,
Yipe = (2,9), Yl = (2", 9),
thus finishing the current cycle with relative shift |s¢| > 0.
e If ( = (3, then the extreme & symbol leaves the second string,
y2+c = (¢, ®), ygﬁrc = (2" - 1,9),

i.e., we revisit the initial condition (3.7) with m > 0 increased by one.
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o If ( = (4, then single @ symbols attach to both strings,
Yo = (@ +1,00), v/ =" +1,0),
thus giving a canonical pair with

w =9, S =O0Om®D, 8§ =00.

In the last case, from the moment ¢ + ¢ both strings will develop in parallel
until the time 7. A 7, where

Te def min{s >t+(:sc(s) = @m+1}, T def min{s >t+(:s(s) = @}.

In the first case (i.e., when 7. < 7,) we arrive at the coupling event [©y, 118, : 8]
after which the system will develop in parallel (with horizontal shift m+1). On
the other hand, if 7, < 7 the system revisits the initial configuration [©,,® : @],
recall (3.7). Since on every visit to a state of the type (3.7) (i.e., |lwi| =
Isell =0, ||sc]| = 1) the hydrolysis of the only @ symbol occurs with probability
1/(1 4+ p+ A7), it is immediate to deduce that the coupling event occurs after a
random time with finite exponential moments in a neighbourhood of the origin.

As the argument above also covers the case [scsy : 8] with s, # &, the claim
of the lemma holds for all canonical pairs [wyscs, : wys,] with wy = @ and s
satisfying |/sc|| < 1, |sc| > 0.

We turn now to verifying the inductive step. Suppose that the claim of the
lemma has been proved for all canonical pairs [wyScs, : wis,] with ||s¢|| < 1 and
w; € W satisfying ||wi|| < k. Starting from the initial conditions

[wiscsy : wys,]  with  |w| =k +1, (3.8)

we introduce the following stopping times (notice that the numbers [Jwy(s)]|
and ||sc(s)|| of @ symbols in the internal blocks do not increase when s, is not

empty)

n=min{s > t: |w(s)]| = k},

Te min{s >t |sc(s)] = 0}7

T = min{s >t:8(s) = @},
and put 7 = min(7, 7c, 7). Three cases are possible (7 = 7,7 = 7¢, and 7 = 7y),
which will be considered separately.

Case I: if T = 7, then the claim of the lemma follows from the induction
hypothesis.

Case 11: if T = 7., we arrive at a canonical pair

(W Smi1 8 w's,] (3.9)
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with some s,” # @ and w/’ € W, such that ||w/|| = ||wi| = k+ 1 (in fact wy’ is
just w, with all its © symbols on the right, if any, removed). We now denote:

7 =min{s > 7 : [|w/(s)| =k}, 7/ =min{s> s (s) =02}

If 7/ < 7/, the the claim of the lemma follows from the induction hypothesis.
On the other hand, if 7/ > 7/, we arrive at a canonical pair of the type

[w|’@m+1 : w|’], 'w|' c W+, (310)

and investigate the effect of all possible moves out of this configuration. To this
end, consider four independent exponential random variables

Cl ~ EXp(k? + 1)) CQ ~ EXp(M), C3 ~ EXp()\+), C4 ~ Exp(/\_ - /\+)7

and put ¢ = min((1, (2, (3,¢4). The first transition in the joint model occurs
after time ¢ and is given by

e If ( = (3, then one of the ® symbols in wy’ hydrolyses, and the result
follows from the induction hypothesis.

o If ( = (o, then the extreme © symbol leaves the longer string. If s
becomes empty (when m = 0), both strings become identical and we
arrive at the coupling event (with zero shift). Otherwise the configuration
becomes [w)'Sy, : wy'] with wy’ € W, i.e., of the type (3.10).

e If ( = (3, then individual & symbols attach to both strings, so that the
new configuration has heads wy’ ©,,11 ® and w/® with w/’ € W,, ie.,
we revisit a state of the type (3.8).

o If ( = (4, a @ symbol attaches to the longer string and we arrive at the
configuration with heads wy’ ©,,+1 ® and wy’, i.e.,

"o 1 ", "
[w| Sc S W S¢ }

with ||s,”|| > 1, ||sc]| = 1 and |Jwy”|| < |Jwy’||, so that the result follows
from the induction hypothesis.

Case I1I: if T = 7, we arrive at a canonical pair
[w'sc’ w']  with  |s/|| =1, [s|=sc|- (3.11)

If |lw/'|| < |lwi], the result follows from the induction hypothesis. We thus
consider the case when ||wy’|| = ||wi|| (so that wy’ and wy can only differ by the
number of & symbols on the right end) and observe that the condition s,’ = &
implies that in the pair (3.11) the right-most symbols of s¢’ and w,’ are different.
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Case Illa: Let w)/’ € W_, in other words

L= w6, @), y.=>0"w), 2—-2"=]|s/|=m+1.

This state corresponds to the canonical representation
['w|” Oi+m D : w|" S)} }, w|" S W+, > 0, (312)

and we study the effect of a single step of the joint dynamics from this state.
To this end, consider five independent exponential random variables

C1~ Exp(1), G~ Exp(]lwn”|]), (3~ Exp(p),
C1~Exp(AT), G ~Exp(A™ —AT)

and put ¢ = min(Cy, C2, (3, G4, ¢5)- The first transition in the joint model occurs
after time ¢ and is given by

e If ( = (i, the right-most @ symbol in y} hydrolyses, so that we arrive
at the canonical pair [/ S my1 : w6, i.e., we revisit a state of the
type (3.9).

e If ( = (3, the total number of & symbols in wy” decreases by one, so that
the result follows from the induction hypothesis.

o If ( = (3, the extreme © symbol leaves y/. If the string y/ still ends
with © symbol, we revisit a configuration of the type (3.12) with I > 0.
Alternatively, [ = 0, and we arrive at a configuration whose canonical
representation [wy”’sc” s, @ wys,"'] satisfies ||wy"’|| < [Jw”]|, so that

the result follows from the induction hypothesis.

o If { = (4, a @ symbol attaches to both strings and we revisit a state of
the type (3.8).

e If { = (5, a @ symbol attaches to the shorter string, so that we arrive at
the configuration with heads w} ©;1,,, @ and w} ©; @, where w) € Wy,
i.e., we revisit a state of the type (3.9) with |s¢| decreased by one. Notice,
that if m = 0, both heads become identical and we arrive at a coupling
event with zero shift.

This finishes our discussion of the case (3.12).
Case 111b: Let wy’ € Wy, in other words
yfr = (xlvwllscl)v yZ = (x",w|/), a - = |SC/| = |3C|7 (313)

where s’ € S_ (i.e., the right-most symbol of s’ is &) contains exactly a single
@ symbol, ||s|| = 1. Counsider five independent exponential random variables,

Cl ~ EXp(l), CQ ~ EXp(le/H)a C3 ~ EXP(/J/)7
G~ Exp(AT), G~ BExp(A™ = A1)
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and put é? min((1, C2, (3,4, (5). The first transition in the joint model occurs
after time ¢ and is given by

If ¢ = (1, then the only & symbol in s.’ hydrolyses, and we arrive at a
state of the type (3.9) with s,/ = @.

If ¢ = (s, then one of the @ symbols in wy’ hydrolyses, so that the result
follows from the induction hypothesis.

If ( = (3, then the extreme & symbol in s./ departs; as a result, we
either stay in the same class (3.13) of configurations (with s.”” € S_), or
the right-most symbol in s.” becomes @, thus leading to the canonical
representation of the form [w”sc”s,” : w/s,”] with |Jw”|| < ||w/|, so
that the result follows from the induction hypothesis.

If ¢ = (4, single @ symbols attach to both strings, so that we revisit the
initial state of the type (3.8).

If ¢ = (5, then a @ symbol attaches to the longer string, thus leading to
the canonical pair [w”s”s,” : w”s,”] with [|w”|| < ||wy|| and ||s”|| > 1,
so that the result follows from the induction hypothesis.

CE—@ (9@
O O

Figure 2. Connections between classes of configurations in the proof of

Lem

ma 3.1; additionally, from every class the “induction hypothesis” class can

be reached.

This finishes the list of possible classes of configurations and the connec-
tions between them. The whole structure is summarised in Figure 2, which

for s

implicity does not show the “inductive hypothesis” class of states and the
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corresponding transitions; the latter can be reached from any of the nodes of
the diagram.
With the induction step verified, the claim of Lemma 3.1 follows. a

3.2. Strict monotonicity of the velocity

Fix positive rates AT, A~, u, and arbitrary o > 0. Our aim is to show that if
AT < A7 and d is small enough, then for some constant ¢ = ¢(AT+dp, A™, 1) > 0
and all 6 € (0,dp) the inequality (3.1),

v AT+, A7, 1) —v(AT AT ) > ed >0,

holds with probability one. As explained above, this implies positivity of the
corresponding partial derivative dy+v and, in particular, strict monotonicity of
v(-, A7, 1) as a function of A*. Of course, similar arguments apply to other
partial derivatives of interest, dy-v and J,v.

Since z; is a functional of the Markov chain wy, our arguments are close in
spirit to the proof of the Ergodic theorem for Markov chains, see e.g., [10].

Let 0 = 79 < 7{ < 79 < ... be the consecutive moments when the process
y/ with rates (AT +d, A7, ) enters a state with empty head, Wy = . Denote

by Zf the total number of complete excursions by time ¢,
2 =max{j >0: 7:]‘-S <t}

Since the duration of an individual excursion has finite exponential moments in
a neighbourhood of the origin [5], and the lengths of the individual excursions
are independent and identically distributed with positive mean E[f’f], by the
strong law of large numbers,

.1 .
tlggogff = E[7]

and, hence, Zf — 00 as t — 00, with probability one.

We think of y} as the process y, with rates (AT, A7, u) subjected to an
additional Poisson stream of arrivals of @ symbols at rate § > 0. Every excursion
[?f_l,%é) of y; can now be classified according to the number of successful
arrivals of the Poi(d) stream during the corresponding time interval. Define the
following disjoint events

N; = {no d-arrivals during the jth excursion}7
S; = {single d-arrival during the jth excursion},

D; = {two or more J-arrivals during the jth excursion},
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and consider the corresponding increments

x't\l = Z(fﬂgg - x’;’é JL{N;}, xf = Z(fﬂgg - x{,—"/f_l)]]‘{sj}v

j—1

A Z(J?%s - J?g;sil)ﬂ{Dj} + (a1 = xl%l;s)’
t

where each sum runs for all j =1,... ,gf. Of course, during the type-N excur-
sions the behaviour of y} coincides with that of y}, whereas during the type-S
excursions the increment of y} is not smaller than the increment of y; during
the same time interval, recall Lemma 3.1. On the other hand, the total incre-
ment z? is bounded above by the total number of jumps of the process y during
the corresponding time intervals, which by comparison with the related birth-
and-death process [5, Sect. 2] can be estimated as in Proposition A.2 below. We
now use these observations to derive the target inequality (3.1).
First, let 7\ be the total duration of all type-N excursions up to time ¢,

=Y (7 - H)LN;},

with the sum running for all j =1,..., Zf Then the long-term density
1
N . ~N
pr= g

exists with probability one. Consequently the following almost sure limit exists
lim 22 = op 3.14
; ST = VP, (3.14)

with v being the velocity of the process ;.
Next, let 7 and ¢; be the total duration and the number of all type-S
excursions up to time ¢,

=Y F-AINS) B =Y 1S,

with the sums running for all j = 1,... ,Zf . It is straightforward to check
existence of the following almost sure limits

S _ . 1=S S _ Jiy =75
p _tlgrolotTt’ ¢ tlggo 0
By a single-trajectory bound one can show that in fact £° > ¢§ for some constant
¢ =c(AT +80,A7, 1) > 0 and all § € (0,80). On the other hand, the coupling
Lemma 3.1 implies that if [%]‘571, %j‘-s ) is a type-S excursion, then the relative shift
of the increments of the processes y; and y; during this time interval,

G = (o5 — oy ) = (o -2y ),
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is a non-negative random variable with finite positive expectation, E¢; € (0, c0)
(indeed, &; is stochastically bounded by the total number of jumps Rs of the
process y; during a single excursion, and the latter has finite exponential mo-
ments in a neighbourhood of the origin). A straightforward adaptation of the
previous argument shows that, with probability one,

1
lim fo = up® + (P EE > vp° + A4, (3.15)

t—o0

for some positive constant Ay = A1 (AT + 8o, A7, ).
Finally, the remaining increment, zP = 2/ — 2N — 23, is not bigger than
the total number of jumps of the process y; not included in type-N or type-S

excursions. By Proposition A.2, we deduce that

1
Jim E|:ctD| < Ay8?, (3.16)
with probability one, where Ay = Ay(AT + g, A™, 1) is a positive constant.

Combining (3.14)—(3.16) and Corollary A.1, we finally deduce that with
probability one,

1
tlirglo gx;' >0+ A8 — A3d?,

with some constant Az = A3(A* + dg, A7, 1) > 0. It remains to choose §y to
satisfy 2435y < A;. With this choice of parameters the target estimate (3.1)
follows.

A straightforward adaptation of the previous argument proves the analogues
of the inequality (3.1) with varying A~ or p. The proof of Theorem 1.2 is
finished.

Appendix A. Density estimate for birth-and-death processes with im-
migration

For fixed A > 0 and v > 0, let (Y;)¢>0 be the continuous-time birth-and-
death process with constant birth rate A and death per individual rate v (write
Y; ~ BD(\,v)). In other words, Y; is a Markov process on Z* = {0,1,2,...}
such that its jumps from each state k > 0 to state k4 1 have rate A\, and jumps
from state k > 0 to state kK — 1 have rate kv. Assume that Yy = 0, and let 7 be
the time and let & be the number of jumps until this Markov chain first returns
to the origin. For z > 0 and s € R, consider the function

P(z,s) = Eg [z’%eﬁ],

where E,,[-] denotes the expectation corresponding to the initial state m > 0.
Then the results in [5, App. A] imply the following claim
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Lemma A.1. There exist constants Z > 1, § > 0 and 4 > 0 such that
s§§,0§z§,§:>@(z,s)§e;’<oo. (A1)

Remark A.1. Since 9(-,-) is an analytic function of its arguments, it is not
difficult to see that the smallest 4 in (A.1) satisfies ¥ N\, 0 as both z N\, 1 and
5\, 0.

Since the process (Y;):>o0 is a positive-recurrent Markov chain (whose sta-
tionary distribution is given by Poi(\/v)), its trajectories can be split into i.i.d.
parts — excursions — between the consecutive visits to the origin. According
to Lemma A.1, both the time duration 7 and the number of jumps & of an
individual excursion have finite exponential moments in a neighbourhood of the
origin.

Consider now a population consisting of two types of individuals, say of
type A and of type B, each of which independently evolves as a birth-and-
death process; namely, the dynamics of type A population coincides with that
of (Yi)i>0 ~ BD(A,v), whereas the dynamics of type B population coincides
with that of BD(4,v) with some § > 0. Of course, the joint process (Y,?);>0 is
just BD(A+4, ) and can be considered as a perturbation of the original process
(Y2)e>0 describing the dynamics of type A population. Our aim here is to verify
the following result, which provides a key estimate for our (cluster) expansion
arguments in Section 3.2 above; this claim can be viewed as a continuous-time
version of the classical cluster expansions for discrete structures (see, e.g., [9]).

Proposition A.1. Let 75 be the time duration and let ks be the total number
of jumps of a single excursion of the process (Y{);>o. With # denoting the
number of births of type B individuals during the excursion, let D be the event
{# > 2}. Then there exist § > 0 and C > 0 such that for all § > 0 small
enough

E[exp{B7s + Brs}1{D}] < C°. (A.2)

As a result, with some positive constants C; and C, and § > 0 as above,
E[Téﬂ{DH < C.6% and E[I{gﬂ{DH < C,.6°. (A.3)

Remark A.2. As the expectation in (A.2) is an analytic function of £ in a neigh-
bourhood of the origin, its 3-derivative at the origin, E [(Tg-f—ﬂg)]l{D}} , satisfies a
similar inequality; i.e., the estimates (A.3) hold. It is thus enough to check (A.2).
Our argument is based on stochastic domination and semi-martingale inequali-
ties, and provides a continuous-time analogue of the cluster expansion estimates,
which are well known for discrete structures and discrete time processes, see,

e.g., [9].
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Proof. The process (Y;?);>¢ is just the L'-norm (i.e., the sum of components)
of the process ()} )i>0 on (Z*)? with the following rates:

(2,y) TN (x4 1y) x>0, y>0,
(2,y) P (zy+1) 2>0,y>0, (A4)
(xay) rw” (x—l,y) x>0ay20a
(z,y) T (z,y—1) x>0, y>0.

Here the z-component counts the number of type A individuals and the y-
component counts the number of type B individuals, each species evolving in-
dependently. Of course, the dynamics of the process Y; coincides with that of
the x-component above (equivalently, this amounts to putting § = 0), and the
rates in (A.4) can be used to construct a monotone coupling between Y; and Y,
in which Y; < Yt‘S for all ¢ > 0.

As the joint process yf is positive recurrent, its trajectories can be decom-
posed into excursions between consecutive visits to the origin, and the claim
of the proposition is that, on average, the time duration 75 and the number of
jumps ks of a single excursion having at least two arrivals of type B individuals
(upward jumps along the y-direction) is of order §% for small § > 0.

It is convenient to consider a modification @f)tzo of the joint process
(yf)tzo in which all departures of type B individuals are suppressed as long
as the system contains type A individuals, and at the moment when the last
type A individual leaves the system, one existing type B individual instanta-
neously converts into a type A individual. In other words, jumps in ?f are as
in (A.4) with the last line there replaced with the following line:

0,y) " (1L,y—1) y>0.

Clearly, the L'-norm 7;5 of the process ?f provides an upper bound for Y}, in
particular, both the time duration 75 and the number of jumps Ks of a single
excursion in ?f satisfy

s <Ts and ks < Rg. (A.5)

It is thus sufficient to verify estimates (A.2)—(A.3) for 75 and %s respectively.

. . . ~9 . .
Consider now a single excursion (yt) . Is is convenient to decompose

0<t<Ts
.. . . .. =0
it into sub-excursions separated by the consecutive visits by the process YV, to
states (0,y) without type A individuals. If m = ms > 1 is the number of such
sub-excursions, denote their individual durations and numbers of jumps by

91, 92, ceey Hm and 61, 62, ceey gm
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respectively. Of course, (0;,¢;) are i.i.d. random vectors whose distribution is
closely related to that of the pair (7, &), describing individual excursions of the
process (Yi)t>0. In particular, by Lemma A.1, the pair (7,&), and therefore
(0, ¢) has finite exponential moments in a neighbourhood of the origin; namely,
there exist &« > 0 and 3 > 0 so that

Eexp {58(F + &)} < e (A.6)
as a result,

Eexp{B(0+¢)} = E[exp{ﬁ(f’ + /%)}E[exp{ﬁ(ﬁ —-R)}| T, i%”
=Eexp {(B+ (e’ —1)8)7 + Bi} < e*
if only 6 > 0 is small enough. In the computation above we used the fact
that during time 6 ~ 7 the number £ of upward jumps of the y-component
has distribution Poi(d6); notice that this implies that the vertical shift of an
individual sub-excursion is £ — 1, i.e., belongs to {—1,0,1,...}.
Let 0 =T < 71 < T9 < T3 < ... be the consecutive moments when the
5
process ), visits a state without type A individuals, and let %; be the number of
jumps the process yt makes up to time 7;, i.e., T; = Zz:l 0; and kj = Zzzl ;.

Then the increments of the induced process Y,, = <?in)n>0 satisty
E(Yn—i-l _?n | Yn >0,Tpt1 —Tn = 9) =00 —1,

and thus E(?nﬂ —?n) < 0if 6EA < 1. By a simple semi-martingale argument,
the expectation of the first return to the origin time 75 is finite,

ETs < o0,

provided ¢ is small enough. As we will see below, T5 has even finite exponential
moments in a neighbourhood of the origin.

With @ > 0 and 8 > 0 fixed as in (A.6), Remark A.1 implies existence of
v > 0,6 >0and n > 0 so that

0ET <1 and Eexp {2@? + 25/?;} <ev, (A7)

where

¢

("~ 1)+ 5 +1 € (0,28). (A8)
Then the process

=0
M,, = exp {QY?” + OTn + BFn + 'Yn}

. - 0 . . . .
restricted to the set Y, = Y= > 0 is a supermartingale with respect to its
natural filtration. Indeed,

=

n

Opi1,lni1, Y > 0} = exp {'y —a+ ((e* =10+ B)0nt1 + ﬂ£n+1},
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so that by (A.7)—(A.8) the expectation of the expression on the right does not
exceed one. A similar argument shows that the number of jumps of the induced
process (?n)nZO between consecutive returns to the origin (equivalently, the
number mg of sub-excursions up to time 75) has finite exponential moments in
a neighbourhood of the origin. By the optional stopping theorem, this implies
that Eexp{8(Ts + Rs)} < oo for some 3 > 0 small enough.

With m; defined as above, we have Y ,,, = 0, Ty, = 75, and R, = Ks. Our
aim is to show that

E(M,,1{D}) = O(¢6%) asé — 0. (A.9)

In view of (A.5), the target estimates (A.3) then follow by differentiation. To
this end we (disjointly) decompose

D=DyUDy;, D;1={Y1=1Y,>1}, Dy={Y:>2},
so that it is enough to show that
E(Mp,1{D1}) = O(6°>) and E(M,,,1{Ds}) =0(6%) asd— 0.
In our computations below, we will use the following elementary inequalities:
for every integer k > 1, real z > 0 and n > 0,
k k

2z z E*
< —eF — < ——— €. A.10
gj! SHEO WS kR € (4.10)

The first of these inequalities is immediate from the term-wise comparison of
the two series, whereas the second one follows from the fact that the maximum
of the function z* exp{—nz} for z > 0 occurs when 7z = k.

We start by observing that, by the supermartingale property,

E[Mpm, | Y1,601,01] < My =exp{aY1 + 861 + Bl + v}

At the same time, using inequalities (A.10),

E[Mlll{Dg} | Fl,Eﬂ = exp {6(?1 +FR)+y— a} Z m exp{—071}
j>2 )
= a2
<exp{B(T1+F1)+7— a}% exp {(e® —1)6T1 }
2 a4+
< 2o e {0
so that

202ty
E exp {4?1 +ﬂﬁ1}. (A.11)
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A similar argument shows that
— — oe”
E[Mal{Yy > 1} | Y1,01,02,01,0] < M1% exp{(f2 + Bl2}

and
a+y

E[Mﬂl{?l = 1} | 91,61} S oe exp{(@l —l—ﬁfl}

Combining the last two estimates with the supermartingale inequality, we get

52604—1-27
which together with (A.11) gives
3022 t2y
E[Mpn,1{D}] < WEGXP{C@ + BRa}.

By independence of the individual sub-excursions,
Eexp{(T2 + fR2} = Eexp{2(T + 26k} < exp{a — v},

so that
302¢e20t

(ne)?
As the expectation on the left is an analytic function of the variables «, 8 and v
in a neighbourhood of the origin, its S-derivative at the origin, E[(Ts+%s)1{D}],
is bounded above by C6? with some finite constant C. This implies the target
inequalities (A.3). O

E[M,,,1{D}] <

Let 0 =70 < 7¥ < 7§ < ... be the consecutive moments when the process Y;°
visits the origin. In agreement with Proposition A.1, let D; be the event that
the excursion [T]‘{l, T;-s ) is of type D, i.e., contains at least two births of type B
individuals. Denote

Z:Zf:max{jZO:ngt},

write x? for the total number of jumps of the process Y’ up to time ¢, and let

ke =D (Ros = ks JI{D;} + (k) — r7s ) (A.13)

be the total number of jumps by time ¢ during excursions of type D plus the time
of the last unfinished excursion, if any. Our next step is to verify the following
claim.
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Proposition A.2. Let P be as defined in (A.13). There exist positive con-
stants K, A, and a such that for all § > 0 small enough and all t large enough,

P(kp > K&%t) < Ae™ " (A.14)
Moreover, for some constant K1 > 0, we have, with probability one,
1
lim —/@tD < K62, (A.15)
t—oo t

Proof. We start by noticing that the last term in (A.13) is stochastically domi-
nated by kg, the total number of jumps in a single excursion of the process Yt‘s.
Since ks has finite exponential moments in a neighbourhood of the origin, the
standard large deviation estimate [2] implies that for all K62 > 0 there exist
A; > 0 and a; > 0 so that the inequality

P(Hf — /435 > %K(Szt) < A1 exp{—alt} (A]_G)

5
-
s
Zt

holds for all ¢ large enough. To get (A.14) it thus remains to show that for some
K >0, A> > 0 and as > 0 the random variable

m
KD = Z (ks — Rj{l)ﬂ{Dj}’ m > 1, (A.17)
j=1
satisfies the inequality
1
P(KZ; > §K52t) < Ag exp{—ast} (A.18)

with t large enough.

To this end, we start by observing that the process Y}’ stochastically dom-
inates the process Y, = Y; without type B individuals. Consequently, for all
§ > 0, the number of excursions ¢ is stochastically dominated by ¢9, the num-
ber of excursions by time ¢ for the process Y;. Using Lemma A.1 we deduce the
following large deviation bound: for every ¢ > 0 there exist positive B and b so
that

(=gl > < e
1

for all ¢ large enough, where 7 denotes the duration of a single excursion for
the process Y;. As a result, there exist B; > 0 and b; > 0 such that

2 2t
S ) <P > 22 ) < — ,
P(62> Eﬁ’) <P(4> Eﬂ)) < Brexp{-hit}, (A.19)

if only ¢ is large enough.
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Next, the terms in (A.17) are independent and identically distributed, with
finite exponential moments in a neighbourhood of the origin and the expectation

E[(/@ﬁj& — /@ﬁj{l)n{Dj}] < E[rs1{D}] < C,:6%.
By the large deviation principle, there exist Bs > 0 and by > 0 so that
P(na > 2C,.;52m) < P(Ii,an > (E[H,;]l{D}]—i—C,{éQ)m) < Byexp{—bam} (A.20)

for all m > 1. Combining (A.19) with (A.20), and using K = 8C,/E7Y > 0
in (A.18), we get the inequality

4C 2t
P(kfy > T50%) < P(6 = =5 ) + P(kD = 2C40°) < Byexp{—bat}
t E’Tl ET1 t

for t large enough, where Bs = By + By and b3 = min(by,bs). Together
with (A.16) this implies the target bound (A.14) for the chosen value of K.

The upper bound (A.15) follows along the lines of the standard proof of the
Ergodic theorem for positive recurrent Markov chains, see e.g., [10]. First, by
the strong law of large numbers, the convergence
. 1 p o1l 1
lim —rp, =E[rks1{D}] and tlirgo gét =
holds with probability one. It is an easy exercise to check that there exist
positive constants a1 (A, 1) and az(A, i) so that, uniformly in max(A* + 9, A7)
< A, we have - -

ar(\, 1) < ET0 < ag(, ),

and thus that, with probability one, £! — oo as t — co. From (A.3) we deduce
that E b 0.8
1 1 . 1
lim —H?; = [155 g }] < = < —K,6°,
t—oo ¢ “t Ery ar(A,p) — 2

with probability one. On the other hand, the variable

— (.5 _ .6
kY — 'WD;? = (ky — ﬁTja)ll{Dt}
t

is stochastically dominated by k5. Since Exs < oo, the Borel - Cantelli lemma
together with Proposition A.1 and the estimate (A.16) imply that

1
limsup — (Iﬁ:tD — Iﬁ:?;) =0,

t—oo t t
with probability one (alternatively, use [3, Proposition 6.1.1]). The target esti-
mate (A.15) now follows from the last two displays. O
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Let 7P be the total time spent in excursions of type D up to time ¢, plus the
time of the last unfinished excursion if any (cf. (A.13)),

e

=Y (10— )LD} + (t— ng).
j=1

Corollary A.1. For 7P defined as above, there exists K, > 0 such that, with
probability one,

1
lim —TtD < K, 6.
t—oo t
The proof of this claim is similar to that of Proposition A.2, and is omitted.
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